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ABSTRACT 
 In this paper, we study Calderón – Zygmund operators of type theta on weighted Lorentz 
spaces (see Definition 1.1, 1.3 and 1.4). More precisely, we present a sufficient condition on weight 
functions under which the boundedness of the Calderón – Zygmund operators of type theta on a pair 
of weighted Lorentz spaces is established (see Theorem 3.1). Our approach is to bound the norms of 
such operators using the boundedness of Hardy-type operators on weighted Lorentz spaces (see 
Lemma 2.2) and the boundedness of the Calderón – Zygmund operators of type theta on classical 
Lorentz spaces (see Proposition 2.3).  

Keywords: Calderón – Zygmund operator of type theta; Hardy type operator; weight function; 
weighted Lorentz space 

 
1. Introduction 
 The theory of Calderón – Zygmund operators plays a crucial role in modern harmonic 
analysis and PDEs. The boundedness of these operators on function spaces, which has been 
studied by many mathematicians, is one of the main topics in this theory. Coifman et al. 
(1974) established a well-known sufficient condition for the boundedness of Calderón – 
Zygmund operators on weighted Lebesgue spaces ( )pL u . Diening et al. (2003) showed that 

Calderón – Zygmund operators are bounded on generalized Lebesgue spaces ( ) ( )p nL ⋅
 . 

Since then, these results have been extended to the setting of Lorentz spaces for not only 
Calderón – Zygmund operators but also various operators. For instance, the boundedness of 

the Calderón – Zygmund operators on weighted Lorentz spaces ( )p
u ωΛ  was established by 

Carro et al. (2021). Recently, Minh et al. (2022) proved the boundedness of the Calderón – 

Zygmund operators of type θ on weighted Lorentz spaces ( )p
u ωΛ . In addition, Rako-

tondratsimba (1998) established certain necessary and sufficient conditions for the 
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boundedness of fractional integral operators on weighted Lorentz spaces. The author showed 

that if fractional integral operators are bounded from weighted Lorentz spaces ,r s
vL  to 

weighted Lorentz spaces ,p q
uL  then ( ), ( )u v⋅ ⋅  satisfy the following conditions 

,
1 1

1
r spq

u r s
v

n
R RL L

H
v

α χ χ
− −

−

⋅ > ⋅ <⋅ ≤  

and  

,
1 1

*
| | | |

1 | | pqr s
ur s

v

n
R R L

L

H
v

α χ χ
− −

−
⋅ > ⋅ <⋅ ≤  

for all 0R > , where Aχ  denotes the characteristic function of the measurable set A . The 
author also demonstrated that the conditions above are not sufficient to imply the 

boundedness of fractional integral operators from ,r s
vL  into ,p q

uL . To obtain the converse 
statement, Rakotondratsimba (1998) further used the following pointwise inequality: 

( )
1

11 1 1

4 | | | | 4| |
| | sup ( ) ( ) . .

n pn p r r

x z x
for a e xx u z v x

α

−

 
+ − 

 

< <

 
 
 

   

or       
1

1 1 1 1

4 | | | | 4| |
| | ( ( )) sup ( ) . . .

n
n p r p r

x z x
x u x v z C for a e x

α

−

 
+ −  −

 

< <

 
≤ 

 
 

 Motivated by the results mentioned above, in this paper, we study the boundedness of  

Calderón – Zygmund operators of type θ  from weighted Lorentz spaces ,r s
vL  to weighted 

Lorentz spaces ,r q
uL . Specifically, we present sufficient conditions on the indices and weight 

functions of Lorentz spaces ,r s
vL  and ,r q

uL  to ensure the boundedness of Calderón – Zygmund 
operators of type θ . Throughout the paper, we assume that , , ,p q r s  satisfy the following 
conditions: 

1 , , ,r s p q< < ∞  and { } { }max , min ,r s p q≤ . 

 For convenience, we denote a constant by C . Moreover, if there exists a constant 
0C >  such that A CB≤  then we write A B . 

