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ABSTRACT

In this paper, we propose the Inexact Difference of Convex Algorithm (iBDCA), an inexact
variant of the Boosted Difference of Convex Functions Algorithm (BDCA), to solve an optimization
problem involving the difference of two strongly convex functions, where both components of the DC
function are assumed to be differentiable, and the gradient of the first component is Lipschitz
continuous. The proposed algorithm consists of two main steps: first, we employ a gradient descent-
based scheme to find an approximate solution to a subproblem associated with the convex component
of the DC problem; second, this approximate point is then used to compute a suitable step size for
the next iteration. We establish the convergence and convergence rates of the iterate and objective-
value sequences to the optimal solution and optimal value, respectively, as well as the complexity of
the subproblem.

Keywords: boosted difference of convex functions algorithm; convergence analysis;
DC functions; inexact gradient descent methods; line search; step size

1.  Introduction
This paper focuses on minimizing Difference of Convex (DC) functions. We consider
the problem

minimize ¢(x):= f,(x)—f,(x) (1.1)

xeR"

where both f, f,:R" — R are assumed to be continuously differentiable and convex and

to satisfy
inf ¢(x)>—c. 1.2)

xeR"
To facilitate the subsequent analysis, we reformulate the problem (1.1) into an
equivalent problem involving strongly convex functions. For any constant p >0, define
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g(x)= fl(x)+§||x||2 and h(x) = fz(x)+§||x||2. It follows immediately that both g and h

are strongly convex functions with modulus p and ¢(x)= f,(x)-f,(x)=g(x)-h(x),
for all xeR". Consequently, the following equivalent problem is obtained

(P) minimize ¢(x)=g(x)-h(x).

DC programming has been successfully applied in various fields, including machine
learning and image processing, biochemical modeling (Aragon-Artacho et al., 2024) and
compressed sensing (Yin et al., 2015). The Difference of Convex Algorithm (DCA) was the
first algorithm specifically designed for solving DC optimization problems (Tao, 1986; Tao
& An, 1997). Because of its simplicity and computational efficiency, DCA, together with its
variants, has been extensively applied to high-dimensional nonconvex optimization. Among
those variants, Boosted DC Algorithm (BDCA) introduced in (Aragdn-Artacho et al., 2018)
is one of the most efficient methods because it combines DCA with a line search step inspired
by Fukushima and Mine (1981). This combination enables BDCA to converge faster and
require fewer iterations than DCA, particularly for large-scale problems.

To further improve the computational efficiency of BDCA, we introduce an inexact
variant of the Boosted Difference of Convex Algorithm (BDCA) to solve (1.1), referred to as
the Inexact Boosted Difference of Convex Algorithm (iBDCA). This modified approach
establishes a framework that allows inexactness in solving subproblems while still
maintaining convergence properties. At each k —th iteration, unlike DCA and BDCA, which

require solving the following subproblem (Pk) exactly

(R) minimize g(x)—=(Vh(x).x) (1.3)

xeR

we propose to compute an approximate solution y, that satisfies the inexact condition

Ivaty) - vhx)] < v -x]. (14)

This approach reduces the computational cost of each iteration while preserving the
method's efficiency. We show that the convergence results of BDCA are preserved when we
employ this inexact condition. We also provide a simple approach for finding y, satisfying
(1.4) using the gradient descent method. We also specify the number of iterations required
for each subproblem to determine y, .

The remainder of the paper is organized as follows. Section 2 presents the necessary
definitions and preliminary results used in the subsequent analysis. The proposed iBDCA is
then presented, and its convergence properties are analyzed in Section 3. Conclusions and
directions for further research are discussed in Section 4.
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2. Preliminaries and Notation
Throughout this paper, the inner product of two vectors X,y € R" is denoted by <x, x>,

while ||| denotes the induced norm, defined by |x|= \/W . We denote by R, =[0,) the
set of all nonnegative real numbers and B(x,r) the closed ball centered at x with radius
r > 0. The gradient of a differentiable function f :R" — R at some point x € R" is denoted
by Vf (x)eR".
We now recall some important definitions and results related to the convexity and
monotonicity of a function. A function f :R" — R is said to be convex when
f(Ax+(1-2)y)<Af (x)+(1-2) f(y)

forall 1€ (0,1) . Furthermore, f is said to be strongly convex with modulus o >0 if
f(Ax+(1-A4)y)<Af(x)+(1-2)f (y)—%a/l(l—ﬂ)”x— i

forall 1 (0,1), or equivalently, when f —%”.”2 is convex.

