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TOM TAT

Trong bai b&o nay, chiing t6i mé ta ddy dui va chi tiét cdu tric cia nhém nhan cia vanh cac
I6p thing dir ciia vanh Eisenstein theo modulo luj thira ciia cac phan tir nguyén té. Tir d6, nhu la
cac hé qua, ching tdi md ta duwoc cdu tric cua nhém nhan cia vanh cac 16p thang du cia vanh
Eisenstein theo modulo bat Ki, ciing nhur xdc dinh dwoc tat ca cac phan tir cua vanh Eisenstein cé
can nguyén thuy.

Tar kKho&: vanh Eisenstein; nhdm nhén cua vanh; can nguyén thuy

1.  Mé dau

Cho F 13 mé rong dai sb bac n cua truong sé hitu ti Q ([F: Q] = n). D 1a vanh céc sé
nguyén dai s6 cua F. D dugc xem nhu 1a mot mé rong tu nhién caa vanh cac sé nguyén Z
(D = Z khi n = 1). Vi mdi m € D, ki hiéu D/ 14 vanh céc 16p thing du modulo m,
¢p(m) = (D/my) 1anh6ém nhéan cua vanh D/, @p(m) = |¢p(m)| 1a ham Euler trén D.
Phan tir r € D duoc goi 1a cian nguyén thuy modulo m néu (r,m) = 1 va o([r]) trong
¢p(m) bang ¢, (m) (v6i ki hiéu o(a) 1a cap cua a trong nhdm G tuong tng). Nhu vy, r €
D 1a can nguyén thuy modulo m khi va chi khi ¢, (m) 12 nhém cyclic va [r] 1a phan tir sinh
cua ¢p(m).

Trong |i thuyét s6, bai toan md ta cau trdc nhém ¢y (m) va xac dinh cac sé tu nhién m
¢6 cin nguyén thuy 1a bai toan tha vi va noi tiéng, dén nay da co 10i giai tron ven nhu sau.
Xem (Bolker, 1970).

o $;(2) = Zy; pp(4) = Zy; $p(2") = Ty X Zyn—2néun > 2;
o ¢z(p™) = Zyn_pn-1 néup la s6 nguyén 6 I¢;
o ¢z(kD) = pz(K)pz(1) néu (k1) = 1;

trong d6 Z,, 1a nhdm cong cua vanh Z/, day 1a nhém cyclic cap m.

Cite this article as: My, V. Q., & Cao, P. A. D. (2025). The structure of multiplicative groups of residue class
rings of the Eisenstein integers. Ho Chi Minh City University of Education Journal of Science, 22(5), 814-823.
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Mot van dé rat tu nhién va tha vi 1a mé rong céc két qua trén cho vanh céc sé nguyén
dai sb D. Cross (1983), da mé rong thanh cong cac két qua trén cho vanh sé nguyén Gauss.
Bai b4o nay s& ma rong céac két qua trén cho vanh cac sé nguyén Eisenstein. Luu ¥ rang vanh
cac sb nguyén Gauss va vanh cac s6 nguyén Eisenstein la vanh céc sé nguyén dai sé cua
truong Q(v—1) va Q(v—3). Pay la cac vanh quan trong, cd nhiéu tmg dung nhét trong cac
I6p vanh s nguy@n cua mé rong bac 2 cua truong Q.

2. Ki hiéu va cac két qua mé dau
Ki hiéu E 12 vanh céc s nguyén dai s6 cua truong Q(v—3). Khi d6

E =Zlw] = {a + bw|a,b € Z}, v6i w = 1+2_\/—_3

Vanh E dugc goi la vanh cac sé nguyén Eisenstein. Vi mdi m € E, vanh E /(m) dugc
goi la vanh céc l6p thiang du modulo m, ¢pz(m) = (E/(m))* la nhdm nhén caa vanh E / ;).

