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TOM TAT

Trong bai bdo nay chiing t6i trinh bay phirong phdp phan tir hitu han khdng-thoi gian (space-
time finite element method) gidi xap xi phuong trinh phan img khuéch tan. Khac véi cdc phwong
phép sé truyén théng phan tach xap xi mién thoi gian va khong gian riéng biéz, phwong phdp nay
roi rac dong thoi mien Q = @ x (0, T) trén clng mét Cdu triic lwdi, Qilp toi wu chi phi tinh todn
va ndng cao dg chinh xac cia nghiém xdp xi. Cach tiép cdn cia phwong phdp la dwa bai todn ban
dau vé dang bién phan (bai toan yéu). Tinh dgt chinh cia bai toan yéu diroc chitng minh théng qua
viéc ap dung dinh |i Banach—-Necas—Babuska, dam bao si ton tai, duy nhat nghiém. Phan tich danh
gia sai s¢ tién nghiém (a priori error estimates) cho thay phirong phdp dat téc do hoi tu ti wu trong
khéng gian tuwong ing. Tinh hiéu qud va dg chinh xac cia phwong phdp dwoc kiém chiing qua cac
thi nghiém sé duroc xay dung trén phan mém ma nguon me FreeFEM++.

Tir khéa: danh gia sai sb tién nghiém; FreeFEM-++; phuong trinh phan tng khuéch tan;
Phuong phap phan tir hiru han khong-thoi gian

1.  Giéi thi¢u
Viéc nghién ciru cac qué trinh tu nhién thuong dan dén mé hinh toan hoc bang cac
phuong trinh dao ham riéng. Bac biét cac qua trinh truyén nhiét, khuéch tan hoc lan truyén
trong cac moi truong vat chat thuong duogc mod ta boi phwong trinh phan tng khuéch tan
hay phuong trinh parabolic tong quét.
Cho Q € R? (v6i d = 1,2,3)1a mot mién bi chan c6 bién T := 0Q Lipschitz. Trong
nghién ctru ndy ching t6i xét bai toan parabolic tuyén tinh sau:
diu(x, t) — div[D(x, )V, ulx, t)] + R(x, u(x,t) = f(x,t),(x,t) €Q:=Q % (0,T), (1)
ulx,t) =0,(x,t) €X: =T x (0,7),
u(x,0) =0,x € Q,
trong d6 ma tran hé sb khuéch tan D(x, t) 1a ma tran ddi Xtng va xac dinh duong trén mién
Q, hé sé phan tmg R(x,t) duong va hang s6 T > 0 1a thoi diém két thic. Viéc phat trién
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cac phuong phép sb hiéu qua dé giai quyét cac bai toan parabolic néi chung hay 16p phuong
trinh phan ng khuéch tan néi riéng 1a mot chu dé nghién ctru quan trong trong phan tich
s6 va tinh toan khoa hoc. Cac phuong phap sé truyén théng dé giai bai toan nay thuong
dua trén ki thuat time-stepping, tic la thuc hién roi rac khong gian va thoi gian riéng biét.
Céch tiép can nay thuong két hop mot lugc d6 xap xi an hozc hién theo thoi gian véi mot
phuong phap roi rac theo khong gian nhu phuong phap sai phan hitu han (Larsson &
Thomée, 2003). Cac phuong phap nay tao ra mot chudi bai toan dimg duoc giai tuan tu
theo ting budc thoi gian, dan dén nhiéu han ché. Thi nhit, ciu trdc tich tensor cia khong
gian va thoi gian doi hoi cac budc thoi gian nho dé dam bao 6n dinh, 1am ting dang ké chi
phi tinh toan, dic biét trong c4c bai toan cd mién tinh toan phuc tap. Thir hai, viéc giai tuan
tu cac hé tuyén tinh can tré trién khai hiéu qua cac thuat toan song song. Tht ba, cac ki thuat
tinh chinh luéi thich nghi thuc hién riéng Ié cho ting budc thoi gian, gay kho khan trong viéc
t6i wu hoa ddng thoi ca hai bién (Brenner & Scott, 1994; Lang, 2001; Thomée, 2006).