The following fundamental results on convex functions are useful in the next section.
Theorem 2.1. Let f be a differentiable function on R". Then:
1. f isconvex ifand only if
f(x)>f(y)+(Vf(y).x—y) forallx,yeR"; (2.1)

2. f isstrongly convex with modulus o if and only if
f(x)2 f(y)+(Vf (y),x—y>+%||x—y||2 for all x,y e R". (2.2)

Definition 2.2. Amapping F:R" — R" is said to be monotone if
(F(x)-F(y),x-y)20forallx,yeR".

Furthermore, F is called strongly monotone with modulus o if
(F(x)- F(y),x—y>20||x—y||2 forall x,y e R".

The following proposition describes the relationship between the concepts of (strong)
convexity and (strong) monotonicity when f is differentiable.

Proposition 2.3. Let f :R" — R be a differentiable function. Then f is (strongly) convex
if and only if Vf is (strongly) monotone.

To establish our convergence results, we use the following definitions and theorems.
Definition 2.4. A mapping F:R" — R" is called Lipschitz continuous if there is some
constant L >0 such that
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[F(x)-F(y)|<L|x-y], foralixyeR"

F is called locally Lipschitz continuous if for every x e R", there exists a neighborhood U
of x such that F restricted to U is Lipschitz continuous.

The following result from Izmailov and Solodov (2014) provides a useful property of
real-valued functions with Lipschitz continuous gradients.

Lemma2.5.Let f:R" >R, let x,yeR",andlet L>0.If f is differentiable on the line
segment [x, y] with its gradient being Lipschitz continuous with constant L on this

segment, then
L
|f (y)-f (x)—<Vf (x), y—z>|s5||y—x||2.

To establish our convergence results, we use the Lojasiewicz property (Lojasiewicz,
1965), defined next.
Definition 2.6. Let f:R" —>R be a differentiable function. f is said to have the

Lojasiewicz property if for any critical point X, there exist constants M >0, >0 and
0 €[0,1) such that

| (x)= (%) <M|VE(x)], forallxeB(X.e), (2.3)
where we adopt the convention 0° = 0. The constant 6 is called £ojasiewicz exponent of f
at X.

We also use the following proposition taken from (Khanh et al., 2024) to establish our

convergence results.
Proposition 2.7. Let f :R" — R be a C* —smooth function, and let the following conditions

hold along a sequence of iterates {x| < R" for the function f :
e H1 (primary descent condition): There is o >0 such that we have
f(x)-f(x")= a”Vf (xk)”-”xk”—xk”
for sufficiently large k e N.
e H2 (complementary descent condition): The following implication holds:

[f (Xk+l) _f (Xk ):| — [Xk+1 _ Xk]
for sufficiently large k € N.
If X is an accumulation point of {x} and f satisfies the Lojasiewicz property at X, then

X< —>x as k = oo,
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Definition 2.8. Suppose that the sequence {x,}, < R" converges to x e R". We say that
the convergence is linear if there exists 4 (0,1) such that
e =X < =],

for all k sufficiently large.
3. Inexact Boosted Difference of Convex Algorithm
We now present the iBDCA algorithm:
Algorithm 1: iBDCA

Step 1. Fix >0,4>0,0< #<1. Let X, be any initial pointand set k:=0.

[*Initialization*/
Step 2. Find y, such that
||V9(yk)—Vh(Xk)||S§||yk =%
[*Find y, */
Step 3. Set d, =y, —X,.. If d, =0, STOP and RETURN X, .Otherwise, go to Step 4.

[* Compute the direction d, */

Step 4. Set 4, = 1. whileg(y, +ﬂ'kdk)>¢(yk)_%ﬂk”dk”2’ do A, = fA,.

