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ABSTRACT
Let F' be an algebraically closed field of characteristic not equal to 2, and n be a positive

integer. Assume Se M, (IF) is a basic Weyr matrix with a homogeneous Weyr structure of length
3, and C(S) denotes the centralizer of S in M, (F). This paper describes the subgroup generated
by commutators of involutions in C(S) . Furthermore, we show that every matrix in this subgroup

can be expressed as a product of at most 2n’ commutators of involutions in C(S) .
Keywords: commutator; involution; matrix centralizer; matrix decomposition; Weyr matrix

1.  Introduction
1.1. Problems
Let IF be a field, n be a positive integer, and M, (F) be the ring of nxn square

matrices over IF. Denote by GL,(F) and SL, () the general linear group and the special
linear group of degree n over F, respectively. The zero matrix and the identity matrix in
M, (F) are denoted by O, and I (or simply 0 and I). For each matrix Ae M, (F), let
tr(A) denote its trace. A matrix AeGL, (F)is called an involution if it satisfies A* =1, .
A matrix Ae M, (F) is called a scalar matrix if there exists 4 €I such that A=Al,.

Determining necessary and sufficient conditions for a square matrix to be expressed
as a product of involutions has attracted considerable interest. Wonenburger (1966) proved
that if I is a field of characteristic not equal to 2, then a square matrix A over [F is a product
of two involutions if and only if A is invertible and similar to its inverse A™'. A year later,
Djokovi¢ (1967) extended this result to fields of arbitrary characteristic.

Denote by [A,B]= ABA™B™ the commutator of two invertible matrices A and B.

The decomposition of a square matrix as a product of commutators of involutions has also
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attracted significant attention from mathematicians. Zheng (2002) proved that if F=R or
F=C, then every matrix in SL (]F) is a product of at most two commutators of involutions
in GL, (F). Hou (2019) extended this result to fields of characteristic not equal to 2. The

result is stated as follows.
Theorem 1.1. (Hou, 2019, Theorem 2.8) Assume that I is an arbitrary field of characteristic
not equal to 2. Then every element of the group SL () can be written as a product of at

most two commutators of involutions in GL, ().

More recently, Son et al. (2022) showed that if I is a field with at least three elements
and n>1, then every matrix in SL, (IF) is a product of at most two commutators of involutions.

In this context, decomposing a square matrix as a product of involutions satisfying
certain conditions is often challenging. For example, given a matrix S, the problem of

decomposing a square matrix as a product of involutions that commute with S was raised in
a recent paper by De La Cruz and Tafiedo (2022).
Let S be asquare matrix of degree n over a field IF. The centralizer of S in M, (F),

denoted by C(S), is the set of all nxn matrices over I that commute with S, i.e.,
C(S)={AeM,(F) |AS = SA}.

Definition 1.2. (O’Meara et al., 2011, Definition 2.1.1) A basic Weyr matrix with eigenvalue

A isan n-by-n matrix W of the following form: There is a partition n=n, +n, +---+n, of

nwith n, >n, >...>n, >1 such that, when W is viewed as an r-by-r block matrix (Wij),
where the (i, j) block W, is an n,-by-n; matrix, the following three properties hold:
(1) The main diagonal blocks W;; are the n; -by-n; scalar matrices Al for i=12,...,r.

(2) The first superdiagonal blocks W

i,i+l

are full-column-rank n.-by-n.., matrices in
reduced row-echelon form (that is, an identity matrix followed by zero rows) for
i=12,...,r-1.
(3) All other blocks of W are zero; that is, W;; =0 for j¢ {i,i+1}.
In this case, we say that W has Weyr structure (n,,n,,...,n ) of length r.
Let W be a basic Weyr matrix with Weyr structure (n,,n,,...,n.). Then, W is said to have a
homogeneous Weyr structure if n, =n, =---=n.. Otherwise, W has a nonhomogeneous Weyr structure.

