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TOM TAT
Cho F lamgt truong tuy y. Ki hiéu SL,, . (F) la nhém tat ca cc ma trdn vo han c6 dang

A B

o)
trong d6é A la mgt ma trgn cap nxn cé dinh thirc bang 1 véi N 1a mét s6 nguyén dicong nao do va
T la mgt ma trgn tam giac trén vo han c6 cac hé sé trén dirong chéo chinh bang 1. Trong bai bao
nay, ching t6i ching minh duoc rang mei ma tran trong SL,, . (F) déu co thé phdn tich duwroc thanh
tich cia nhiéu nhat bon ma trdn doi hop. Két qua nay cia chiing téi da giai quyét dwoc Van dé 8
trong bai b&o cua Nguyen (2024).

Tir khoa: hoén tir; ma tran hoan tir; ma tran vo han; ma tran ddi hop; ma tran tam giéc trén;
nhom Vershik—Kerov

1. Giéithigu

Cho F lamot truong va n 1a mot s nguyén duong. Ki hiéu GL, (F) va SL (F) lan
luot 12 nhom tuyén tinh tong quat va nhom tuyén tinh dic biét bac n trén truong F . Vanh
cac ma tran tam giac trén vo han trén F duoc ki hiéu 1a T_(F). Nhoém nhan tat ca cac ma
trantrong T_(F) c6 cac hé sb trén dudng chéo chinh bang 1 dwoc ki hiéu la UT, (F) . Nhém

Vershik—-Kerov trén treong F , ki hi¢u la GL,,. . (F), dugc dinh nghia 1a nhém cac ma tran

VK,
vo han kha nghich c6 hiru han hé s khac 0 bén dudi duong chéo chinh. D& thdy moi ma
tran A trong GL,, , (F) déu c6 thé biéu dién duoc dusi dang

A B
[0 Tj’ @
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trong 46 AeGL_(F) véi n la mot sb nguyén duong nao d6 va T e T, (F). Ta ki hiéu

SLyx..(F) lanhém con ciia nhdm GL,,, , (F) gom tat ca cac ma tran c6 dang (1), trong do

VK,
AeSL, (F) vd T e UT_(F). Nhom con nay con dugc goi la nhom Vershik-Kerov dac biét
trén truong F .

Mbt phan tir trong mot nhom duoc goi 1a mot phan tir ddi hop néu nghich dao caa nd
bang chinh né. Bai toan tim diéu kién can va da dé mot phan tir 14 tich cua céc phan tir ddi
hop 1a mot chu dé thi vi caa nhiéu nghién ciu va c6 mot lich sir 1au doi. Bac biét, nguoi ta
quan tdm dén viéc phan tich cac phan tir trong cdc nhdm ma tran thanh tich caa cac ma tran
d6i hop da thu hat nhiéu sy cha ¥ hon tir cac nha toan hoc. Vao nim 2019, X. Hou di chung
minh duoc ring moi ma tran trong nhém Vershik-Kerov dic biét trén mot truong co dac sb
khac 2 ludn co thé biéu dién duoc thanh tich caa nhiéu nhat hai hoan tir caa cac ma tran doi
hop trong GL,, . (F) . RG rang mai hoan tir ciia c&c ma tran d6i hop la tich cua hai ma tran
ddi hop. Nhu mot hé qua, moi ma tran trong nhom Vershik—Kerov dac biét trén mét truong
c6 dac sb khac 2 ludn co thé biéu dién duoc thanh tich caa nhiéu nhit bén ma tran di hop.
Trong mot bai nghién ciru gan day, Nguyen (2024) di dat ra mot van dé mo nhu sau:
Vin dé 1.1. (Nguyen, 2024) Cho F la mét truong tily y. Moi ma tran trong SL,,,, , (F) c6
thé biéu dién duoc thanh tich caa nhiéu nhat bén ma tran dbi hop khéng?

