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ABSTRACT

In this paper, we study Calderon — Zygmund operators of type theta on weighted Lorentz
spaces (see Definition 1.1, 1.3 and 1.4). More precisely, we present a sufficient condition on weight
functions under which the boundedness of the Calderon — Zygmund operators of type theta on a pair
of weighted Lorentz spaces is established (see Theorem 3.1). Our approach is to bound the norms of
such operators using the boundedness of Hardy-type operators on weighted Lorentz spaces (see
Lemma 2.2) and the boundedness of the Calderdn — Zygmund operators of type theta on classical
Lorentz spaces (see Proposition 2.3).

Keywords: Calderén — Zygmund operator of type theta; Hardy type operator; weight function;
weighted Lorentz space

1.  Introduction

The theory of Calderon — Zygmund operators plays a crucial role in modern harmonic
analysis and PDEs. The boundedness of these operators on function spaces, which has been
studied by many mathematicians, is one of the main topics in this theory. Coifman et al.
(1974) established a well-known sufficient condition for the boundedness of Calderon —

Zygmund operators on weighted Lebesgue spaces L”(u). Diening et al. (2003) showed that
Calderén — Zygmund operators are bounded on generalized Lebesgue spaces L°V(R").

Since then, these results have been extended to the setting of Lorentz spaces for not only
Calderon — Zygmund operators but also various operators. For instance, the boundedness of

the Calderdn — Zygmund operators on weighted Lorentz spaces A (@) was established by
Carro et al. (2021). Recently, Minh et al. (2022) proved the boundedness of the Calderén —
Zygmund operators of type @on weighted Lorentz spaces A](®). In addition, Rako-
tondratsimba (1998) established certain necessary and sufficient conditions for the
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boundedness of fractional integral operators on weighted Lorentz spaces. The author showed
that if fractional integral operators are bounded from weighted Lorentz spaces L,° to

weighted Lorentz spaces L}* then u(-),v(-) satisfy the following conditions

and

for all R>0, where }, denotes the characteristic function of the measurable set A. The
author also demonstrated that the conditions above are not sufficient to imply the
boundedness of fractional integral operators from L,° into L), To obtain the converse
statement, Rakotondratsimba (1998) further used the following pointwise inequality:

1
1

|X|”((§+p‘rj[ sup u(z)jpﬁ(v(x))r for ae. x

47 x|<|z|<4|x|

a1 1 1

o[ %4 1 1
or |x]| (” P r] (u(x))p[ sup  v(2) rJSC for a.e. x.
471 x|<|z|]<4|X|

Motivated by the results mentioned above, in this paper, we study the boundedness of
Calderén — Zygmund operators of type & from weighted Lorentz spaces L, to weighted

Lorentz spaces L. Specifically, we present sufficient conditions on the indices and weight

functions of Lorentz spaces L,* and L to ensure the boundedness of Calderén — Zygmund
operators of type &. Throughout the paper, we assume that p,q,r,s satisfy the following
conditions:

1<r,s,p,q<c and max{r,s}<min{p,q}.

For convenience, we denote a constant by C . Moreover, if there exists a constant
C >0 such that A<CB then we write A<B.
Definition 1.1. (Weighted Lorentz spaces) Let 1< p<oo, 1<q<oo and u(-)be a weight
function on R", i.e., a nonnegative locally integrable function on R". For a measurable
function f on R", we denote
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9

0

p
qj[ | u(y)dy] %t | | if q<oo
{yeR"™|f (y)>t}

0

[ ] =

supt[ J' u(y)dyjp, if gq=co.
{

t>0
yeR™|f (y)l>t}

Then the weighted Lorentz space L' is defined by
L9 =1 2] 0 < o0

Definition 1.2. (I° space) Let p e[1;00). Then I? is the space consisting of all sequences of

real numbers X =(X,), satisfying
Y |x | <o,
k
We define a norm on 1P as the real-valued function ||||p defined by

1

X, {;w}p for every X =(x.), €I”.
Definition 1.3. (Yabuta, 1985) Let € be a nonnegative, nondecreasing function on (0;o0)
with ie(t)tldt <oo. Suppose K(x,y) 1is a continuous function defined on
R"xR" \{(x, X):Xe R”} and satisfies the following conditions:
C