In Section 2, we provide a detailed description of Weyr matrices, and additional
background can be found in O’Meara et al. (2011). Suppose S is a basic Weyr matrix with
a homogeneous Weyr structure of length at most 3. De La Cruz and Tafiedo (2022)
established necessary and sufficient conditions for a matrix to be a product of involutions in
C(S). Their result for the case of length 3, which is central to our paper, is as follows.
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Theorem 1.3. (De La Cruz & Tafedo, 2022, Theorem 1.1.b) Let S be a basic Weyr matrix
with a homogeneous Weyr structure of length 3. A matrix X is a product of involutions in
C(S) ifand only if

Xl XZ X3
X = X, X,

X

with det X, =+1, tr(X;*X,)=0 and 2tr(X;*X,)= tr((x;lxz)z).

In this paper, we seek necessary and sufficient conditions for a matrix to be a product
of commutators of involutions in C(S). Consequently, we describe the subgroup generated
by the commutators of involutions in C(S).

Let F be an algebraically closed field of characteristic different from 2, and n be a
positive integer. Suppose S € My, (F) is a basic Weyr matrix with a homogeneous Weyr

structure of length3. Let C(S) be the centralizer of S in M,, (FF). Denote Z,, as the

)

subgroup generated by the commutators of involutions in C(S). In this paper, we address
the following two problems.
Problem 1.4. Describe all matrices in Z,.

For each element X €7 \{1}, we define ¢(X) to be the smallest positive integer
n such that X can be written as a product of n commutators of involutions in C(S). By

convention, ¢(1)=0. The width of the groupZ,, denoted a)(IC(S)), is the least upper
bound of the set {E(X) IX e IC(S)}.

Problem L.5. Estimate the width o(Z,,) of the group Z,,.

1.2. Main result

The main result of this paper is stated in the following theorem.
Theorem 1.6. Let [F be an algebraically closed field of characteristic different from 2, and
n be a positive integer. Suppose S € M, () is a basic Weyr matrix with a homogeneous

Weyr structure of length 3. Then, the subgroup Zes) consists of all matrices X of the form

Xl XZ X3
X = X, X, |,
Xl

where X, eSL,(F) and X, X,eM,(F) such that tr(X;'X,)=0 and

2tr (XX, ) = tr((Xl‘lxz)z). Furthermore, o(Z,,)<2n’.
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2.  Weyr Matrices
In this section, we recall some basic facts about Weyr matrices and their centralizers.
The remarks in this section are straightforward to verify, so their proofs are omitted.
Throughout this paper, we denote by [F an algebraically closed field of characteristic

not equal to 2. The direct sum of matrices A € M, () for i €1,k , denoted by I(-leA is the
block-diagonal matrix of the form
k A
I(-:DlA = A eM, (F),
A
where n=n,+nN, +---+n,.
Remark 2.1. Let n,,n,,...,n,, k be positive integers. If A is a product of k commutators of

N

involutions in M_(TF) for every ielr, then i<£91A1 is a product of k commutators of
involutions in M (F), where n=n +n, +---+n,.

Remark 2.2. Let SeM (F) and AeC(S). If A is a product of k commutators of
involutions in C(S), then A™ is also a product of k commutators of involutions in C(S).
Remark 2.3. Suppose S, and S, are matrices in M, (F) such that S, = XS, X , for some
X eGL,(F). Let AceM,(F) and B=X""AX . Then, A is a product of k commutators of

involutions in C(S,) ifand only if B is a product of k commutators of involutions in C(S, ).

Remark 2.3 indicates that we can study products of commutators of involutions in the
centralizer of a canonical form (under similarity) rather than in the centralizer of an arbitrary
matrix. In practice, studying the centralizer of an arbitrary matrix is challenging, especially
when attempting to describe the involutions it contains. For instance, De La Cruz and Tafiedo
(2022) point out that using the Jordan canonical form of a matrix to study products of

involutions in C(S), where S is an arbitrary matrix, is inefficient. Consequently, studying

products of commutators of involutions also becomes difficult when relying on the Jordan
form. By contrast, using the Weyr canonical form allows for a more effective description of
involutions in the centralizer, leading to several results. Below, we present some
fundamental facts about this canonical form.