Trong bai bao nay, ching t6i di dua ra duoc cau tra 10i cho Van dé 1.1 ¢ trén. Két qua
chinh duoc ching toi phat biéu nhu sau:
Dinh 1i 1.2. Cho F 1a mét truong tiy ¥. Khi @6, moi ma trgn trong nhom SL,, , (F) déu
c6 thé biéu dién duroc thanh tich cua nhiéu nhdt bon ma trdn doi hop.
2. Chéng minh két qua chinh

Trong muc nay, ching t6i s& trinh bay ching minh cua Pinh 1i 1.2. PAu tién, ching ta
dé dang kiém tra duoc hai nhan xét quan trong sau day.
Nhdn xét 2.1. Cho G lamgtnhémtlyy, g, x 1a cac phan tiztrong G va r 1a mét sé nguyén
duwong. Néu g latich cia r phan tir déi hop trong G thi phan tiz lién hop g* = xgx™ ciing
la tich cua r phan ti doi hop trong G .
Chitng minh. Gia sir g latich caa r phan tir di hop trong G . Khi do, ta co thé viét

9=99,-9;,
trong d6 g,,d,,..., g, la cac phan tir d6i hop trong G . Ta thay rang

9" = Xgx ™ = X(0,9,...9,)X " = (Xg X )(xg,x7)...(xg,x ")
la tich cua r phan tir d6i hop trong G . That vay, véi mdi i e{L1,2,...,r}, taco

(xg,x1)? = (xg X (g x ) = xg Xt =xx" =1,
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Suy ra xg;x " la cac phan tir i hop va do d6, g* latich ciia r phan tir dbi hop.
Nhdn xét 2.2. Cho hai nhém G,,G, va hai sé nguyén dwong k,|. Néu g, latich cia k phdn
tir doi hop trong G,, g, la tich cia | phan ti déi hop trong G, thi (g,,9,) la tich cua
max{k,1} phan tir doi hop trong G, ®G, .
Chezng minh. Gia sir g, latich caa k phan tir d6i hop trong G, va g, latich caa | phan tir
d6i hop trong G, . Khi d6, ta c6 thé viét

O: = 01010 Oy Va9, = 02102 9z
bat m = max{k,I}. Ta xét cac truong hop sau day.

Truong hop 1: K =1 =m. Ta c6 phan tich

9; =010 O1m Va0, = 92102 Uom »
Vi §y1,0,,..., 0y, |4 cac phan tir &6i hop trong G,, 0,,,05,...,J,, la cac phan tir d6i hop
trong G, . Khi do, ta co

(9:,92) = (911910 G1mr 921922 - Gom) = (9115 921)(G12: 925) -+ (G Do)
la tich cia m phan tir d6i hop trong G, ® G, . That vay, véi moi phan tir d6i hop x € G, va
phan tir ¢6i hop y € G, , ta c6

(X ¥)* = (X Y)(x,y) = (x*,y*) = (L2)
vado (1,1) 1a phan tir don vi cia G, ®G, nén (x,y) la phan tir d6i hop trong G, ®G, . Do
d6, (941,951, (915,950)s---,(9y O, ) 12 CAC phian tir d6i hop trong G, ®G, . Vay (9,,9,) la
tich cia m phan tir d6i hop trong G, @G, .

Truong hop 2: k <. Khi d6 [ = m. Ta dit g, =1 véi mdi i e{k +1,...,m}. Khi do,
ta co phan tich

0:= 0101 O1n Va2 = 92102 U »
VOi 0y,,0,,...,0;, 1a cac phan tir dbi hop trong G,, U,;,0,,---,J,, 1a cac phan tir dbi hop
trong G, . Ap dung Truong hop 1, ta c (g,,9,) la tich cia m phan tir d6i hop trong G, ®G, .

Truong hop 3: K > | . Hoan toan tuong ty hai trudng hop trén, ta suy ra (g,, g,) la tich
caa m phan tir déi hop trong G, @G, .

Dé chirng minh két qua chinh cua bai b4o nay, ching toi cain muon lai dinh Ii quan
trong dudi day cia Hou va Zheng (2017)
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DPinh 1i 2.3. (Hou et al., 2017) Cho R 1a mét vanh ¢é don vi la 1. Khi @6, méi ma tran trong
nhém UT_(R) va UT (R) déu cd thé phdn tich dwoc thanh tich cia nhiéu nhat bon ma trgn
dsi hop.