Vanh E la vanh Euclide véi anh xa:

N:E\{0} > N,a — N(a) = |a|?.

Tap hop céc phan tir kha nghich trong vanh 12 {+1, +w, t @} = (w).

Céc phan tr nguyén t6 trong E dwoc md ta thong qua dinh I sau.

Pinh 1i 2.1. Trong vanh E ¢6 bén loai phan tir nguyén té:

1) 2 laphan tir nguyén to.

2)  a =+/=3laphan ti nguyén to.

3)  Néu p lasé nguyén té dang 6k + 5 thi p 1a phan tir nguyén t6 trong E.

4)  Néu q la s6 nguyén t6 dang 6k + 1 thi g c6 phan tich duy nhat trong E dudi
dang q = m,T,, trong d6 7, T, 1a cac phan tir nguyén té khong lién két trong E.

Ngoai ra, bat ki mot phan tir nguy@n t nao cua E ciing lién két véi mot trong bon loai
phan tir nguyén t6 noi trén.

Chung minh dinh Ii ndy c6 thé tim thay trong (Alaca & Williams, 2004). K&é tir day, ta
quy uéc p 1a s6 nguyén té dang 6k + 5, q 1a s6 nguyén té dang 6k + 1, 7, T, Ia cac phan
tir nguyén t6 thoa man q = m, 7.

Hai dinh i dudi ddy mé ta cac phan tir va phan tir kha nghich trong vanh céc 16p thing
du theo modulo lily thira c4c phan tir nguyén té.
binh li 2.2. Ta co:

1) E/ony={la+bw]:0 <ab<2" -1}

2) E/upy={lal:0<a<q" -1}

3) E/pmy={la+bw]:0<a,b<p"—1}

4) E/gzmy={[la + bw]:0 < a,b < 3™ — 1}

E/(gzm+yy={la + bw]:0 < a < 3™ —-1,0 < b < 3™+ -1},
Chitng minh: Ta can chi ra céc 16p twong duong & vé phai tirng muc (1) — (4) 1a khong lap
va day du.
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- Khdng lap: Dudi day ta quy wéc cac phan tir dwoc lay déu 1a dai dién céac 16p twong
duong néu ra & vé phai. Ta ciing ki hiéu | Va t5 dé chi tinh chia hét va khdng chia hét trong
vanh R.

1) Giasuta+ bw = c+ dw (Mmod 2™), khi d6 2™|g[(a —c) + (b — d)w].

Suyra2t|z(a—c)va2t|;(b—d),haya=c,b=d.

2) Giasira = b (mod mrg), khidé |z (a — b). Suyran_q” = n_g | (a—b)=a—b.

Hon nita, do w4, T, nguyén t6 clng nhau trong E nén n{;n_c’,‘ |z (a —b),hay q" |5 (a —
b), suy raq™ |5 (a — b), do d6 a = b.

3)  Chang minh tuong tu (1).

4)  DOi Vi E/g2my, do a®™ ~ 3™ trong E nén chimg minh duoc tién hanh twong
tu nhu (1)

Doi V6i E /(gzm+1y , luu y rang a?™*! ~ 3Mq. Bay gio, gid su

a+bw = ¢+ dw (mod a?™+1);
khi d6 3™a |g [(a — ¢) + (b — d)w]. Néi riéng, ta c6 3™ |z [(a —¢) + (b — d)w], do do
3™ |z (a—c), haya =c.Tasuyra3™a |z (b — d)w, do d6 N(3™a) |z N((b — d)w), tic
32m+1 | (b — d)2. Nhu vy 3™*1 |, (b — d), hay b = d.

- Paydu: Lidy B = x + yw € E tly Y (x,y € Z), ta can chang minh B thuéc mét trong
cac l6p twong duong duoc liét ké trong cac phat biéu (1) — (4). Trong phan con lai cua chang
minh, véi a,m € N, tagoi viéctima' € Nthoa0 < a’' <m —1vaa = a’ (mod m) laviéc
rat a theo modulo m.