(i) [K(xy)|< _ for xzy;
[x=y]

(i) [K(X,Y)~ Kz y) |+ Ky, )~ K (3, 2) | — ne(lx_zq
Ix=y[" \x-y|

for every x,y,z with 2| x—z|<|x—vy].
Then K(x,y) is called a standard kernel of type 6.
Definition 1.4. (Yabuta, 1985) Let & be a function as in Definition 1.3. Suppose T isa linear
operator from S(R") to S'(R"), satisfying the following conditions:
(i) T is bounded on L*(R"), i.e.,

[Tf]. <C|f]. forevery f eCZ(R");
(if) T has the representation
Tf (x) :IRK(X, y) f(y)dy, forevery f e CZ(R") and x & supp(f),

1 L
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where K(x,y) is a standard kernel of type 6.
Then T is called a Calderdn-Zygmund operator of type 6.
2. Key Lemmas

Lemma 2.1. Let {E, } be a sequence of measurable sets satisfying D Xe S Xo, - Then
k

1) ;Hf;{Ek

where A is a real number such that max(r,s)< 1.

2) HZ fZEk
K

where ¥ is a real number such that 0 < y <min(p,q).

A
o for all functions f,

A
<
Lrs ~ H f ZuEk

v
4 .
<
o Nzk:Hf;(Ek HLUM for all functions f,

Proof.
1) For an arbitrary k , we have

S s s s

r

A F s-1 _ T ' s-1
= sj j v(y)dy | tdt | = sj{ j v(y)dy]t dt
0\ {yiIf (y)>t}nE,

O {yiIf ()5 (N>t}

HfZEk

As max(r,s) < 4, by Minkowski’s inequality, we obtain
i

S

i :Zk: ST[{ f V(y)dyTt“dt < SI Zk)[ j v(y)dy] t>idt

0\ {yiIf (y)>t}nE, {y:lf (Y)>tnE,

St

2
s

Sls| [ | v(y)dyJ tide| =[]
0\ {ylf (>t}
2)For p=q Org<p, || v is equivalent to a norm and hence
4 r
HleEk - (leEkJ S’ fy'ZZEk SZ”f}/ZEk Lpl7 a7 S’Z”fZEk ;m !
k Lpd k Ll?/y’q/y k LS/V"W k k
For p<qg,wehave y<p<q or %sl,so
alp rla
, alp 7lq
HfzzEk =|af [ umdy| tdt| Slaf|Y [ utydy | t™dt
k Lhe 0 H 0\ K En{If (nlt}
y; f(y)-zk:xEk (y)>t}
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20\ K Byt K Enfylf (=273

S ZQJ ( f)l ZJ}U(y)dyJ t‘“dt] 5{2}_12“‘[2 u(y)dyJ }

/
ylp aly | a

> 2”[2 | U(y)dyJ <> 2”2[ u(y)dy J
Em y\f(y)l>2'

N

J K Enfyif 2! J k

q
Take any £ > 0, there exists a nonnegative sequence (b;); € Iq " with qu <1 such that

i
vl
p aly

22”2{ | u(y)dy]
Ekm{

J k yif (y)-21])

—e<Y ¥ 2", { | u(y)dy}

Ecn{yif ()2}

qlp rlq
SYI22q [ uwdy| |
Kl Ecn{yiIf (2!

where the last estimate is derived from Hdélder's inequality with exponents il and L

/4 q-7
By letting £ — 0", we deduce that

7lq
yip aly alp 7ldq

Y27y [ uty)dy SYIX2R [ u(y)dy

J K EBen{yit 27} Kl Een{yif (121}

Therefore,
alp rlq

2221‘*[ | U(y)dy] I IEA

_ e
Ecn{ylf (v)>2]

O

]

L‘-Fl’q

For measurable functions a(-), b() on R", the Hardy-type operators H,, H;b are de-
fined by

Hof () =a()f  f(y)b(y)dy

{y:lyl<ix}
and

H.,000=b(o[  g(y)a(y)dy.

vyl
We recall here a result concerning the boundedness of Hardy-type operators on weighted
Lorentz spaces, which plays an important role in the proof of our main result.