Trong thap nién gan ddy, mot céch tiép can day trién vong 13 phuong phap phan tir
hitu han khdng-thai gian (space-time finite element method) giai xap xi cac phuong trinh
dao ham riéng phu thudc vao thoi gian (Steinbach, 2015; Ta et al., 2025). Phuong phap nay
str dung ludi xap xi trong mién khong-thoi gian Q = Q x (0, T), cho phép thich tng va
phan hoach hiéu qua hon, tir d6 gitp giam chi phi tinh toan va ting d6 chinh xac. Y tuong
quan trong nhat caa phuong phap nay 1a dua viéc giai phuong trinh dao ham riéng parabolic
thanh dang phuong trinh elliptic twong duong, théng qua viéc thdng nhit xu Ii bién thoi
gian nhu mot chiéu bo sung trong khdng gian. Bai béo nay gigi thiéu phuong phap khong
- thoi gian cua Steinbach (Steinbach, 2015) véi su mé rong thanh phan phan ang cho
phuong trinh parabolic tong quét va diéu kién bién Dirichlet.

CAu trdc cta bai bao nay duoc td chire nhu sau: phan 2 trinh bay déi tuong va phuong
phap nghién ctu trong dé: phan 2.1 chi tiét vé cong thire bién phan cua bai toan, 1am co s
cho céc phan tich tiép theo, phan 2.2 trinh bay vé tinh dit chinh cua bai toan bién phan va
phan 2.3 trinh bay bai toan roi rac, phan 2.4 danh gia sai sb tién nghiém (a priori error
estimates) cho phuwong phap xap xi khong - thoi gian da dé xut. Bé minh ching tinh hiéu
quéa ctia phuong phap va xac thuc cac danh gia li thuyét, phan 3 trinh bay cac két qua thir
nghiém sb, qua d6 lam 3 tinh kha thi cia thuat toan ciing nhu d chinh xé&c cua cac danh
gia sai s6. Phan 4 1a mot sb két luan vé phuong phap phan tir hitu han khong — thoi gian va
cac huéng nghién ciru c6 thé phat trién.
2. Poi twong va phwong phap nghién ciru
2.1. Bai todn bién phén

Phan nay trinh bay viéc xay dung cong thire bién phan cho bai toan dd dugc phat biéu
trong phan 1. Dé xay dung dang yéu trong duong cho bai toan phan ng khuéch tan, ching
toi gidi thiéu cac khong gian ham can thiét. Trudc tién, ki hiéu L?(Q) la khdng gian cac
ham binh phuong kha tich, ta nhic lai mot s6 khéng gian sau:

o H'(Q) ={u€l?(Q)|duc€l?(Q),1<i<d} véichuan
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lullyrqy = J-uz dx+j(Vu)2dx.
Q Q

e HI(Q) = D)@ bao dong cua D(Q) theo chuan H(Q) véi D(Q) 1a ciia khong
gian cac ham kha vi v6 han c6 giad do compact trong Q.
o H™1(Q) = (H}(Q))": khong gian d6i ngdu cta Hg (Q) vé6i chuan tuong Gmg

(f, Wy-10)Hi@)

Ifllg-2cqy = sup
O et Tulluz

o 12(0,T; H}(Q) = {ulu(t) € HY(Q) Vt € (O,T),fOTIIu(t)IIf{&(Q) dx < oo} véi

chuan tuong tng

T 1/2

e HY(0,T;H () ={u|d,u € L*(0,T; H1(Q))}.

