TAP CHi KHOA HOC DHSP TPHCM Phan Ngoc Hung va tgk

TOAN TU CASIMIR C, CHO NHOM POI XUNG SO(10)
CUA BAI TOAN MICZ-KEPLER CHIN CHIEU

Hkk

PHAN NGOC HUNG", THOI NGOC TUAN QUOC™, LE VAN HOANG

TOM TAT
Trén co s nhém doi xirng SO(10) cia bai toan MICZ-Kepler chin chiéu, todn tir bat
bién Casimir C, diroc Xay dung dwéi dang hé thirc neong minh lién hé tryc tiép Voi
Hamiltonian cua hé. Hé thuc nay cho phép phé ndng heong ciia bai todn dwoc Xay dung
bangphu(mg phdp thuan dai s6. Biéu thirc ndang lirong phli hop véi két qud gidi truec tiép
bang phwong phép gidi tich trude day.
Tirkhoa: bai toan MICZ-Kepler, d6i xung an, dai s6 SO(10), toan tir Casimir, khéng
gian chin chiéu.
ABSTRACT

Casimir operator C, for symmetry group SO(10)
of the nine-dimensional MICZ-Kepler problem

Basing on the symmetry group SO(10) of the nine-dimensional MICZ-Kepler
problem the Casimir operator is established in the explicit form relating directly to the
Hamiltonian of the system. The explicit form allows energy levels of the problem to be
constructed by the purely algebraic method. The expression of the energy levels is suitable
with the results obtained by analytical calculations published before.

Keywords: MICZ-Kepler problem, hidden symmetry, SO(10) algebra, Casimir
operators, nine-dimensional space.

1. Baitoan MICZ-Kepler chin chiéu

Bai toan MICZ-Kepler 1a mét sy mé rong cua bai toan Coulomb véi su bd sung
mot thé don cuc thich hop. Bai toan lan dau tién duoc xay dung va khao sét tir nhiing
nim 1970 trong khong gian ba chiéu [2, 7]. Bai toan ciing ¢4 dwoc maé rong I1én & céc
khong gian c6 sé chiéu cao hon nhu nam chiéu [1] va chin chiéu [3, 5, 6]. Pac biét,
cong trinh [6] cho thay viéc ma rong 1&n s chiéu cao hon khong phai tlly y, va bai toan
MICZ-Kepler chin chiéu chinh 1a trudng hop cudi ciing c6 lién hé truc tiép voi bai toan
dao dong tir didu hoa 16 chidu qua mot phép bién ddi song tuyén tinh.

Trong bai todn MICZ-Kepler chin chiéu, thé don cuc dugc cac tac gia dua ra mot
cach tudng minh 1a mot don cuc SO(8). Cu thé hon, phwong trinh Schrodinger dung
cua bai toan trong hé¢ don vi nguyén tt m = ¢ = e = h = 1 ¢0 dang:
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trong d6, 7 =,7,, (1=1...,9) voi céc thanh phan xung luong 7, €6 dang tuong
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Céc sé hang Ak(l’)(§kj dac trung cho tuong tac cua hat cO isospin vai don cuc
SO(8) vai thé vec-to c6 dang twong minh:

A0
Toan tir Q% = ijij (j,k=1...,8) voi ij la cAc vi tir caa nhdm SO(8), nghia
Ia thoa mén h¢ thirc giao hoéan:

[QAJk’Q ] ISJkan+|5anjm I6]n(?km I6km(?jn’

trong do, &, la ki hi¢u delta Kronecker. Trong cac cong thuc trén va tr day vé sau, su
lap lai cua céc chi sb ¢ nghia 1a lay téng, cac ki tu Latin (j) dwoc st dung cho chi s6
bién thién tir 1 dén 8, va cac ki ty Hi Lap (u) duogc st dung cho céc chi s6 bién thién
tir 1 dén 9.

2. Pbi xirng SO(10) cua bai toan MICZ-Kepler chin chiéu

MGt trong nhiing tinh chat duoc quan tam nhét caa cac bai toan MICZ-Kepler I tinh
déi xtng cua chang. Viéc,m(y rong tir bai toén’ Coulomb nén bai toan MICZ-Kepler dqu
cho 1a khong dugc lam mat di tinh doi xang von co cua ba[ to@n Coulomb khi bo sung thé
don cyc thich hgp. Bai toan Coulomb 1a mét doi tugng pho bién trong co hoc lugng tir va
dé duoc chimg t6 ¢6 d6i xang khong gian SO(n+1) trong khdng gian n chiéu. Déi xing
nay bao gom mot dbi xing caa phép quay trong khéng gian n chiéu va mot déi xang an,
thuong duoc thé hién qua mot vec-to bat bién goi 1a vec-to Runge-Lenz.

Trong cbng trinh [3], cc tac gia da xay duyng mot cach twong minh biéU\thﬁ’C cua
vec-to Runge-Lenz m¢ rong cho truong hop bai todn MICZ-Kepler chin chiéu, va da
chimng té d6i xing SO(10) caa bai toan Coulomb chin chiéu khong bi pha v khi bd sung
thé don cuc SO(8) . Trong phan nay, chiing toi tom tat két qua ma cdng trinh [3] d4 dua ra.
Moment xung luong ciia hé duoc biéu dién qua cac thanh phan dudi dang tensor:
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N

v 2 A2
A, =X, =X, +Ir [ﬂﬂ,ﬂ‘/]. 2)

Céc thanh phan hinh chiéu cua vec-to Runge-Lenz ¢6 dang tuong minh:
-~ 1/. - -~ . Xv
M, = E(@AW +A,,7,)+Z . 3)
Tir cac biéu thire tudng minh nay, cac méi lién hé giira vec-to Runge-Lenz, tensor
moment xung lugng va Hamiltonian dugc xay dung:

A H]=0,
M, H|=0,
Ao, =088, +i6,A,, ~15,A,, ~i5, A, (4)

~

Nhom dbi xing cia bai toan duoc biéu didn théng qua ma tran D 1a ma tran
10x10 v&i cac thanh phan:

A, M=uN=v,

~ M’ M =u,N =10,

DMN: LN H (5)
M!  M=10,N =v,
0 M =N,

trong do6 I\7I; = (=2H)Y? I\7IH. O day, ta st dung cac ki ty Latin in hoa cho cac chi sb
bién thién tir 0 dén 10. CAc thanh phin caamatran D théa méan cac hé thuc giao hoan:

[fm H } =0,

a7 oA A ©6)

[ Bun+ Drg | =16y Dyg + 6,0 Dyp — 6440 Dyp i Dy

Céc hé thirc ndy cho théy 45 thanh phan doc 1ap ciia ma tran phan xang D 1a céc dai
lwong bao todn va tao nén nhom ddi xing SO(10) cua bai toan MICZ-Kepler chin chiéu.
3. Toan tir Casimir C, ciia bai toan MICZ-Kepler chin chiéu

V&i viéc nhom dbi xiing cua bai toan dugc xay dung mot cach twong minh trong
cong trinh [6], bai todn dugc ching t6i nhan dinh s& cd 1oi giai thuan dai s6. Mot trong

nhimg phuong phap dé thu dugc 1oi giai nay 1a xay dung mdi lién hé tryc tiép giira
Hamiltonian cua bai todn va hé céc toan tur bat bien Casimir cia nhém doi xuang.
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Toén tir Casimir bac p (v6i p =2,3,...) cua mt nhom duge dinh nghia [4]:
C.=X_.X X

p [P T S Y
trong d6, X; lacac phan tir cia nhom. Trong truong hop bai todn MICZ-Kepler chin
chiéu, do dugc xay dung tir céc thanh phan cia nhom déi xiang SO(10) cua bai toén,
nén dé dang nhan thay rang cac toan tir Casimir ciing giao hoan vgi Hamiltonian, hay
noi cach khac chdng la céc toan tu bat bién. Theo ly thuyet da dugc ching minh [4],
trong vO s cAc toan tir Casimir dbi véi nhom ddi xang SO(2n), chi ¢6 n toan ta
Casimir bét bién doc lap, thudng duoc chon 1a C,,C,,...,C,,.

Pé tim phd ning lwong cua bai toan, tuc tri riéng cua toan tir Hamiltonian, ta can
biéu dién Hamiltonian theo cé4c toan tir bat bién Casimir. Vi nhan xét rang toan tir
Hamiltonian chi chira dao ham bac 2 cua toa do, ta suy ra toan tir bat bién lién hé truc
tiép voi Hamiltonian 1a toan tir Casimir bac 2, tic 1a C, ciing chtra cac thanh phan dao
ham bac 2 cua toa d6. Sir dung dinh nghia (5) ta dé dang c6 duoc:

C, =DuwDw = _(A2 +M ,2)1
trongddo A’ =A, A, vaM?=M?/(-2H)=M M/ (-2H).

Str dung dinh nghia cua toan tr moment xung luong (2) va toan tu thanh phan
vec-to Runge-Lenz (3), tinh truc tiép va stir dung bién doi vi phan ta thu duoc két qua:

ZZ

C,=——=-0Q%*-16.

*  2H

Pé tinh dwoc cong thirc trén, ta can dung chwong trinh Mathematica hd trg cho
tinh toén. Cha y raing —Q? chinh 1a toan tir Casimir bac 2 cho nhom ddi xung cua don
cuc SO(8), mbi lién hé giita toan tir Hamiltonian va toan tar Casimir bac 2 dugc biéu
dién twong minh:

~ 7?2
H=- 2 ' (7
2(C, +Q" +16)
Tir do, phd nang luong cua bai toan MICZ-Kepler chin chiéu c6 thé duoc biéu
dién:
ZZ
E=—— % ®)

- 2(c, -G, +16)’
trong do, C, va C, la tri riéng cua céc toan tir Casimir bac hai cua cac nhém SO(10) va
SO(8).
Trong c6ng trinh [4], cdng thirc dé tinh trj riéng cua toan tir Casimir cho nhém
SO(2n) dugc dua ra. Str dung cac cdng thic do, ta thu duoc:

60



TAP CHi KHOA HOC DHSP TPHCM Phan Ngoc Hung va tgk

C, = 4ty (1 +8) + 4ty (1, +6) + g (pa +4) + p1, (1, +2) + i,
62=q1(q1+6)+q2(q2+4)+q3(q3+2)+qiv
véi u; va q; la cac sé nguyén hoic ban nguyén thoa man

(9)

B>y = gy > g, > >0 vag, > q, >0, >q, >0. Phan tich phd (8) véi cac sb (9) ta
thiy pha hop véi két qua thu duoc trong cdng trinh [6].
4.  Kétluan

Théong qua nhom ddi xiing SO(10) cua bai todn MICZ-Kepler chin chiéu, chiing
t61 d4 tinh toan tuong minh biéu thic cua todn tir Casimir bac 2 va xay dung méi lién
hé truc tiép véi Hamiltonian cua bai toan. Mbi lién hé nay cho phép phd ning luong
cua bai toan dugc tinh bang phuong phap thuan dai s0. Cong thuc thu dugc cho phép
phan tich pho nang luong.

Ghi chu:
Pay la Pé tai Co s¢ ma so CS.2014.19.66 ciia Truong Pai hoc Su pham TPHCM.
Mo rgng cdng trinh nay sé dang o tap chi ISI.
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