Definition 1.1. (Weighted Lorentz spaces) Let 1 p≤ < ∞ , 1 q≤ ≤ ∞  and ( )u ⋅ be a weight 

function on n
 , i.e., a nonnegative locally integrable function on n

 . For a measurable 
function f  on n

 , we denote  
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,

1

1

0 { :| ( )| }

1

0 { :| ( )| }

( ) ,

sup ( ) , .

n

p q
u

n

q q
p

q

y f y t

L

p

t y f y t

q u y dy t dt if q

f

t u y dy if q

∞
−

∈ >

> ∈ >


       < ∞     =  

  

  = ∞
   

∫ ∫

∫





 

Then the weighted Lorentz space ,p q
uL  is defined by 

{ },
, : p q

u

p q
u L

L f f= < ∞ . 

Definition 1.2. ( pl  space) Let [1; )p∈ ∞ . Then pl  is the space consisting of all sequences of 

real numbers ( )k kx x=  satisfying  
p

k
k

x < ∞∑ . 

We define a norm on pl as the real-valued function 
p

⋅  defined by 
1
p

p

p
k

k
x x 

=  
 
∑ , for every ( ) p

k kx x l= ∈ . 

Definition 1.3. (Yabuta, 1985) Let θ  be a nonnegative, nondecreasing function on (0; )∞  

with 
1

1

0
( )t t dtθ − < ∞∫ . Suppose ( , )K x y  is a continuous function defined on 

{ }( , ) :n n nx x x× ∈    and satisfies the following conditions: 

(i) ( , ) n
CK x y

x y
≤

−
 for x y≠ ; 

(ii) | || ( , ) ( , ) | | ( , ) ( , ) |
| | | |n

C x zK x y K z y K y x K y z
x y x y

θ
 −

− + − ≤  − − 
 

for every , ,x y z  with 2 | | | |x z x y− ≤ − . 
Then ( , )K x y  is called a standard kernel of type θ .  
Definition 1.4. (Yabuta, 1985) Let θ  be a function as in Definition 1.3. Suppose T  is a linear 

operator from ( )n
  to ( )n′

 ,  satisfying the following conditions: 
(i) T  is bounded on ( )2 nL 

, i.e.,  

2 2L L
Tf C f≤   for every ( )n

cf C∞∈  ;  

(ii) T  has the representation  
( ) ( , ) ( )Tf x K x y f y dy= ∫



,  for every ( )n
cf C∞∈   and ( )x supp f∉ ,  
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where K(x,y) is a standard kernel of type θ . 
Then  T is called a Calderón-Zygmund operator of type θ . 
2. Key Lemmas 

Lemma 2.1. Let  be a sequence of measurable sets satisfying 
k kE E

k
χ χ∪∑  . Then 

1)  , ,r s r sk k
v v

E EL L
k

f f
λ λ

χ χ∪∑   for all functions f , 

where λ  is a real number such that ( , )max r s λ≤ . 

2)  
,

,
p qk k
up q

u

E E L
k kL

f f
γ

γ
χ χ∑ ∑  for all functions f , 

where γ  is a real number such that 0 min( , )p qγ< ≤ . 
Proof.  

1) For an arbitrary k , we have 

{ } { }
,

1 1

0 0 :| ( )|:| ( ). ( )|

( ) ( )
r sk
v

kEk

s s s s
r r

s s
E L

y f y t Ey f y y t

f s v y dy t dt s v y dy t dt
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λ

χ

χ
∞ ∞

− −
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∫ ∫ ∫ ∫ . 

As max( , )r s λ≤ , by Minkowski’s inequality, we obtain 

{ } { }
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,

,
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∑ ∑ ∑∫ ∫ ∫ ∫

∫ ∫

 

2) For p q=  or q p< , / , /p q
uL γ γ⋅  is equivalent to a norm and hence 

/ , / ,
/ ,, / , / /

. .
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p q p qu u
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For p q< , we have p qγ ≤ <  or 1
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≤ , so 
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Take any 0ε > , there exists a nonnegative sequence ( )
q

q
j jb l γ−∈  with 1j

q
q

j
b γ− ≤∑  such that 
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∑ ∑ ∫





 

where the last estimate is derived from Hölder's inequality with exponents 
q
γ

 and 
q

q γ−
. 