1) Rt x,y theo modulo 2™ cho ta 16p trong dwong can tim.

2)  Truéc hét ta chi ra rang w thudoc mot trong cac 1op twong duong liét ké ¢ vé phai

cua (2).

Dit } = a — bw Véi a, b € Z, khi 46 bw = a (mod 7). Luu ¥ rang q va b nguyén
t6 cling nhau trong Z, vinéu q | b thi m, 7, |g b, do dd 7, | a, tac q |z a. Tasuyraq |g 7%,
Vo .

Nhu vay, phuong trinh dong du bt = 1 (mod q™) ¢6 nghiém t, € Z, do d6

w = (bty)w = aty (Mod 17);
va bang viéc rat at, theo modulo ¢, ta suy ra w thuéc mot trong cac 16p tuong duong can
tim. Nhu vay, Vi ¢4 x, y, o déu thudc 16p tuong duong nao do trong vé phai cia (2) nén g =
X + yw cling vay.

3)  Rutx,y theo modulo p™ cho ta Iép twong duong can tim.

4)  DOi Véi E/42my, rit x, y theo modulo 3™ cho ta I6p twong dwong can tim.
DAi V6i E /(gzm+y, trudc hét ta rit x, y theo modulo 3™+ dé c6

x+yw=x"+y o (moda?mtl) 0 <x',y <3m1 -1,
Luc nay, c6 3 trudng hop cd thé xay ra:

e Néux' <3™—1thig € [x' +y'w]lamotlp twong duong & vé phai cua (4).
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e Néu3™ <x’' <23™—1,khidédoa =—1+ 2w nén:
X +yw=x -3+ G +23"w +3"(1 - 2w)
= (x'=3™)+ (' + 2.3™w (mod a®™*1).
Dén day, bang cach rit y’ + 2.3™ theo modulo 3™+, ta suy ra # thuoc mét 16p tuong duong
& vé phai cua (4).
o Néu23™ < x’' <3™* — 1, khido:
X +yw=x"-23"4+ Q" +4.3w+3"(2 - 4w)
= (x'—2.3™ + (y' + 4.3™w (mod a?™t1).
Rt y' + 4.3™ theo modulo 3™+ cho ta két luan twong tu trudng hop 2.
Chuang minh hoan tat. m
Pinh 1i 2.3. Vé6ia, b € Z, ta co:
1)  [a + bw] kha nghich trong E/;ny (E/,my) Khi va chi khi 2 +z a hoac 2 +; b
(twong tng p +z a hoic p t b).
2)  [a] kha nghich trong E [z khivachikhi g tz a.
3) [a+ bw] kha nghich trong E /,n khi va chi khi a # b (mod 3) trong Z.
Chizng minh. Lay S vay trong E, khi d6 [B] kha nghich trong E /, khi va chi khi ton
tai § € E sao cho [B][8] = [1]. Piéu nay xay ra khi va chi khi c6 & € E sao cho 86 =
1 (mod y) trong E, hay B va y nguyén t6 ciing nhau trong E.
Nhu vay, véi a, b € Z:
1)  [a + bw] kha nghich trong E/(;ny khi va chi khi 2 {z (a + bw), hay 2 {7 a hoac
2 t7 b. Ching minh duoc tién hanh twong tu Voi E/pny.
2)  [a] kha nghich trong E /ny khi va chi khi , t5 a. Luu § rang:
Tgtga=>q=nm;tra=>qtzaq,
va
Tglpa=> Tglpa=a=>q=n,m,; |[pa=qlza.
Do d6 , 45 a khi va chi khi g 7 a.
3) [a+ bw] kha nghich trong E /4y khi va chi khi a tz (a + bw). Hon nira, do

atbw 2b+a 2a+b
= + w;
a 3 -3
nén a tz (a + bw) khi va chi khi thuong trén khong thugc E , hay a # b (mod 3) trong Z.
Chuang minh hoan tat. n
H¢ qud 2.4. Gia tri ¢ —ham Euler cho cac luy thira phan tir nguyén t6 trong E véin > 1 1a:

1)  @g(2") =3.22n2,
2)  @p(ng)=q""(q-D.
3 es(@™) =p*"?@* - ).
4)  @g(a™) =2.3"71,

3.  Céc két qua chinh

3.1. Mgtsé bo dé
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Bé dé 3.1. Lay B € E, r 1as6 nguyén té trong Z, k 1a s6 nguyén duong. Khi d6 ta co
2
(1+ [)’r)rk =1+ Brktt + %(r" — Drk*2 4+ yrk*2 y e E;
hay
2
(1+Br)™ =1+ prktt + % (r* — Dr**2 (mod r*+2),

Churng minh. Stt dung khai trién Newton, ta thu dugc:

7,.k ) Tk
(1+ Br)rk = Z Crik(ﬁr)i = [1 + Britt 4+ '87 (rk — 1)rk+zl + Z Crik (pr)t.
i=0 i=3

Nhu vay, ta cin ching minh r*+2 | Crikri trong Z véi i > 3. Goi s6 mil ding ciia s6
nguyén t5 r trong phan tich tiéu chuan cua sé nguyén ¢ 1a v,.(t), ta can chiang minh k + 2 <
vr(Crikri).

Theo Dinh |i Kummer (Titu et al., 2017), ta c6 v,(C') =k —v, (), do do
v (Chrt) =k —v, (D) + 0.

Néu V(i) <1 thi ta ¢6 ngay diéu phai chirng minh. Néu V(i) = 2 thi vr(CTik‘ri) >
k +rvr® — v (i) va ta quy vé chimg minh rr® > v,.(i) + 2, ding do chirng minh bang
quy nap theo v,-(i).

Chumng minh hoan tat. =
B6 dé 3.1 cho ta hé qua sau, dugc st dung dé chirng minh B6 dé 3.3.
Hé qud 3.2. Véi k 1a s6 nguyén duong, ta co:

1) (1+pw)P* =1+ pk+ie (mod pk+?).

2) (14 2w)?" =1+ 21 (mod 2k%2); (1 + 4w)?" = 1 + 252w (mod 2+3),
Bé dé 3.3. Véin > 1,taco:

1)  [1+pw]cocip p™!trong ¢ (p™).

2)  [142w] c6 cap 2™ 1 trong ¢z (2™); [1 + 4w] c6 cip 2™72 trong ¢ (2™) Vi

n=2.

3) [1+3w]cocap 3™ trong pg(a?™) va cd cap 3™ trong g (a?™1).
Chitng minh.

1)  Theo H¢ qua 3.2, ta co:

(1+pw)?" =1+ p"w (mod p™*+1);
vado dé (1 +pw)?"" = 1 (mod p™).

Van theo Hé qua 3.2:

(1+pw)?"* =1+ p" 1wz 1 (mod p");
do 6 cap cta [1 + pw] trong ¢ (p™) la p™ .

2)  Theo H¢ qua 3.2, ta co:

o (142w)?" " =1+ 2" (mod 2™*1), do d6 (1 + 2w)?"" =1 (mod 2%).
e (14+2w)" " =1+2"1 %1 (mod2").
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va do d6 cap cua [1 + 2w] trong ¢z (27) la 21,
Ta cling co tor hé qua 3.2:
e (1+4w)?™ " =1+ 2" (mod 2"*1), do d6 (1 + 4w)?" " =1 (mod 2").
e (1+4w)? 7 =142"1w % 1 (mod2M).

va do d6 cap cia [1 + 4w] trong ¢z (2M) la 272,

3)  Ddivéi pg(a?™), ching minh dugce tién hanh twong tu nhu 1.
D61 v6i ¢ (@?™ 1) | trude hét theo HE qua 3.2 ta co:

(1+3w)3" =1+ 3™ 1w (mod 3™*2);
vado a?™*1 ~ 3Mq | 3M*1 nén:

(1+3w)3" =1 (mod a?™+1),
Ciing theo H¢ qua 3.2 ta co:

(1+ 3w) = 1+ 3™w (mod 3™*1);
va do a?™m*1 |, 3™+1 ngn

(14 3w)®™ " =1+ 3™w (mod a2™*1),
Do 2™+t 4, 3™wnén (1 + 3w)3™ " £ 1 (mod a®™+1), va do d6 cip cua [1 + 3w] trong
¢E(a2m+1) la 3m,

Chuang minh hoan tat. n
B dé 3.4. Vi m,n > 1, ngoai trir [1], khong phan tir ndo ctia nhém con ([1 + pw]) caa
¢ (p™) cb dai dién 1a ¢, cw, cw V6i ¢ € R. Phat biéu van dung cho nhom con ([1 + 3w])
cua ¢pg(a®™) va pg(a®™*h).
Chitng minh. Ta thuc hién ching minh cho p. Chting minh cho a duoc tién hanh twong tu.
Goi mot s6 phuc ¢ 1a ddc biét néu ¢ c6 dang ¢y, c;w, c;@ v6i ¢ € Z. Gia st (1 + pw)? dong
du trong E v6i mot sé dic biét theo modulo p™, Véi b nguyén duong thoa 0 < b < p™~ L,
Goi B la tap hop tat ca cac sé b nhu vay. Trudce hét, ta chimg minh p™~2 khdng thudc B.
That vay, theo HE qua 3.2 ta c6:

(14 pw)?"* =1+ p" 1w (mod p").
Gia stt (1 4+ pw)P" ddng du vai sé dac biét s theo modulo p™, khi d6

1+p"tw—s =0 (modp").
Véis; € Z,néus = s, thi p" chia hét p™~ 1, néus = s;w thi p™ chiahét 1, néu s = s,0 =
s; — sy thi p™ chia hét 1 — s; va p™~! + 5;. Ca ba déu din dén vo |i. Nhu vay p"~2 & B.
Tiép theo, Iy L Ia phan tir nho nhit cia B va viét p" 1 = Ld +rv6i0 <r < L.Néur = 0
thi L = pt véi 0 <t < p™~2 (dop™ 2 ¢ B), khi d6

(1 +pw)P" ™ = [ +pw) PP"
cling dong du voi s ddc biét. Pidu nay méu thuln véi két luan p™ 2 ¢ B ¢ trén. Néur > 0
thi trong ¢ (p™) ta cd

[1] = [1 + pw]?"" = [1 4 pw]**" = [1 + pw]“[1 + pw]".

3m—1
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Do (1 + pw)* ddng du s6 dic biét nén (1 + pw)™® ciing vay, gia st 1a véi s. Viét s = s;
hoic s = s;w hoidc s = s, véi s; € Z. Vi s ndm trong nhom nhan kha nghich tmg voi p™
nén s; nguyén té ciing nhau véi p. Nhu vay, ton tai s, € Z sao cho s;s, = 1 (mod p™) trong
Z.Tasuyras;s, = 1 (mod p™) trong E, do d6 [s,][s,] = [1] trong ¢z (p™). Nhu vay
sl =l +pe)] |

Néus = s; thi [(1 + pw)"] = [s,], néus = s;w thi [(1 + pw)"] = [s,w], néu s = s;w thi
[(1+ pw)T] = [s,w]. Trong ca ba truong hop, ta déu thiy (1 + pw)” déu dong du sb dic
biét, diéu ndy mau thuin véi cach chon L.