Ngoai ra, ching t6i ciing can st dung thém mot két qua vé tich cua cac ma tran doi
hop trong nhém GL, (F) cua Gustafson va cong su (1976).

Dinh 1 2.4. (Gustafson et al. 1976) Cho F & mét trueong tiry ¥. Khi d6, méi ma trdn vudng
trén truong F , ¢é dinh thirc bang +1, 14 tich cua nhiéu nhdt bén ma trédn dai hop.

B6 dé tiép theo duoc lay tir bai bao cua Hou (2019) s& chi ra mot diéu kién du dé hai
ma tran déng dang véi nhau trong nhém Vershik-Kerov. Trong bai béo nay, chitng minh caa
b dé co mot sb sai s6t khong anh hudng dén két qua. Do dé, chung t6i sé trinh bay lai chiing
minh cta b6 dé mét cach chinh xéac hon.

Bé dé 2.5. (Hou, 2019) Gid sir F 1a mét truong tly y. Cho AeGL, (F) sao cho 1 khong

phdi la giatri riéng cua A,va T la mgt ma trgn trong nhom UT_(F) . Trong nhdm Vershik-

A B) . .. A0
Kerov, mei ma trdn co dang (0 Tj déu dong dang voi ma trgn [0 Tj'

A B .
Chizng minh. Trong nhom Vershik-Kerov, xét ma tran [0 Tj eSL ., (F) batki. Ta co:

L, XY'(A 0Y1, X) (A AX-XT
o 1)loT)lo 1) (o T )
5 . A B) . A0 R
Ta can chirng minh (0 Tj dong dang véi ma tran (O Tj’ nghia la ta can tim mot

ma tran X phu hgp théa man phuong trinh AX — XT = B. That vay, xét ma tran X = [xiy J
(1<i<n1<j)trongdé x;eF la phan tir cia ma tran X tai hang i, cot j. Tacé X thoa

man phuong trinh AX — XT =B néu va chi néu X thoa mén hé phuong trinh sau:

Zai,kxk,j _in,ktk,j = bij (2) véi i :H, J=1+00,
k=1 k=1

trong d6 a, ;,b; ;,t; ; 1an luot 12 phan tir cia cac matran A, B,T tai hang i, cot j. Ma ta lai ¢6
T 1a mot ma tran tam gi4c trén vo han c6 cac hé sb trén dudng chéo chinh bang 1, nghia la
. :{O @i>])
Yo (i=j)

Khi d6 voi F 1a truong ta co:
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-1

—.

(Z)QZaLkaY]——XLJ— =Y Xt +b; (3 wvoii=Ln, j=1+40.
k=1

FS

A

1
Vi 1 khong la gia tri riéng caa A nén A—1 la matran kha nghich trong GL,(F). Do

d6, néu 6 dinh j va cho i chay thi hé phuong trinh (3) ludn c6 nghiém la X - Bing phuong

phap quy nap theo j, ta c6 thé giai duoc ting cot cua X .

Vay ta luon tim dugc mot ma tran X thoa man phuong trinh AX — XT = B hay noi cach

khéc (A Bj ddng dang véi ma tran [A Oj.
0T 0T

Bé dé 2.6. (B6 dé Fitting) Cho R 1& mét vanh c6 don vi. Xét M 1a mgt R -module va
@M =M lamér dong cau R -module

(a) Néu M 1a noether thi ton tai mét s6 nguyén dirong N sao cho M =kerg" nime".

(b) Néu M 14 artin thi ton tai mét sé nguyén diwong n sao cho M = kerg" +ime".