Ta dinh nghia:

X =1%(0,T; H}(Q))nH' (0, T, H~1()),

Xo={veX|lv=0trénZX,},

Y =12(0,T; H} (),

Y':=12(0,T; H1(Q)).
trong d6, £, = I' x {0}, tc 12 Xo gdm céc ham trong X thoa man diéu kién v(x, 0) = 0.
Cho truéc f € Y, bang viéc nhan hai vé caa phuong trinh (1) véi ham thir v ta duoc bai
toan yéu phat biéu nhu sau: Tim u € X, sao cho:

a(u,v) =(f,v)q, VVEY, (2)
trong d6 dang song tuyén tinh a: X, X Y = R duoc dinh nghia bai:

a(u,v) = f [0;uv + (D(x, t)V,u).V,v + R(x, t)uv |dxdt, V (u,v) €X, XY, (3)
Q

va phiém ham tuyén tinh (f, .} :Y > R duoc dinh nghia bi:

(f, D)o = jfv dxdt, VvEY. 4
CAc chuan tuong gng véi cac khéng gian Xo, Y va Y’ duoc dinh nghia nhu sau:

lvly = \/fQ( D(x, OV,ulx, ). Voulx, t) + R(x, Ou?(x,t), (5)

Io.ully= Nluly, (6)

lully, = (ld:ul3 +1ul} )%, (7)
Gia sir w,, € Y la nghiém duy nhit caa bai toan bién phan:

f (D(x, )V,wy,). Vv + R(x, uv dxdt = (0,u, v)o, Vv EY. (8)
Khi d(’)Q
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iy, = (w13 +1wll? )z. )

Biéu dién dang yéu (2) cho phép &p dung dinh Ii Banach-Ne¢as—Babuska (Ern &
Guermond, 2004, 2021a, 2021b) dé thiét lap tinh dat chinh cua bai toan. Trong phan tiép
theo ta s& chimg minh cac diéu kién cua tinh dit chinh nay.
2.2. Tinh ddt chinh ciia bai todn yéu

Pé ching minh tinh dat chinh cua dang bién phan ta can xac minh thoa man déng
thoi ba diéu kién can va du:

1. Tinh lién tuc: ton tai hiang s6 B; > 0 sao cho

la@u, V)| < B llullg vy, ¥ (w,v) € Xy XY. (10)
2. Diéu kién inf-sup: ton tai hang s6 B, > 0 sao cho
a(u,v
inf  sup # > B,. (11)

0 #u€Xy g zpey Il U "Xo” vy o
3. Piéu kién don anh: néu véi moi u € X,, taco a(u,v) = Othisuyrav=0. (12)
Tinh lién tuc. Trudc khi chimg minh diéu kién lién tuc (10), ching ta nhac lai dinh nghia
ctia dang song tuyén tinh a(-,):
a(u,v) = j [0;uv + (D(x,t)V,u).V,v + R(x, t)uv]dxdt, V (u,v) € X, XY.

Q
Ta c6 danh gia

la(u, v)| < +

J-atuv dxdt j (D(x,t)V,u).V,v + R(x, t)uv dxdt|.
Q Q

DAi véi hang tir thir nhat &p dung tinh chét cia cap dbi ngau d,u € Y* = L2(0,T; H™1(Q))
vav ey =12(0,T; H}(Q)) taco danh gia

fatuv dxdt| = |(6tu,v)Q| < N oullyrllvlly.
Q

Déi vai hang tir thtr hai, 4p dung bit dang thic Cauchy—Schwarz

< lulyllviy.

f (D(x,t)V,u).V,v + R(x, t)uv dxdt
Q

Két hop hai u6c luong trén, ta thu duoc
la(w,v)| < loeullylvily + lullyllviyg=Cloaully +lully) lvily.

1
Villullx,= (Il 0;u I3 +1l w lIZ )2 néntaco

1deullyr + 1w lly s\/i\/n D2 +lullz = V2 luly,

Do do6
latw, V)| < V2w lix,ll v lly.
Suy ra diéu kién lién tuc (10) duoc théa mén vai hing sé B; = V2.
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biéu kién inf-sup. Diéu kién inf-sup (11) trong duwong voi viée chi ra rang véi moi u €

X, t6n tai hang sé duong B, sao cho
a(u,v)

B Ilu ”XOS SUPW.