Definition 2.4. (O’Meara et al., 2011, Definition 2.1.5) Let W be a square matrix over an

algebraically closed field I, and let 4,4,,...,4, be the distinct eigenvalues of W.We say

that W is in Weyr form (or is a Weyr matrix) if W is a direct sum of basic Weyr matrices,
one for each distinct eigenvalue. In other words, W has the form
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where W, is a basic Weyr matrix with eigenvalue A for i elk.
Let SeM, (F). By Theorem 2.2.4 of O’Meara et al. (2011), there exists a Weyr

matrix W such that S is similar to W, that is, W = X'SX for some X e GL, (F).
According to Remark 2.3, a matrix A in C(S)is a product of commutators of involutions in

C(s) if and only if X *AX is a product of commutators of involutions in C(W). This
observation allows us to use the Weyr canonical form when studying products of
commutators of involutions in the centralizer of an arbitrary matrix.

Remark 2.5. Let 4,,4,,...,4, € be distinct. Suppose that W :@W. is a Weyr matrix in

which W, is a basic Weyr matrix corresponding to the eigenvalue A for all i e 1,r. A matrix
X e C(W) is aproduct of k commutators of involutions in C(W ) if and only if there exists

a decomposition X :_e_alxi, where X;eC(W;) and is a product of k commutators of

involutions in C(W, ), for each i e1r.

From Remark 2.5, the study of products of commutators of involutions in the centralizer
of a Weyr matrix can be reduced to the case of a basic Weyr matrix. In what follows, we apply
Proposition 2.3.3 of O’Meara et al. (2011) to derive the following result.

Corollary 2.6. Let n be a positive integer and let S € M, () be a basic Weyr matrix with
a homogeneous Weyr structure of length 3. Then, a matrix X € M, (F) isin C(S) if and
only if X has the form
Xl XZ X3
X = Xy X, |,
Xl
where X; e M, (F), for each i € {1,2,3}.

3. Proof of the main result
3.1. Notation. We introduce the matrix notation used in this paper. Let i, ] and n be
positive integers. We use the following notation:

e E;; denotes an nxn matrix whose entry in row i and column j is 1, and all other

entries are 0.
e D" =(d,) denotes an nxn diagonal matrix whose ith diagonal entry is —1, and all

other diagonal entries are 1.
e R, denotes an nxn matrix in which the entries on the secondary diagonal are all 1,

and all other entries are 0.
® ‘]i(n) =1, ®R, DI ;.
Direct computations and elementary transformations yield the following two propositions.
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Proposition 3.1. For any positive integers i, j, n and the notation introduced above, we have:
2 2
@ (D) =(R)"=(3") =1

@ e {—Ei,iDi‘”’ -0, ifi-],
ij =

E, D" =-D"E,

i if % j;

'
E. ifi=]j,

@ (&) z{oi'i if i j:

n

4) ‘]i(n) (Ei+1,i - Ei,i+1) +<Ei+1,i - Ei,i+1)‘]i(n) =0y
6)kann+(5uJ—ayﬁz+auJﬁm:0w

Proposition 3.2. Let n be a positive integer and A:(aij)e Mn(]F). For each positive

integer se{1,2,...,n}, we define a =>"a . Then, we have

i=1

n-1
A+ Zai (Ei+1,i+1 - Ei,i ) = Z &; Ei,j +a, En,n'
i=1

I<i#j<n
3.2. Proof of Theorem 1.6. Some of the propositions and lemmas could be stated for basic
Weyr matrices with a homogeneous Weyr structure of length greater than 3. However, since
this extension is not essential for proving Theorem 1.6, we restrict the results to the case of
length 3 to simplify the computations.
Proposition 3.3. Let SeM,, (IE‘) be a basic Weyr matrix with a homogeneous Weyr

structure of length 3 and n>2. Then, for any a<F and any i, j e{1,2,...,n} with i # J,

the matrices

D" o, aE, D" aE; o,
X = p” o, |andY = D" aE,
D" ("

are involutions in C(S).
Proof. By Corollary 2.6, X and Y are matrices in C(S).Furthermore, by direct calculation

and Proposition 3.1, we have

(@)
(@)

n 3n?