Lemma 2.2. (Rakotondratsimba, 1998, Lemma 3) Let H,,, H;b be Hardy-type operators.
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Then

1) [Has . S[f] v 20
Is equivalent to
sup|a. .« LIV S
R>0 L |y Lé—ili
2) [Hae],. ol Vo 20
is equivalent to
5Up||b-Z|-\<R - E-)(|.|>R ., <o,
R>0 L v L

Proof.
1) The proof of this lemma is provided in Edmunds et al. (1994). However, for con-
venience of the reader, we recall the proof here.

Hap . S| ], forall f20.

g~

Suppose that ‘

For any ||f||LV <1 and R>0, we have

<

a() [ Fyb(y)dy.z.q

p.q
N {yilyl<i}

[ | f(y)b(y)dy].||a.z.>R
{

yIyI<R}

LEJ?

<1.
L‘I'I,S

JHosf ] S

Taking the supremum over all values R >0 and f with ||f||LV <1, we obtain

L5 <C <+,

b
sup V'Z|-|<R ‘a'Z|-|>R

R>0

ros "

L‘n;—l s-1

Conversely, assume that sup|[a. . < oo,
R>0

r s

LF‘Q
Let f >0 be arbitrary. Choose meZ such that J'Rn f(y)b(y)dye(zm;Zm”} (in case

b
v X<r

stq

_[Rn f (y)b(y)dy = o, we choose m = +w).

Then, there exists an increasing sequence {X };__., such that

k = p—
B J.{y:IyISXk} F(y)b(y)dy = I{yixkélyl<xk+1} f(y)b(y)dy,
and 2" :I{y'|y|<x }f(y)b(y)dy' Set X, = and E, :{y:xk Jylk Xk+1}' Then {E,}, is a

family of disjoint sets and | J E, =R".

k<m
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It follows that H,(X) = a(x)j{y_ly‘qxl} f(y)b(y)dy <a(x).2“", vxeE, .

For max{r,s}< A <min{p,q}, by Lemma 2.1, we have

f ;,q :Hz Ha,bf'l
k<m

A

<ZM

. f e, H < z o(k+1)2 Ha ZEk

p) (k=1)2
Lpa <4 22 HaIEk 1P

A

s 'Ha'll‘bxk
L\E 1s-1

A
Lpa

A 2 b
< gt —
L~ 4 kszmu f .XEk—l s ‘V .l"|<xk

3442( [ f(y)b(y)dy] L

ksm{ fyx o <lyl<x )
P2
A
S|z o)

Therefore HHa o f

Ls(al

TS-

oo S
2) Notice that H,, and H;b are associated operators. Thus, the boundedness

*

P a s
H,,:L°— L) isequivalentto H,, :LP*¢ 1(1j — Lrtst (lj which denotes the bound-
’ u v

1

1
—H, f
Vv a,b

— f
u

DS e Therefore, part (2) follows analogously from part (1). O

Lvﬁ’g Lpte
Proposition 2.3. (Thai et al., 2022, Theorem 2.4) Assume that T is a Calderén — Zygmund

edness

operator of type @. Then T is bounded on L *°.

Lemma 2.4. (Rakotondratsimba, 1998, Lemma5) Let T be a Calderén — Zygmund operator
of type € and 0< A <min{p,q}. Then

HTfHLEqNsususi vf eC”(R")
where
=H|~|-” J o]
ZHT(szk)xEk o
S IO

and E, ={x:2" <|x|<2"},G, ={x:2"" (| x|< 2"},

3. Main result

Theorem 3.1. Let T be a Calderén — Zygmund operator of type . Suppose that s<r <q
and u(-),v(:) satisfy the following conditions

[z

<H, VR>0; (1.1)

Z{H<R}

L
L\rl—l's—l
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1

L 2y LV‘ Tipal),, SH' VR>0 (1.2)
sup  u(z)<v(x), ae xeR". (1.3)
471 x|<|z|<4|X|

Then T is bounded from L,*to L “.
Proof. In view of Lemma 2.4, we have
[Tf].e <SS/ +S;+S;,

where

7=l ], f )y

r
'