That vay, voiu € Xy tachonv =u+w, € Y. Khi do

a(u,u) = fatuu dxdt + f (D(x,t)V,u).Vu + R(x, t)u? dxdt.
Q Q

(13)

Str dung phép tich phan tirng phan theo thoi gian va diéu kién ban dau u(x, 0) = 0 ta duoc

T
a(u,u) =f f o,uu dxdt + f (D(x,t)V,u).Vu + R(x, t)u? dxdt
QJo Q

1 1
= J- [—u(x, T)? — —u(x, 0)2] dx+ llu II}Z,
ql2 2

— 1 . T 2 2 > 2
=S 0uCT) oyt N>+l i,
Str dung tinh chat déi ngau va bét ding thirc Cauchy—-Schwarz, ta wéc lwong

a(u,wy) = f

druw,, dxdt + f (D(x,t)V,u).V,ow, + R(x, t)uw, dxdt
Q Q

= f (D(x, t)V,wy). Vowy, + R(x, t)wy,w,, dxdt
Q

+ f(D(x, t)V,u).V,w, + R(x, t)uw,, dxdt
Q

> lwy 15— Mullyll wy lly
1
2
= |l deu lly _E( w5+ 1wy I13)

1 2 1
=3 I d.ully -3 w13
Két hop hai udc lugng trén ta dugc
1 1
a(wu+wy) 2 (I deully + Twlf) =31,
Tir dinh nghia va tinh chat cta céc chuan twong ung:
lu+wy 13 <2CHuliF+ IwylI3)
=2( Nwlg+ llou )
— 2
=21 uly,.
Ta c6 danh gia
1
a(w,u+wy) = VoA I w llx, I w+ wy lly.
Viv=u+w, nén
a(u,v a(u,u+w,
wv) _ awutw,)
vy lu+wy, lly 242

Do d6 diéu kién én dinh (13) théa man véi hing sé B, = % .

I lly, -
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Diéu kién don anh. Dé kiém chung diéu kién don anh (12) ta can chi ra rang
vveY\{0}, 3ueX, a(uv)=+0.

That vay, voi moi v € Y \{0} chon
t

u(x,t) = f v(x,s)ds, (x,t) €Q.
0
Theo dinh nghia ta c6 u € X, va

awv) = 10 1220+ I Vau(T) Iz

Do v # 0nén ll vlifz,> 0, tacd au,v) >0, ticlaa(u,v) # 0. Viy diéu kién
don anh (12) dugc thoa man.

Vi diéu kién ban dau trong (1) dugc xem nhu mot diéu kién Dirichlet trong mién
khéng gian-thoi gian Q = 2 x (0,T), ching ta xem xét phép tach u(x,t) = a(x,t) +
Uy (x, t) Voi (x,t) € Q, trong d6 T, € X 1a mot mé rong cua dit liéu ban dau da cho u, €
HE (). Khi d6 bai toan ban dau dua vé tim @ € X, sao cho

a(,v) = (f,v)q — a(ty, v). (14)
Phan tiép theo ta s& trinh bay xap xi khong — thoi gian cua bai toan (14).
2.3. Phwong phdp phan tir hiru han khdng théi gian

Giasir X, c X,Y, c Y la cac khong gian ham xap xi va X, c ¥, (do X < Y). Tacé
xap xi Galerkin—Petrov cua bai toan bién phan (14) la tim @, € X, sao cho

a(tp, vp) = (f,vp) — allg, vp) Vv, €Yy, (15)

Ta s€ chirng minh tinh dat chinh cua bai toan (15).

Cho tru6c ¢ € Y', tdn tai duy nhat w € Y I1a nghiém cua bai toan bién phan

T
f f [D(x, ) Vw(x, t)]Vv(x, t) + R(x, t)w(x, t)v(x, t) dxdt
0 Jo

= J-Tj<p(x, tv(x, t)dxdt,
0 Y0

voimoivey.

Xét anh xa
M:Y' - Y =12(0,T; H} (Q)),
@~ Il =w.