>
N
|
~
@)
=
=]
2
N
N
o
=]
Il
-
o
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Y2 = (Di(”)jz a(Di(n)Ei’j+Ei’jDi(n)j = I 0 |=1,.

Therefore, X and Y are involutions in C(S).
Proposition 3.4. Let S € M,, (IF) be a basic Weyr matrix with a homogeneous Weyr structure

of length 3, where n>2. Then, forany a<F andany i e{1,2,...,n—1}, the matrices

Ji(n) On a(Ei+l,i - Ei,i+1) ‘]i(n) a(Ei+1,i - Ei,i+1) a’Ej
X = ‘]i(n) On and Y = Ji(n) a(Ei+1,i _Ei,i+1)
" 3

are involutions in C(S).

Proof. By Corollary 2.6, X and Y belong to C(S). Next, we set
J; = a|:‘]i(n) (Ei+l,i - Ei,i+1)+ ( Eipi— Ei,i+1) Ji(n)]
J, = a’ |:‘]i(n)Ei+1,i + ( Eii— Ei,i+l)2 + Ei+1,i‘]i(n):|-

By Proposition 3.1, it follows that J, =J, =0, . Thus,

>
N
Il
N
o
=
2
~—
8
/N
—t_/.—\ o
2 35
~—
%
o
S &~
1
T
—
- o
=3 =]
o
5= s
~
1
—
=1
<
N
|
/N
o
-
2
S~
N
/N
-
= [
CO
S~
N
[ [
S ~
1
T
—
- o
El B
s s
~
1
—
=1

Therefore, X and Y are involutions in C(S).

Lemma3.5. Let S € M, () be a Weyr matrix with a homogeneous Weyr structure of length
3for n>2.Then, forany acF andany i, je{1,2,...,n} with i # j, the matrices

aE; | l, aE; O
o (andY = I, aE

n
|

0
X = I

n n

n

n In
are commutators of involutions in C(S).

Proof. Direct computation shows that X =[ X, X, ] is a commutator of two matrices X, and

™ o, 2

P o o o,
X,, where X, = o™ o, |and X, = p” o, |. Moreover, by Proposition
Q) (n)
D D
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3.3,both X, and X, areinvolutionsin C(S). Therefore, X isacommutator of involutions

in C(S). Similarly, Y =[V,,Y,] is also a commutator of two involutions Y, and Y, in C(S),

D" JE; o, D" o, o,

where Y, = e and Y, = o™ o,
i 2 i

D" of"”

Lemma3.6.Let S e M,, (IF) be a Weyr matrix with a homogeneous Weyr structure of length
3for n>2.Then, forany acF and any i e{1,2,...,n—1}, the matrix

Iy 0y a(Eiyisa—Eif)

X = In On

In
is a commutator of involutions in C(S).
Proof. Direct computation shows that the matrix X is a commutator of two matrices X,
and X,, where
‘]i(n) 0, %(Ei-ﬂ.i - Ei‘i+1) Ji(n) On On

X

=,
3 3"

By Proposition 3.4, both X; and X, are involutions in C(S). Thus, X can be expressed
as a commutator of involutions in C(S).