Lqu

r

e

S, = ZHT(fZGk )'ZEk
kez

r

o FOO L1y dy]
> Lu,q

and E, ={x:2“ ¢ x|<2"},G, ={x: 2" | x|< 2"’}

I

We first estimate S, . Choose a(-)=-[",b(-) =1. Then by (1.1), we have

< 0.

r s

L\n;—l s-1

b
v XglI<ry

sup .z,
P8 Zg4-ry

LS

So, by Lemma 2.2, we obtain “Ha'bf Y .+, OF equivalently

O e P

Thus S < H f

r
L

S; can be estimated in a similar way. Indeed, it follows from (1.2) that

sup
R>0

<00,
Lra

b7y

r

r-1's-1
r 5 ||
'l

a
v FUbR)

which implies ”H;bf r+ » OF equivalently ‘J‘H<M|f W1yl dyHLDq <|f e

Thus S; S| f

r
Lo
Finally, we estimate S, . For any k € Z , we denote U, =supu(z). Then

zeEy
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a
= qT _[ u(y)dy | t'dt

0 {y:‘T( f 26, )'ZEk ‘>t}

HT ( f A6, )-)(Ek

a q
.

qf J. dy | t%dt

0 {y:‘T( f ey )'ZEk ‘>t}

1
T(f.;(Gk).;(Ek n SUL. T(f.;(Gk) "

At this stage, it follows from Proposition 2.3 and (1.3) that

T(fxs,)

1
SuU,.

<]t

g

1
<uyr.

L

T(f2,)-7, y

1

s s

[ZRN

1 [ee] r [’e] r
Sur| s [ | dy] tdt | S| sf [ | (supu(z)jdy] todt
0\ Gyl T (y)>t) 0\ Gy{yilf ()t} \ 2=

1

sJ' j ( sup u(z)jdy to'dt
0\ G n{yIf (>t} 47 yl<|zl<d]y]

1

AN

S
0

< sj{ [ v(y)dy}rt“dt SIEA
Gyl f (Y)I>t)

0

e

Finally, by using Lemma 2.1, we deduce that
A
s; S 2|t <1
k

Therefore,
Tt

A
Le

o ST

that is, T is bounded from L° to L°. O

4.  Conclusion

In summary, we have established certain sufficient conditions on the indices and
weight functions under which the boundedness of Calderén — Zygmund operators of type
theta on weighted Lorentz spaces holds. More specifically, our main result is the following
theorem:

L’
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Theorem 3.1. Let T be a Calderén — Zygmund operator of type 6. Suppose that s<r <q
and u(-),v(-) satisfy the foIIowing conditions

H|| Zin) Z{M} . <H, VR>0; (1.1)
L\r/—l’s—l
=" 2| - HMR <H", VR>0; (1.2)
sup u(z) <v(x), ae xeR". (1.3)

471 |x|<|z|<4|X|

Then T is bounded from L,*to L °.
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TOAN TU CALDERON - ZYGMUND LOAI THETA
TREN MQT CAP KHONG GIAN HAM LORENTZ CO TRONG
Tran Trung Toan, Phan Tudn Kigt, Nguyén Phgm Nhgt Minh, Tran Tri Diing”
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Ngay nhan bai: 05-02-2025; Ngay nhdn bai siwra: 09-4-2025; Ngay duyét dang: 15-4-2025

TOM TAT

Trong bai bao nay, ching tdi nghién ciu cac toan tu Calderon — Zygmund logi theta trén cac
khdng gian Lorentz cd trong (xem céc Definition 1.1, 1.3, 1.4). Chinh xac hon, chiung t6i dwa ra mét
diéu kién dui doi voi cac ham trong dé thu duwoc tinh bj chan cia céc toan ti Calderén — Zygmund
logi theta trén mét cap khdng gian Lorentz c6 trong (xem Theorem 3.1). Céch tiép cdn cia chling toi
dé chan chudn cia cac toan tir nhir vdy 1a sir dung tinh bj chan cia cac toan ti logi Hardy trén khong
gian Lorentz c6 trong (xem B4 dé 2.2) va tinh b chan cuia c4c toan ti: Calderén-Zygmund logi theta
trén khong gian Lorentz cé dién (xem Ménh dé 2.3).

Tar khoa: toén tir Calderon — Zygmund loai theta; toan tir loai Hardy; ham trong; khong gian
Lorentz ¢ trong
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