/* Line search */
Step 5. Set X,,, =V, + 40, , set k:=k+1, and go to Step 2.
/* Update and iterate */

3.1. Analysis of Convergence
In this section, we establish the convergence results of Algorithm 1. We begin by

proving that the inexact solution Y, yields a sufficient decrease in the objective function

value.
Proposition 3.1. For any k € N, we can deduce that

d(Vi)<p (%)~ ”d ” (3.1)

Proof. As g and h are strongly convex and differentiable,

g(x)-9(yi)= <Vg(yk)’xk _yk>+§||xk_yk”2

and
h(yi)—-h(x)= (Vh(x). Y, —xk>+§||yk x|

Taking the sum of the two previous inequalities leads to
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g(x)=9(¥)+h(v)-h(x%)= (Va(¥)-Vh(x). % =¥ )+ o[% - Y[ .
or equivalently
#(Yi)—2(%) < <Vg(yk)—Vh(xk),dk>—p||dk||2,
where d, is given in Step 3 of the algorithm. It follows from Step 2 and the Cauchy-Schwarz

inequality that
<Vg(yk)—Vh(xk),dk>S”Vg(yk)—Vh(xk)”-”dk”S%”dk”z,
which in turn yields ¢(yk)—¢(xk)3—§||dk||2. 0
We now show that d, =y, —x, serves as a descent direction for ¢ at v, .
Proposition 3.2. For all k e N, we have (Vg(y, ), d, )< —§||dk||2.

Proof. The strong convexity of the function h with constant o implies the strong
monotonicity of Vh with constant o . Applying this property at x,, Y, ,we have,

<Vh(xk)—Vh(yk),xk - yk> > p|x - yk||2.
Combining this with Step 2 and the Cauchy-Schwarz inequality, we have
<V¢(yk),dk>:<Vg(yk)—Vh(yk),dk>
:<Vh(xk)—Vh(yk),dk>+<Vg(yk)—Vh(xk),dk>
S<Vh(xk)—Vh(yk),dk>+||Vg(yk)—Vh(xk)||||dk||
<-pld [ + 2] <2

which completes the proof. mi
The following corollary ensures that the backtracking procedure in Step 4 of Algorithm 1
terminates after finitely many steps whenever p > a.

Corollary 3.3. Let p>a >0. Then, for everyk e N, there exists o, >0 satisfying
(Y, +/1dk)s¢(yk)—%/1||dk||2, forall 2 €[0,5,]. (32)

Proof. The inequality trivially holds for all positive numbers A when d, =0. For d, #0,

since p>a >0, one has
lim Ay, +4d, ) =9 ( V)
A—0" A

= <V¢(yk)! dk> < _gndk“Z < _%”dk”2 )

Hence, there is some &, >0 such that, for all 1€ (0,8, ), the following holds
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¢(yk+2dk)_¢(Yk)
A
or equivalently

¢ (Vi +/1dk)<¢(yk)—%/1||dk||2.m

<2,

The following result shows the monotonicity of the sequence {¢(Xk)}. The proof

follows immediately from Proposition 3.1 and Step 4.
Proposition 3.4. For all k € N, we have the following inequality

(%%ajnyk %[ <4(x)-d(x.).

We now provide several results on the convergence of Algorithm 1. The proof is
analogous to that in (Aragon-Artacho et al., 2018).

Proposition 3.5. For any initial point x, € R", either Algorithm 1 terminates by returning a

stationary point of (73) or it generates an infinite sequence that satisfies the following conditions:
i. The sequence {¢(xk )} is monotonically decreasing and converges to a limit ¢;

ii.  Every limit point of {X,} is a stationary point of (P).

i, S dF <0 and > % - x| <.

k=0 k=0
Proof. If Algorithm 1 stops at Step 3 and returns X, , then from Step 2, we deduce that X,
must be a stationary point of (P) Otherwise, it follows from Proposition 3.4 that the
sequence {¢(Xk)} decreases monotonically. Given that it is bounded from below by (1.2),

it converges to a limit ¢", which proves (i). As a result, we deduce that ¢(X,,,)—¢(X,) — 0.