(c) Néu M la module cé dg dai hiru han thi ton tai mét s6 nguyén diwong n sao cho
M =kere" ®@ime".
Hé qud 2.7. Cho M_(F) la vanh cac ma trgn nxn véi cac phan ti thugc truong F . Voi
moi ma tran X € M, (F), ton tai mgt s6 nguyén 0<k <n va cac ma trén Y e M, (F),

ZeM,_,(F) saocho Y kha nghich, Z liy linh, va X dong dang véi ma trdn dwong chéo

~(Y O
khoi .
0 Z

Cuébi cuing, chiing tdi s& két thic bang viéc ching minh Dinh 17 1.2.
Chung minh Dinh 1 1.2. Ldy M lamot matran trong nhém SL., . (F) . Khi d6, ta ¢6 thé biéu dién

M — Ml MZ

0 M,
trong d6, M, e SL_(F) véi sb tu nhién n nao d6 va M, e UT, (F). Ap dung Hé qua 2.7 cho
ma tran M, -1, ton tai mot sé nguyén 0<k <n vacac matran Y e M, (F), ZeM_ (F),

. Y O
R eGL,(F)saocho Y khanghich, Z lily linh va M, -1 dong dang matran (O ZJ' Do

Z lamatran liy linh nén Z dong dang voi matran D 1a ma tran tam giac trén co cac phan
tir trén duong chéo chinh bang khong nao d6. Piéu ndy din dén matran M, -1 dong dang

Y O .
Vol ma  tran (O D}’ nghia la ton tai ma tran kha nghich B sao cho

1871



Tap chi Khoa hoc Trwong BPHSP TPHCM Nguyén Phit Thinh va tgk

) Y O g 4 A0 y
P~(M,—-1,)P, = 0o bl Bien doi lai, ta duoc P "M,P = 0 voi A=Y +1,,

1

T,=D+I1,_,. Do A=Y +I, nén A-Il =Y va do Y la ma tran kha nghich nén
det(A—1,) =0 hay matran A khdng nhan 1 lam gia tri riéng. Mat khac,do T, =D+, va
D la ma tran tam gidc trén c6 cac phan tr trén duong chéo chinh bang khong nén
T,eUT _ (F).Taco det(P*M,P)=det AdetT,vado detM, =detT, =1 nén det A=1. Xét

. A B) . A
matran P = Diag(P,1,).Khido,taco P'MP :(0 T] Ia ma tran thoa cac dieu kién trong
B dé 2.5 Do d6, moi ma tran trong nhém Vershik — Kerov dic biét déu dong dang voi ma

A 0 .
tran cé dang (0 Tj’ trong d6 A la ma tran vuéng hiru han c6 dinh thac bang motva T 1a

ma tran thugc nhém UT_(F). Theo Dinh 1i 2.3 va Dinh 1i 2.4, c4 A va T déu la tich cua

nhiéu nhat bén ma tran d6i hop va do d6, theo Nhan xét 2.2, tong truc tiép caa A va T (mot
ddng dang cia M ) ciing 1a tich caa bén ma tran ddi hop. Theo Nhan xét 2.1, tasuy ra M
|a tich caa nhiéu nhét bdn ma tran di hop.
3.  Kaétluan

Trong bai béo ndy, ching tdi ching minh dwoc rang moi ma tran trong nhém Vershik-
Kerov dic biét trén mot truong F tly y déu cd thé biéu dién duoc thanh tich caa nhiéu nhat
bén ma tran d6i hop. Két qua ndy cua ching t6i da giai quyét dugc mot bai toan mao duoc
dat ra trong bai bao caa Nguyen (2024).

% Tuyén bé vé quyén loi: Cac tac gid xac nhan hoan toan khéng cé xung dét vé quyén loi.
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ABSTRACT
Let F be an arbitrary field. Denote by SL,, ,,(F) the group of all infinite matrices of the form

A B

0T
where A is an nxn matrix with determinant 1 for some positive integer n, and T is an infinite
upper triangular matrix with all diagonal entries equal to 1. In this paper, we prove that every matrix
in SLy ..(F) can be expressed as the product of at most four commutators. This result provides a

solution to Problem 8 in Nguyen (2024).

Keywords: Commutator; Commutator matrix; Infinite matrix; Upper triangular matrix;
Vershik—Kerov group

1873