Lemma3.7.Let S e M,, (IF) be a Weyr matrix with a homogeneous Weyr structure of length
3for n>2,and Ae M, (F) be a matrix with trace zero. Then the matrix

I, 0, A
X = I 0

n Yn
|

n

can be expressed as a product of at most n” —1 commutators of involutions in C(S).

n
Proof. Suppose A=(a;)eM, (F) with tr(A)=0, that is, > a;=0. For each positive

i=1

S
integer se{1,2,...,n},weset & = Za” .Foreach i e{1,2,...,n—1}, we consider the matrix
i=1

ln On &(Eisiss—Ei) l, 0, A
X = In On .Let X = , 0,|and Y =X, , X, ,...X, X, X . It follows
In I,

2028



HCMUE Journal of Science Vol. 23, No. 9 (2026): 2021-2033

a
where Y':A+Zai(Ei+l,i+l_Ei,i)eMn(F)- Combining Proposition 3.2 with tr(A)=0

=1
gives Y'= Z a;E; ;. It follows that Y can be written as
I<i#j<n

I, 0, aE
Y=1T1] l, 0, |.

1<i=j<nl
n

According to Lemma 3.5, Y is a product of at most n>—n commutators of involutions in
C(S). By Lemma 3.6, X; isacommutator of involutionsin C(S) forall ie{12,...,n-1}.
Therefore, applying Remark 2.2, it follows that X, is also a commutator of involutions in
C(s) forall iefL,2,...,n— . Thus, X =X, "X,"...X LY isthe product of at most n* -1
commutators of involutions in C(S).

To establish the next lemma, we use the following theorem from De La Cruz and
Tarfiedo (2022).
Theorem 3.8. (De La Cruz & Tafiedo, 2022, Theorem 3.3) Let S € M, (IF) be a Weyr matrix

with a homogeneous Weyr structure of length 3 for n>2. Suppose X; €C(S) for all

i=12,...,s satisfies the following properties:
(P1): det X, =+1;

(P2): tr(X,;X,,)=0; and
B _ 2

(P3): 2tr(X,1X 4 )= tr((xliju) )

Then X =] [ X; also satisfies (P1), (P2), and (P3).
1

Lemma3.9. Let S € M, (F) be a Weyr matrix with a homogeneous Weyr structure of length

3 for n>2. Suppose that
I, A B
X = I, AleC(S),

|

n

where A, B e M, (F) such that tr(A)=0 and 2tr(B):tr(A2) . Then, the matrix X can be

expressed as a product of at most 2n®> commutators of involutions in C(S) :
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Proof. Suppose X is the matrix defined in the statement of Lemma 3.9 and

S
A:(aij)e M, (F). Foreach se{1,2,...,n}, set a = Zaﬁ. Foreach ie{1,2,...,n—1}, we
i=1
In ai(Ei+1,i+1—Ei,i) CHSI

define X; = a(Enyyn - E;) |- Direct computation shows that X; =[Y;,Z;],

In

I

where Y, and Z; are given by

N 3 9a? o3 1
y Ji( ) *Ta(Em,i ~Eij) %Em,i . Ji( ) _Z(Eiﬂ,i _Ei,i+l) EEMJ
i = i 3 v L= n 3 :
! 3 —Ta(Em,i ~Eij) : Ji( ) _I(Eiﬂ,i ~Eiiy)
Ji(n) Ji(n)

Moreover, by Proposition 3.4, Y; and Z; are involutions in C(S) forall ie{1,2,...,n-1},
implying that X; is a commutator of involutions in C(S). Additionally, by Remark 2.2, X.*
is also a commutator of involutions in C(S) for all ie{1,2...,n-1}. For each

i,je{l,2,...,n} and i# j, we set

In —aij EIJ On
Y|J = In —aij EI] .
Irl

Then, we have

lh A B
Z = ananfz...szlx (HYU]_[ |n Ai}’

i#] In

n-1
where A = A+zai (Em,m - Ei,i)_zaij E; and B, e M, (FF). By Proposition 3.2, A =0,.
i=1 i]