From Proposition 3.4, one has
2o <[ 242 4 o <o04)-o(x.)
Letting k — oo gives ||y, —X|=d.| = 0. Let X be an arbitrary limit point of the sequence
{X}. Then, there exists a subsequence {in} that converges to X . From this, it follows that
e N b e e e
Using Step 2, we have

Os”Vg(yki )—Vh(xki )”S%”yk — X, ||—>0 asi— oo,
which gives Vh(X)=Vg(X),i.e. V4#(X)=0 or X is a stationary point of (P).
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To prove (iii), by Proposition 3.4, we obtain

[%Jr%ik)”dk”z <P(%) =B (Xen)- (3.3)
Taking the sum of this inequality over k=0 up to N, we obtain
(242 )10 <600)-603) <o)t ). e

Therefore, letting N tend to infinity, we deduce that
S 21L <3 545 4 Il <6(0)-inf p(x) <o

n
k=0 k=0 xeR

Thus, we obtain Zw:”dk”2 <. As
k=0

X — X = yk_Xk+ﬂ'kdk :(1+ﬂk)dk'

there holds
kZIIXm — X ”2 = kZ(lw ) ”dk“2 < (1+Z)2 kledkllz <,
=0 =0 =0
and the proof is complete. m

The following theorem states the convergence results and convergence rate of the algorithm.
Theorem 3.6. Let Vg be Lipschitz continuous and ¢ satisfy the Lojasiewicz property with an

exponent 6 [0,1). For any initial point X, € R", consider the sequence {x,} generated by

Algorithm 1. If {x,} has a cluster point X, then the entire sequence converges to X, which
is a stationary point of (7). Moreover, the following convergence rate estimates hold:
(i) if =0, then the sequences {x} and {¢(xk)} converge in a finite number of

iterations to x” and (X"}, respectively;
(ii) if ee(o,ﬂ, then the sequences {x, } and {¢(xk)} converge linearly to x” and
¢(x*), respectively;
(i) if 6¢ (%1) then there are some positive constants 77, and 7, satisfying.
10
] i
1

#(x)-9(x)<mk 27,

for all large k.
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Proof. First, we prove that the conditions (H1) and (H2) of Proposition 2.7 with the sequence
{x.} generated by Algorithm 1 for the function ¢.

H2: Assume that for some keN one has ¢(x,)=¢(X.,). From Proposition 2.7 and
X1 — % = (1+ A ) (Y — X, ), We obtain the inequality
iz haxl <6040 (x) =0
which implies that x,,, = X,, since 0< 4, <.
H1: Combining Step 2 and the Lipschitz continuity of Vg, we deduce that
[vo () =IVa (x)-vh(x )|
<[Va(x)=va ()| +[va (y)-vh(x)|
<L|x =y |+050[% - |
- (L+05p)|d,].
Combining (3.5) with Proposition 3.4, we have

(3.5)

2 : Vo(x,
o001 0)2( S50 ol =540 =Sl A
Z(1+ﬂk)(2L+p [Vo s =%
Yo, -
> Vs sl

Suppose that X" is a cluster point of {x, }. Since ¢ satisfies the Lojasiewicz property at X ,
applying Proposition 2.7, we obtain X, — x* as K — «.

The proof of the convergence rates based on 8 is similar to the proof of Theorem 1 in
Aragon-Artacho et al. (2018).
3.2. Solving subproblems by Gradient Descent

Foreach x, e R", recall that f, (x)= g(x)—<Vh(xk),x>. Since f, is strongly convex
with modulus p, the optimization problem

mlrlleguse f, (X)

has a unique minimiser x,. Then,

Vh (% )=Vg(x )-Vh(x)=0.
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To obtain an approximate solution to the problem, we construct the gradient descent
. 1 .
sequence {zj}_ . given by z,,,=12 —Eka (zj), , Where z,=X,. The following
je
convergence result is standard.
Proposition 3.7. Let f, be strongly convex with modulus o and suppose Vf, is Lipschitz

continuous with constant L. From an initial point z, € R", the sequence {zj}_ . above
je

satisfies the following estimate

«|12 Yo, i .
-l <(2-2) o

Depending on the relationship between p and L, the appropriate elements of the
gradient descent sequence solve the subproblem at each k —th iteration.
Corollary 3.8. At each k —th iteration, with z, =X, , the following assertions hold for the