Chimg minh hoan tat. ]
3.2. Céu tric ciia nhém ¢g(m?)
Pinh1i3.5.VéineN,n>1,tacod

Pe(T]) = Zyn_gn1.
Chitng minh. Theo Pinh |i 2.3:

qu(nZl‘) ={la]:1 < a<q"gcd(q,a) =1}.
Luc nay, anh xa

¢2(q™) ~ ¢p(ny) [a] & [a];
1a mot dong cau, hon nita ta cling thiy néu [a] = [b] trong ¢ (HZI‘) thiq" Iz (a—b),dodo
n? lg q" g (a—b), hay [a] = [b] trong ¢z (m}), do d6 anh xa trén 1a mot don chu.
Vi |¢)E (n};)| =q" — q" ' = |¢z(q™)| nén ta c6 dang cdu giita hai nhom, do d6

bp(ng) = Pz(q™) = Zgn_gn-1.
Chumng minh hoan tat. ]
3.3. Cdu tric ciia nhém ¢ (p™)
Dinh 1i 3.6. Voéin € N,n > 1, ta co:

Pp(P™) = Lyn-1 X Lyn-1 X Lpz_;.
Dic biét, voi n = 1 thi ¢ (p) 1a nhom cyclic cap p? — 1.
Chitng minh. Tru6c hét, tir B6 dé 3.3 ta ¢6 cap cua [1 + pw] trong ¢z (p™) lap™ 1, hay H =
([1+ pw]) c6 cap la p™ 1.
Tiép theo, ta c6 4nh xa

$2(p™) = (™), lal = [a];
12 mot don cdu. Luu v rang ¢z (p™) 1a nhém cyclic va co cap 1a o7 (p™) = p™ 1(p — 1), do
d6 ton tai [a] trong nhdm ¢y (p™) cb cap p™~1. Pat K = ([a]) trong ¢z (p™), khi d6 cap cua
K 1ap™ . Theo B6 dé 3.4, khdng c6 phan tir nao cia H co dai dién 1a s6 nguyén, nhu vay
H N K = {[1]} va HK c6 cap p?™~2. Vi p nguyén t6 trong E nén E /,y la truong hitu han,
do d6 ¢ (p) 13 nhom cyclic va c6 cip p? — 1 (do Hé qua 2.4). Lay [B] 1a phan tir sinh
$z(p), khi d6 BP°~1 = 1 (mod p) hay BP°~2 = 1 + yp Véi y € E. Theo B dé 3.1:

(571" =1 (mod p)
hay
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n-1yP*-1

(BP") = 1 (mod p™).
Suyra [P | cochpt | (p? — 1). Tasuyra """ = 1 (mod p), do do (p* — 1) | tp™ !,
hay (p? — 1) | t. Do d6 t = p? — 1 va [BP"""] co cép 1a p? — 1 trong ¢z(p™). LAy R =
([87""]). Vi mdi phén tu trong HK d&u c6 cap la luy thira cia p nén (HK) N R = {[1]} va
cap cia nhom HKR 1a p?*~2(p? — 1) = @z (p™). Ta két luan

¢p(p™) = HKR = an—l X an—1 X sz—l'
Bé dé 3.4. Vi m,n = 1, ngoai trir [1], khong phéan tir ndo ciia nhém con {[1 + pw]) cia
P (p™) co dai dién 12 ¢, cw, cw V6i ¢ € R. Phat biéu van dang cho nhom con {[1 + 3w])
cua pg(a®™) va pg(a®™).
Chizng minh. Ta thyc hién chiing minh cho p. Chiing minh cho a dwoc tién hanh twong tu.
Goi mot s6 phirc ¢ 1a dac biét néu ¢ ¢6 dang ¢, c;w, ¢, @ véi ¢; € Z. Gia st (1 + pw)? ddng
du trong E véi mot s6 dic biét theo modulo p™, V6i b nguyén duong thoa 0 < b < p"™~ 1.
Goi B la tap hop tat ca cac sb b nhu vay. Trude hét, ta ching minh p™~2 khéng thudc B.
That vay, theo H¢ qua 3.2 ta co:

(14 pw)?"* =1+ p" 1w (mod p").
Gia st (1 4+ pw)P"* ddng du véi sé dac biét s theo modulo p™, khi d6

1+p" tw—s=0(modp").
Véi s, € Z,néu s = s, thi p™ chia hét p"~1, néu s = s;w thi p™ chiahét 1, néu s = s, =
s; — sy thi p™ chia hét 1 — s; va p™~! + s;. Ca ba déu dan dén vo li. Nhu vay p"~2 ¢ B.
Tiép theo, lay L la phan tir nho nhat ciia B va viét p™ ' = Ld + rvoi 0 < r < L.Néur = 0
thi L = p* v6i 0 < ¢t <p"™ 2 (do p™ 2% & B), khi d6

(1+pw)?" ™ = [(1+pa) "7
cling dong du voi s didc biét. Pidu nay méu thuln v6i két ludn p™ 2 ¢ B ¢ trén. Néur > 0
thi trong ¢ (p™) ta cd

[1] = [1 +pw]?"" = [1+ pw]**" = [1 + pw]“[1 + pw]".
Do (1 + pw)* ddng du sb dic biét nén (1 + pw)L® ciing vay, gia st 12 véi s. Viét s = s,
hoic s = s;w hoic s = s, @ véi s; € Z. Vi s ndm trong nhém nhan kha nghich tmg véi p™
nén s; nguyén té ciing nhau véi p. Nhu vy, ton tai s, € Z sao cho s;s, = 1 (mod p™) trong
Z.Tasuyras;s, = 1 (mod p™) trong E, do d6 [s,][s,] = [1] trong ¢ (p™). Nhu vay

- [s2] = 5501 + pe)7]. , ’

Néus = s; thi [(1 + pw)™] = [s,], néus = s;w thi [(1 + pw)"] = [s,w], néu s = s;w thi
[(1+ pw)T] = [s,w]. Trong ca ba truong hop, ta déu thiy (1 + pw)" déu dong du sb dic
biét, diéu nay mau thuin véi cach chon L.

Chimng minh hoan tat. ]
3.2. Céu tric ciia nhém ¢g(m?)
Pinh1i3.5.VéineN,n>1,tacod
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Pe(T]) = Zyn_gn-1.
Chitng minh. Theo DPinh |i 2.3:

qu(nZ;) ={la]:1 < a<q"gcd(q,a) =1}.
Ltc nay, anh xa

¢2(q™) ~ ¢p(ny), [a] & [a];
1a mot dong cau, hon nita ta ciing thiy néu [a] = [b] trong ¢ () thig™ Iz (a —b), do dd
ng lg q" g (a—b), hay [a] = [b] trong qu(nZ}), do d6 anh xa trén 1a mot don ciu.
Vi | (n{})| =q" — q" ! = |¢5(q™)| nén ta co dang cAu giita hai nhom, do d6

be(nl) = ¢pp(q™) = Zyn_gn-1.

Chting minh hoan tat. [
3.3. Cdu tric ciia nhém ¢pg(p™)
Dinh 1i 3.6. Véin € N,n > 1, ta co:

Pp(P™) = Lyn-1 X Lyn-1 X Lpz_.