Ta c6 xap xi Galerkin cua bai toan bién phan trén 1a tim w;, € Y}, sao cho

T
j f [DCx, )V, wy, G, )]V, G, £) + R (e, E)wi, (x, ) vy (x, ) dxdlt
0 n

T
=f f(p(x,t)vh(x,t)dxdt. (16)
0o Jo

Ta dinh nghia anh xa:
MY - Y, < L2(0,T; H} (Q)),
¢ = I =wy
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Khi d6

T
will2 f f [D(x, OV awa (6, D1V (6, £) + R(x, Wi (x, Wi (x, £)dxde
0 YN

T
= f f(p(x,t)wh(x,t)dxdt
0 /o

T
= J f [D(x, t)V,w(x, )]V,wy (x, t) + R(x, )w(x, t)wy(x, t)dxdt
0 /o

< lwllyllwply.
Do do

Iwnllf < llwllg,
tuc la
IMxelly < [Melly, vo €Y.
Xeét chuan phu thudc vao ludi
lull, = IMoallf + llullf.
Ta c6 danh gia giita cAc chuan tuong tng
llullx, < llullx vue€X.
Tiép theo ta s& chung minh tinh 6n dinh caa bai toan roi rac (15).
Pinh i 1. Giast X, c X,Y, c Y va X, c Y, khi dé tdn tai c > 0 sao cho
inf  sup alun vn) > c. a7
UREXR 0 2vpEY, II'up "Xh Il vy, ||yh
Chueng minh. Véi u,, € X, € X chang ta dinh nghia I1; d,uy, == wy, € Y}, la nghiém duy
nhét cua bai toan xap xi Galerkin (16), tuc la

T
j f [D G, ©)Vwy, (. £)] - Vo (s £) + R, D)wy (x, )y G, ) dxdlt
0 JQ

T
=f fatuh(x, v, (x, t)dxdt, Vv, €Y.
0 /o

Do X, c Y, taco u, + wy €Y}, théa man
[lup + Wi [l$ < 201upll§ + IwglI9) = 2w I,

Hon nita, vi u, (0) = 0 nén

T
aupwn) = j f 81tn (x, Dup (x, £)dxdt
0 Q

T
+ fo L[D (x, OVup (x, )] - Vuy (x, 1)

1
+ R(x, up (x, up (x, dxdt = 5 I (D72 g + llunllf

> |lupll$.
Tuong tu, ta co:

1880



Tap chi Khoa hoc Trwdng BPHSP TPHCM Tdp 22, S6 10 (2025): 1874-1886

T
a(up, wy) =f fatuh(x, twy, (x, t)dxdt
0o Jo

T
+ fo L[D (x, O)Vup (x, )] - Ywy (x, )

+ R(x, t)uy (x, t)wy, (x, t)dxdt

T
_ j f [DCx, ©)Vwy, (x, )] - Yy Cx, £) + RCx, )wi (x, D)wy (x, £)dacdlt
0 JQ

T

+ f j [DCx, ©)Vauy, (o, £)] - Yy Cx, £) + R(x, )y, G, )i (x, ) dxdt
0 JQ

> [lwplly = llupllyllwglly

1
> lwnly = 5 lunl? + Iwil13) = 5 Mol = 2 1.

Do d6
1 1
a(up, up +wy) 2 E(”uh”}z’ + [well$) = > lunllk,

> —=lhuy + il

diéu nay dan dén diéu kién on dinh roi rac (17).
Diéu kién on dinh roi rac (17) dam bao kha nang ton tai duy nhat nghiém cua bai toan bién
phan Galerkin-Petrov (15). Hon nita,  taco

a(u —u,,vp) =0 Vv, €Y. (18)
2.4. Ddnh gid sai sé
Pinh li 1. Giasiru € X vau, € X, 1a cac nghiém duy nhat cua cac cong thirc bién phan
(14) va (15) twong tmg. Khi d6, ton tai udc luong sai s6 tién nghiém

lu —upllx, < SZirel;hllu — Zplx-

Chang minh. Tir diéu kién 6n dinh (17) va tinh chat truc giao Galerkin (18) ta c6 véi moi
Zp S Xhl

—||lu Zpllx, < sup <a(uh—zh,vh)>

h— Znllx, =

2\2 h 0 £VREYY [lvnlly
a(up —u,vp) + au — z,, vy)

= sup
0 VR EYy lvelly
a(u — zy,vy)
= sup ————=<V2|lu—zllx.
0 #VLEY lvnlly

Tir d6 ta co danh gid sai s6 trong Dinh Ii 1.