2

Zj+l

sequence {ZJ},-EN
o If p=L, then
||Vg(zl)—Vh(xk)||S%”zl—xk”. (3.6)

Yo,

e If p<L, thenfor J, eN and j, 22|091,€p+2|_' one has

HVg(zjk)—Vh(xk)Hégnzjk —xk”.
Proof. If p=L, then by Proposition 3.7, we deduce that z,,, =x, forall jeN. Hence,

with j =0, we have
[vo (2)- ()] =[va (%) ~vh(x)|=0< Fl x|
Now suppose that o < L.By Proposition 3.7, one has

o -x|<d?|z-%]. view, @D

where d =1—£€(0,1). If j, >2log P , then we have
L 2 p+2L

Jk Jk
”ij —x;||sd7 Z, —x:||sd7(|z0 -z, ||+||ZJ-k —X;“)
and hence,
N
. 2
||zjk —xk||£—j7k Z, —20”. (3.8)
1-d?2
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Combining the Lipschitz continuity with constant L of Vf, and vf, (x;) =0 with (3.8), one

has
i

2
<——-—
J

1-d2
where the last inequality follows from the choice of j, . Equivalently, we have

Vi (z, )| <|V(z, ) - VE (X% )| S Lz, =%
[Vt (2 )] <[4 (2,)-va 0 <

2, -2 <2l -]
Jk 2 Je

HVg(zjk )—Vh(xk)Hsgnzjk —xk”.u

4.  Conclusion
In this paper, we have introduced the Inexact Boosted Difference of Convex Algorithm
(iIBDCA), a computationally efficient variant of the Boosted Difference of Convex Algorithm
(BDCA), designed to solve optimization problems involving the difference of two strongly
convex and differentiable functions, where the first component has a Lipschitz continuous
gradient. By allowing inexact solutions to the subproblems, iBDCA significantly reduces the
computational burden while preserving the convergence properties of BDCA.
The paper provides a rigorous convergence analysis of the iBDCA algorithm. Key
results include:
¢ Proof of monotonic decrease in the objective function values,
e Guarantee that the sequence of iterates either reaches a stationary point or converges
to one,
e Establishment of convergence rate results using the Lojasiewicz inequality, showing
that convergence can be finite, linear, or sublinear depending on the Lojasiewicz exponent.
Additionally, we show that the number of inner gradient descent iterations required to
obtain a sufficiently accurate solution can be bounded, thereby characterizing the method's
overall complexity.
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TOM TAT

Trong bai bdo nay, ching téi dé xuat Thugt toan hiéu hai ham I6i xap xi (iBDCA), mét bién
thé xdp xi ciia Thugt toan hiéu hai ham 16i ting cwong (BDCA), dé gidi mét bai toan toi wu lién quan
dén hiéu cua hai ham 16i manh, trong dé ca hai thanh phan cia ham DC déu dwoc gia thiét 1a kha
vi va gradient cza thanh phan dau tién 1a lién tuc Lipschitz. Thudr todn dé xudt bao gom hai budc
chinh: ddu tién, chiing t6i st dung mét liwpc do duwa trén phwong phdp ha gradient dé tim nghiém xdp
xi cho mét bai todn con lién quan dén phan 16i cia ham DC; tiép theo, nghiém xdp xi ndy dwoc sir
dung dé tinh todn kich thurée buéc phi hep cho lan Igp tiép theo. Ching toi thiét Idp sw héi tu va toc
d6 hoi tu cua day lgp va day gia tri ham muc tiéu tiwong vmg dén nghiém toi wu va gid tri toi wu.

Tar khoa: thuat toan DCA tang cuong; phan tich sy hoi tu; ham DC; phuong phap ha gradient
Xap xi; tim kiém theo duong thang; kich thudc budc
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