By letting 0ε +→ , we deduce that 
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∑ ∑ ∫∑ ∑   ☐ 

 For measurable functions ( ), ( )a b⋅ ⋅  on n
 , the Hardy-type operators *

, ,,a b a bH H  are de-

fined by 

, { :| | | |}
( ) ( ) ( ) ( )a b y y x

H f x a x f y b y dy
≤

= ∫  

and  
*
, { :| | | |}

( ) ( ) ( ) ( )a b y y x
H g x b x g y a y dy

≥
= ∫ . 

We recall here a result concerning the boundedness of Hardy-type operators on weighted 
Lorentz spaces, which plays an important role in the proof of our main result. 
Lemma 2.2. (Rakotondratsimba, 1998, Lemma 3) Let *

, ,,a b a bH H  be Hardy-type operators. 
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Then 

1) ,,,  0,r sp q
vu

a b LL
H f f f∀ ≥  

is equivalent to 

,
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1 1
| | | |

0
sup . . .p q r s

u r s
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R RLR L
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v

χ χ
− −

⋅ > ⋅ <
>

< ∞  

2) ,,

*
, 0,r sp q
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a b LL

H g g g∀ ≥  
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,
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1 1
| | | |

0
sup . . .p q r s

u r s
v

R RLR L
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v

χ χ
− −

⋅ < ⋅ >
>

< ∞  

Proof. 
1) The proof of this lemma is provided in Edmunds et al. (1994). However, for con-

venience of the reader, we recall the proof here. 

Suppose that ,,,  for all  0r sp q
vu

a b LL
H f f f ≥ . 

For any , 1r s
vL

f ≤  and 0R > , we have 

{ } { } ,

, ,

,| | | |
:| | :| | | |

, | | .

( ) ( ) . . ( ) ( ) ( )

. 1

.p q
u
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u
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f y b y dy a a f y b y dy
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 
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 
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∫ ∫
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Taking the supremum over all values 0R >  and f  with , 1r s
vL

f ≤ , we obtain  

,
,

1 1
| | | |

0
sup . . . .p qr s

ur s
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R R LR L

b a C
v
χ χ

− −
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≤ < +∞  
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,
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1 1

| | | |
0
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u r s
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R RLR L
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v

χ χ
− −

⋅ > ⋅ <
>

< ∞  

Let 0f ≥  be arbitrary. Choose m∈  such that ( 1( ) ( ) 2 ;2
n

m mf y b y dy + ∈ ∫


 (in case 

( ) ( )
n

f y b y dy = ∞∫


, we choose m = +∞ ).  

Then, there exists an increasing sequence { }m
k kx =−∞  such that  

1{ :| | } { : | | }
2 ( ) ( ) ( ) ( ) ,

k k k

k

y y x y x y x
f y b y dy f y b y dy

+≤ ≤ <
= =∫ ∫  

and 
{ :| | }

2 ( ) ( )
m

m

y y x
f y b y dy

≤
= ∫ . Set 1mx + = ∞  and { }1|: |k k kE yy x x +≤ <= . Then { }k kE  is a 

family of disjoint sets and n
k

k m

E
≤

= 


. 
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It follows that 1
, { :| | | |}

( ) ( ) ( ) ( ) ( ).2 ,k
a b ky y x

H x a x f y b y dy a x x E+

≤
= ≤ ∀ ∈∫ . 

For max{ , } min{ , }r s p qλ≤ ≤ , by Lemma 2.1, we have 
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, 2 . 4 . 2 .
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E EL L
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
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a
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Therefore ,,, r sp q
vu

a b LL
H f f .  

2) Notice that ,a bH  and *
,a bH  are associated operators. Thus, the boundedness 

* , ,
, : r s p q

a b v uH L L→  is equivalent to 
, ,1 1 1 1

,
1 1: ,

p q r s
p q r s

a b u vH L L
u v

− − − −   →   
   

 which denotes the bound-

edness 
,, 1 11 1

,
1 1. p qr s

p qr s
v uL

a b
L

H f f
uv − −− −

 .  Therefore, part (2) follows analogously from part (1).  ☐ 

Proposition 2.3. (Thai et al., 2022, Theorem 2.4) Assume that T  is a Calderón – Zygmund 

operator of type θ . Then T  is bounded on ,
1
r sL . 