Gia str Qy, 12 tap hop cac mién chinh quy (ludi tam giac véi n =1, tir dién véi n=2) va duoc
sap xép theo quy udce bude ludi giam dan. Ta xét SE(2) = span {¢; @,, ..., oy}, trong d6
ek = 1,2,...,N) latap ham tuyén tinh lién tuc tirng khdc (trng manh). Ta dinh nghia cac
khdng gian phan tir hitu han:
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Xp = S5;(Qn) N X, Y, = S;(Qn) ny.
Khi d6 X;, c Y}, va ta c6 danh gia sai so tién nghiém qua dinh i dudi day.
Pinh 1i 2. Giasiru € X va uy, € X, = SE(Qp) N X la nghiém duy nhat cua bai toan bién
phan (14) va (15). Néu u € H?(Q) thi ta c6 danh gia
1% — Py lly < ch Il T llyz(q)-
Chitng minh. Theo dinh nghia chuan va sir dung (17), ta c6:
lu — Prully < llu— u_h”Xh <5 Zhirelf(h”ﬂ - Zh”HZ(Q)'
Xét z, = P,u la nghiém cua bai toan bién phan
a(Pyu,v,) = a(u,vy) Vv, € X,.
Xét chuan:

T
— 2
11l = | | Ot 07

T
+f f[D(x, ) w(x, t)] - w(x, t) + R(x, t)v(x, t)v(x,t) dxdt.
0o Jo

Ap dung Ménh dé 1.134 trong (Ern & Guermond, 2004), ta c6:
lu = Prully Sllu — Poullyrgy=< chll ullyz(g)-

Hon nira,

(0:(u — Ppu), v)Q

10:(u — Ppwlly- = sup

0 #VEY ”V”Y
10w — Pp Wl 2ppllvll2
< sup L*(Q) L*(Q)
0 £VEY lvily

< 110:@ — Pallizgqy < T — P Tillyicgy < ch I lyzgq)

Nhdn xét 1. Thay vi str dung khong gian phan tir hitu han khéng-thoi gian X, c Y}, duoc
tao bai cac ham co s& tuyén tinh ting khic (manh) ¢y, ngudi ta ¢d thé sir dung cac ham
co s6 lién tuc véi da thirc bac p > 1 tai ting mién con dé xay dung khdng gian phan tir hitu
han X, c Y,,. Khi 40, gia st it € H5(Q) vdi s € [1,p + 1], ta thu duoc wéc lugng sai s6

|z —upll < Chs_1|17.|H5(Q),S €[1,p+1] (19)

Trong phan vi du s6 trinh bay & cac muc sau, ching t6i s& khao sét hiéu qua xap xi
ctia phuong phéap phan tir hitu han khdng-thoi gian khi st dung cac ham co s lién tuc co
bac da thirc p = 2. Viéc lya chon bac p ndy nham kiém chiing tinh chinh xéc va téc d6 hoi
tu i thuyét da duoc chi ra trong uée lwong (19).
3. K&ét qua va thio ludn

Trong phan nay, chdng tdi trinh bay mot sé vi du s6 nhim minh hoa cho hiéu qua caa
phuong phap phan tir hitu han khong-thoi gian di duoc phat trién & cac phan trudc. Tat ca
cac vi du déu duoc thuc hién trong truong hop ma tran khuéch tan D 1a ma tran don vi, va
viéc roi rac hoa duoc thuc hién bang phan mém FreeFEM++ https://freefem.org. Mién
khdng-thoi gian Q duoc chia ludi véi cac muc d6 tinh chinh khac nhau, trong d6 N 1a sb
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budc ludi déu trén mdi chiéu. Cac vi du bit dau véi N = 4 (tac ludi 4 x 4 trong mdi chiéu)
va tang dan.
3.1. Vidul