Dic biét, véi n = 1 thi ¢z (p) 1a nhom cyclic cap p? — 1.
Chitng minh. Trude hét, tir B6 dé 3.3 ta ¢6 cap cua [1 + pw] trong ¢z (p™) lap™ 1, hay H =
([1+ pw]) c6 cap la p™ 1.
Tiép theo, ta c6 4nh xa

¢z(p™) - Pe(™), [a] » [a];
12 mot don cdu. Luu y rang ¢ (p™) 1a nhoém cyclic va ¢o cap 1a ¢z(p™) = p™ 1 (p — 1), do
d6 ton tai [a] trong nhdm ¢ (p™) c6 cap p™ . Pat K = ([a]) trong ¢ (p™), khi d6 cip cua
K lap™'. Theo B6 dé 3.4, khdng c6 phan tir ndo caa H co dai dién 1a s6 nguyén, nhu vay
H N K = {[1]} va HK c6 cap p?>™~2. Vi p nguyén té trong E nén E/,, la trudng hitu han,
do d6 ¢z (p) 12 nhom cyclic va c6 cip p? — 1 (do Hé qua 2.4). Lay [B] 1a phan tir sinh
$z(p), khi d6 BP°~1 = 1 (mod p) hay BP°~1 = 1 + yp Véi y € E. Theo B dé 3.1:

)" =1 (mod pn);
hay
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(87" )" 7 =1 (mod p).
Suyra [P | c6 chp t | (p? — 1). Tasuy ra """ = 1 (mod p), do d6 (p* — 1) | tp™ L,
hay (p2 —1) | t. Do do t =p? —1 va [ﬁpn_l] ¢ cap 1a p? — 1 trong ¢z (p™). LAy R =
([BP""]). Vi mdi phan tit trong HK déu c6 cap Ia luy thira caa p nén (HK) N R = {[1]} va
cap caa nhom HKR 1a p?"~2(p? — 1) = @z (p™). Ta két luan

$p(P™) = HKR = Zyn-1 X Lyn-1 X Lpz_.
3.6. Cdu triic nhém nhan cia vanh céc lép thing dw tong quét cia E

Do E la vanh Euclide nén mdi phan tir m € E, khac khong va khong kha nghich déu
phan tich duoc duy nhat dudi dang m = p;*p,? ...p.~, trong d6 v6i mdi i € {1,2, ..., k}, p;
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la cac phan tir nguyén té trong vanh E nhu di mé ta & Binh Ii 2.3, n; 1a s6 nguyén duong.
Khi d6 theo Dinh Ii thing du Trung Hoa cho vanh chinh E, ta c¢6 dang ciu vanh sau:
E/m= E/prayX E/ pnayX -+ X E/ ney.
Pang ciu ndy cam sinh ra dang cdu nhoém duogc phat biéu trong dinh Ii sau.
Dinh 1i 3.9. Néu m € E c6 phan tich tiéu chuan m = p}*p,? ...p,* thi
¢or(m) = dp(pr*) X dr(py?) X . X b (pr¥);
do d6: @ (m) = @ (py")we(p3?) - 0& (%)
Cha y rang Pinh Ii 3.9 cho phép mé ta cau trdc ciia nhém ¢y (m) Vi cau triic cua cac
nhom qu(pf") da duoc mo ta trong cac Dinh 11 3.5 - 3.8.
Ap dung Binh 1i 3.9 cung cac Dinh li 3.5 — 3.8 ta c6 hé qua sau.
H¢ qud 3.10. Phan tir m € E c6 can nguyén thuy khi va chi khi m lién két véi mot trong cac
phan tir sau: 2, p, a, a?, ny, 2a; trong don > 1.

% Tuyén bé vé quyén lgi: CAc tac gig xac nhan hoan toan khéng cé xung dét vé quyén loi.

% Lo6i cam on: Nghién ctru nay duoc tai tro béi Ngudn ngan sach khoa hoc va cong nghé
Truong Pai hoc Sw pham Thanh phé H6 Chi Minh trong dé tai nghién ctu khoa hoc
cla sinh vién nam hoc 2024-2025.
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ABSTRACT

This paper presents a comprehensive analysis of residue class ring of the Eisenstein integer
ring modulo powers of prime elements. As a consequence, we also characterize the structure of the
multiplicative group modulo arbitrary (composite) Eisenstein integers. Additionally, we determine
all Eisenstein integers that admit primitive roots.
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