Lemma 2.4. (Rakotondratsimba, 1998, Lemma 5)  Let T  be a Calderón – Zygmund operator 
of type θ  and 0 min{ , }p qλ< ≤ . Then 

, 1 2 3 , ( )p q
u

n
cL

Tf S S S f Cλ λ λ λ ∞+ + ∀ ∈   

where 

,
1 | | | |

| | | ( ) |
p q
u

n

y L
S f y dy

λ
λ −

≤ ⋅
= ⋅ ∫ , 

,2 ( ).
p qk k
u

G E L
k

S T f
λλ χ χ

∈

=∑


, 

,
3 | | | |

| ( ) | . | |
p q
u

n

y L
S f y y dy

λ
λ −

⋅ ≤
= ∫  

and 1 1 2{ : 2 | | 2 }, { : 2 | | 2 }.k k k k
k kE x x G x x+ − += < ≤ = < ≤  

3. Main result 
Theorem 3.1. Let T  be a Calderón – Zygmund operator of type θ . Suppose that s r q≤ ≤  
and ( ), ( )u v⋅ ⋅  satisfy the following conditions 

{ } { }, ,
1 1

| |
1. . . , 0r sr q

u r s
v

n
RR L L

H R
v

χ χ
− −

−

⋅ <⋅ >⋅ ≤ ∀ > ; (1.1) 
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{ } { } ,,
1 1

*1 . , 0;r s r q
r s u
v

n
R R LL

H R
v

χ χ
− −

−

⋅ > ⋅ <⋅ ≤ ∀ >  (1.2) 

14 | | | | 4| |
sup ( ) ( ), . n

x z x
u z v x a e x

− < <
< ∈ . (1.3) 

Then T is bounded from ,r s
vL to ,r q

uL . 
Proof. In view of Lemma 2.4, we have 

, 1 2 3r q

r r r r
L

T S S Sf + + , 

where  

,
1 | | | |

| | | ( ) |
r q
u

r
n

y L

rS f y dy−

≤ ⋅
= ⋅ ∫ , 

,2 ( ).
r qk k
u

r

G
r

E L
k

S T f χ χ
∈

=∑


, 

,
3 | | | |

| ( ) | . | |
r q
u

r
n

y

r

L
S f y y dy−

⋅ ≤
= ∫  

and 1 1 2{ : 2 | | 2 }, { : 2 | | 2 }.k k k k
k kE x x G x x+ − += < ≤ = < ≤  

We first estimate 1
rS . Choose ( ) | | , ( ) 1na b−⋅ = ⋅ ⋅ = . Then by (1.1), we have 

,
,

1 1
{| | } {| | }

0
sup . . .r q r s

u r s
v

R RLR L

ba
v

χ χ
− −

⋅ > ⋅ <
>

< ∞ . 

So, by Lemma 2.2, we obtain ,,, r sp q
vu

a b LL
H f f , or equivalently  

,
,| | | |

| | | ( ) | r s
r q v
u

n
Ly L

f y dy f−

≤ ⋅
⋅ ∫  . 

Thus ,1 r s
v

rr
L

S f . 

3
rS  can be estimated in a similar way. Indeed, it follows from (1.2) that  

{ } { } ,,
1 10

sup . .r s r q
r s u
v

R R LR L

a b
v
χ χ

− −
⋅ > ⋅ <

>
< ∞ , 

which implies ,,

*
, r sr q

vu
a b LL

H f f , or equivalently 
,

,
| | | |

| ( ) | . | | s
r q
u

r
v

n

y L
L

f y y dy f−

⋅ ≤∫  . 

Thus ,3 r s
v

rr
L

S f . 

Finally, we estimate 2
rS . For any k∈ , we denote sup ( )

k

k
z E

u z
∈

= . Then 
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( )
( ){ }

( ){ }

( ) ( )

,

, ,
1 1

1

1

0 : . .