Trudc tién, ching tdi xét mot vi du co nghiém giai tich trong khong gian hai chiéu
(mdt chiéu khéng gian va mét chiéu thoi gian). Muc tiéu caa vi du nay 1a kiém chiing bac
hoi tu cua phuong phap. Nghiém chinh xac dugc chon la

u(x, t) = sin(mx) cos(mt)
trén mién khong gian Q = (0,1) va mién khong-thoi gian 1A Q = Q x (0,T) véi T = 1.
Piéu kién ban dau tai t = 0 lau(x, 0) = —sin(mx), va diéu kién bién Dirichlet thuan nhat
u = 0 dugc ap dung trén bién khdng gian dQ = 0,1. Trong Bang 1, ching toi trinh bay sai

sb |lu — uhlle(O’T‘,H&(m) cuing vai bac hoi tu (EOC) khi thay d6i bude lugi khdng gian h.

Tur két qua trong Bang 1, cd thé thay rang sai s6 giam nhanh khi ting muc tinh chinh ludi
(tirc 12 khi h giam), va bac hoi tu c6 xu huéng on dinh quanh gié tri 2, phd hop véi danh
gia sai sb 17 thuyét.

Bing 1. Sai s6 va bdc héi tu thuc nghiém cua vi du bai toan khong-thoi gian 2D

N lu—upll 2(orHi®) EOC

4 1.850 x 1071 -

8 5.402 x 1072 1.776
16 1.416 x 1072 1.932
32 3.599 x 1073 1.976
64 9.054 x 107* 1.991
128 2.271 x 1074 1.995
256 5.688 x 1075 1.997

—o— |lu— upllcrio, T Hian
Olh?)

10724

107

h=% . .
Hinh 1. Bé th; sai sé va bdc héi tu cia vi du bai toan Hinh 2. Minh hoa budc ludi cua vi dy bai
khong-thoi gian 2D toan khong-thai gian 2D

Hinh 1 minh hoa db thi sai 6 [|u — uy,]| ) va bac héi tu thuc nghiém theo

LZ(O,T;H&(.Q)
bude ludi h, cho thdy sai sé giam déu va EOC giir duoc tinh 6n dinh. Hinh 2 minh hoa
budc lugi khdng gian cua vi du bai toan khdng-thoi gian 2D, véi luéi duoc tinh chinh déu
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trén mién Q, dam bao tinh chat hoi tu cia phuong phap. Két qua sé cho thay phuong phap
phan tir hitu han khdng-thoi gian duoc dé xuit c6 kha nang hoi tu tot va hiéu qua trong viéc
giai bai toan véi mién khdng — thoi gian hai chiéu.

3.2. Vidu?

Tiép theo, chung t6i xét bai toan trong khong gian ba chiéu, mién khong gian duoc
chon 13 hinh vudng don vi Q = (0,1)?, va thoi gian xét trén doan (0,T) véi T = 1. Do do,
mién khong-thoi gian 14 Q = (0,1)? x (0,1). Nghiém chinh xac dugc chon 1a

u(x,y,t) = sin(mx) sin(mwy) (t? + t).

Diéu kién ban dau tai t = 0 l1a u(x, y, 0) = 0, va diéu kién bién Dirichlet thuan nhat
u=20
duoc ap dung trén toan bo bién khong gian 9Q. Trong Bang 2, ching t6i trinh bay sai s6

lu—upll 12013 @) cling véi bac hoi tu (EOC) khi diéu chinh budc lusi khdng gian h

trong bai toan khéng-thoi gian 3D.
Bing 2. Sai s6 va bdc héi tu thuc nghiém cua vi du bai toan khong-thoi gian 3D

N Il w—uyll 22(oTHb@) EOC
4 3.725 x 1071 -

8 1.079 x 1071 1.787

16 2.847 x 1072 1.923

32 7.308 x 1073 1.962

—o— flu = unllizio, m:Hlion

h?)

10-t

Error

10-3

g e ——
h=

2=

Hinh 3. D6 thi sai s6 va bdc hoi tu Hinh 4. Minh hoa bude lusi
cua vi du bai toan khong-thoi gian 3D cua vi dy bai toan khong-thoi gian 3D

Dua trén Bang 2, sai s6 giam rd rét khi bude ludi h duge thu nho, ddng thoi bac hoi
tu thuc nghiém 6n dinh & muic gan bang 2, phu hop véi danh gia sai s6 1 thuyét. Két qua
nay chimg minh phuong phap phan tir hitu han khdng-thoi gian dat hiéu suat cao khi &p
dung cho bai toan trén mién hai chiéu khéng gian. Hinh 3 mod ta do thi sai sb

lu — ”h“Lz(o,T;Hg(m) va EOC theo budc lugi h. Hinh 4 thé hién cach sap xép ludi khdng
gian trong bai toan 3D, véi cac 6 ludi dugc phan bd dong déu trén mién Q, hd tro tt cho

tinh hoi tu cta phuong phap.
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4.  Kétludn

Nghién ciru nay trinh bay phuong phap phan tir hitu han khdng gian-thoi gian giai
xap xi phwong trinh phan &ng khuéch tan. Céch tiép can nay thé hién mot huéng di méi so
véi cac phuong phap s truyén théng trong giai cac phuong trinh phu thudc thoi gian. Két
qua If thuyét danh gia sai s6 va vi du s6 thu dugc chitng minh tiém ning tng dung phuong
phap cho viéc giai xap xi cac phuong trinh phu thudc thoi gian. Cach tiép can nay dic biét
hitu ich cho cac md phong yéu cau do chinh xéc cao trén ca khong gian va thoi gian. Tuy
nhién, viéc dam bao diéu kién 6n dinh cua dang yéu va dang roi rac cia bai toan dit ra cac
thach thirc khi mo rong phuong trinh cho cac thanh phan déi luu hodc phi tuyén. Nhitng
truong hop nay c6 thé doi hoi su két hop voi phuong phap phan tir hitu han khdng lién tuc
(Ta et al., 2016) hoic cac ki thuat ludi thich nghi (Frey et al., 2018). Chiing ta ciing c6 thé
4p dung phuong phap nay cho 16p cac bai toan c6 bién chuyén dong (Nguyen et al., 2025).
Nhitng huéng nghién ciu nay 1a trién vong cho viéc phat trién va mé rong pham vi tng
dung cua phuong phap phan tir hitu han khong — thoi gian.

% Tuyén bé vé quyén lgi: Cac tac gid xac nhan hoan toan khéng cé xung dét vé quyén loi.

% Loi cdm on: Nghién ciru nay duwoc thuc hién véi s hé tro tir Bé Gido duc va Pao tao Viét
Nam théng qua dé tai ma sé B2024.BKA.18.
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ABSTRACT

In this paper, we present a space-time finite element method for the approximate solution of
reaction—diffusion equations. Unlike traditional numerical approaches that discretize the temporal
and spatial domains separately, the proposed method discretizes the space-time domain Q = Q x
(0, T) simultaneously on a unified mesh structure. This unified treatment reduces computational
cost and enhances the accuracy of the approximate solution. The method reformulates the original
problem into a variational (weak) form, and the well-posedness of the weak formulation is
established via the Banach—Necas—Babuska theorem, ensuring the existence and uniqueness of the
solution. A priori error estimates demonstrate that the method achieves optimal convergence rates
in the corresponding function spaces. The effectiveness and accuracy of the approach are further
validated through numerical experiments conducted using the open-source software FreeFEM++.

Keywords: a priori error estimates; FreeFEM++; reaction-diffusion equations; Space-time
finite element method
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