1

1

0 : .

1

.

1

1

. . . . . .

. . ( )
r qk k
u

k

G Ek k

k

G Ek

r q r sk

k

q q
r

q
G E L

y T f

y

r
k

r r
k G E k GL

t

q q
r

f

L

q

T t

T

T

f q u y d

y

T

y t dt

q t

f

d d

f

t

χ χ

χ χ

χ χ

χ χ

χ

∞
−

>

∞
−

>

 
  
  =    
  

 

 
  
  
   
  

 

∫ ∫

∫ ∫

 



 

 

At this stage, it follows from Proposition 2.3 and (1.3) that 

{ } { }

, , ,
1 1

1 1

1 1

1
1 1

0 :| ( )| 0 :| ( )|

( . . . ( ) .

. su

)

p ( )

r q r s r sk k k k
u

k
k k

r r
G E k G k GL L L

s ss s
r r

s sr
k

z EG y f y t G y f y t

T f T f f

s dy t dt s u z dy t dt

χ χ χ χ

∞ ∞
− −

∈∩ > ∩ >

   
                        

   

∫ ∫ ∫ ∫

 

 

 



 

{ }
1

1

1

4 | | | | 4| |0 :| ( )|

sup ( )
k

s s
r

s

y z yG y f y t

s u z dy t dt
−

∞
−

< <∩ >

 
   
       

 

∫ ∫  

{ }

1

1

0 :| ( )|

( )  
k

s s
r

s

G y f y t

s v y dy t dt
∞

−

∩ >

 
  
     

 

∫ ∫ ,
. .

r sk
v

G L
f χ  

Finally, by using Lemma 2.1, we deduce that 

,,2 r sr sk vv
G LL

k
S f f

λ λλ χ∑  . 

Therefore, 
, ,r q r s

u vL L
T ff  , 

that is, T  is bounded from ,r s
vL  to ,r q

uL . ☐ 

4. Conclusion 
 In summary, we have established certain sufficient conditions on the indices and 
weight functions under which the boundedness of Calderón – Zygmund operators of type 
theta on weighted Lorentz spaces holds. More specifically, our main result is the following 
theorem: 
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Theorem 3.1. Let T  be a Calderón – Zygmund operator of type θ . Suppose that s r q≤ ≤  
and ( ), ( )u v⋅ ⋅ satisfy the following conditions 

{ } { }, ,
1 1

| |
1. . . , 0r sr q

u r s
v

n
RR L L

H R
v

χ χ
− −

−

⋅ <⋅ >⋅ ≤ ∀ > ; (1.1) 

{ } { } ,,
1 1

*1 . , 0;r s r q
r s u
v

n
R R LL

H R
v

χ χ
− −

−

⋅ > ⋅ <⋅ ≤ ∀ >  (1.2) 

14 | | | | 4| |
sup ( ) ( ), . n

x z x
u z v x a e x

− < <
< ∈ . (1.3) 

Then T is bounded from ,r s
vL to ,r q

uL . 
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TÓM TẮT 
 Trong bài báo này, chúng tôi nghiên cứu các toán tử Calderón – Zygmund loại theta trên các 
không gian Lorentz có trọng (xem các Definition 1.1, 1.3, 1.4). Chính xác hơn, chúng tôi đưa ra một 
điều kiện đủ đối với các hàm trọng để thu được tính bị chặn của các toán tử Calderón – Zygmund 
loại theta trên một cặp không gian Lorentz có trọng (xem Theorem 3.1). Cách tiếp cận của chúng tôi 
để chặn chuẩn của các toán tử như vậy là sử dụng tính bị chặn của các toán tử loại Hardy trên không 
gian Lorentz có trọng (xem Bổ đề 2.2) và tính bị chặn của các toán tử Calderón–Zygmund loại theta 
trên không gian Lorentz cổ điển (xem Mệnh đề 2.3).  
 Từ khóa: toán tử Calderón – Zygmund loại theta; toán tử loại Hardy; hàm trọng; không gian 
Lorentz có trọng 
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