Applying Theorem 3.10 gives 2tr(Bl)=tr(Af)=O, hence tr(B,)= 0. By Lemma3.7, Z is

a product of at most n*—1 commutators of involutions in C(S). Furthermore, by Lemma

3.5, Y; is a commutator of involutions in C(S) for all i# j. This implies that HY”- is a

i#]

product of n>—n commutators of involutions in C(S). Furthermore, by Remark 2.2,

-1
[HY”} is also a product of n®—n commutators of involutions in C(S). Consequently,

i#]
-1
X = XX XX NZ {HYU.J can be expressed as a product of at most 2n’-2
i#]

commutators of involutions in C(S).
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Lemma 3.10. Let S eM,, (F) be a Weyr matrix with a homogeneous Weyr structure of
length 3and n> 2. If the matrix X e Z,

c(s)
Xl XZ X3
X = X, X, |

Xy

, then the matrix X has the form

where X, eSL,(F),X,,X;eM,(F), such that tr(X;*X,)=0 and 2tr(X,*X,)

=tr((x11x2)z).

Proof. Assume X €7

involutions in C(S). Since each commutator of involutions in C(S) is a product of two

, that is, X can be expressed as a product of commutators of

involutions in C(S), it follows that X is also a product of involutions in C(S). According

to Theorem 1.3, we have

Xl XZ X3
X = X: X, |,
Xl

where det X, =+, tr(X;*X,)=0, and 2tr(X11X3):tr((X11X2)2). In addition, since

det X =1, it follows that det X, =1. Thus, X, e SL, (F), which completes the proof.

We conclude by proving Theorem 1.6.
Proof of Theorem 1.6.
Case 1: Let S € M, (FF) be a Weyr matrix with a homogeneous Weyr structure of length 3.

By Corollary 2.6, amatrix X e M,(F) belongsto C(S) ifand only if X has the form X =

a b c
[ a b} where a,b,c e F. Moreover, X isan involutionin C(S) ifand only if X* =1,,

2ab b%+2ac
that is, =1,. Thus, a=+1 and b=c=0, hence X ==l,. In this case,

{ , S0 Theorem 1.6 holds when S is a Weyr matrix with the Weyr structure (1 1, 1)
Case 2: Let S eM,, (FF) be a Weyr matrix with a homogeneous Weyr structure of length 3,

Xl X2 X3
with n>2. Assume X—{ X, XZJ, where X, eSL, (F), tr(X,*X,)=0, and
Xl

2tr(X,*X;) = ((x-lx ) ) We have
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X, 0, 0, X' X, XX
X = X; 0, L, XN, |
xl In

Since X, eSL,(F), Theorem 1.1 implies that X, is a product of at most two commutators
of involutions in GL, (F). Therefore, we can write X, asX, =[ X,;,X,, |[ X,1, X,, |,
where X;; eGL, (F),and X’ =1, forall i, je{1,2}. Foreach i, je{1,2}, wesetY,, =

Xii 0O, 0

x;; 0, |.ByCorollary 2.6, Y,; €C(S) forall i, j €{1,2}. Moreover, we have

L]

n

Xij

(Xu)z

It follows that Y, ; is an involution in C(S) forall i, j € {1,2}. Therefore,

X, 0, 0O,
{ X OnJ = [Y1,11Y1,2][Y2,11Y2,2:|
Xl

is a product of at most two commutators of involutions in C(S). In addition, since
1 -1 EIVIRY .
tr(X,*X,)=0 and 2tr(X, X3):tr((xl X,) ),accordlng to Lemma 3.8, we get

Lo X7EX, XX
P .

n

is a product of at most 2n° -2 commutators of involutions in C(S). As aresult, X can be

expressed as a product of at most 2n*> commutators of involutions in C(S).

4.  Conclusion

We have established a necessary and sufficient condition for a matrix over an
algebraically closed field of characteristic different from 2 to be expressed as a product of
commutators of involutions in the centralizer of a basic Weyr matrix with a homogeneous
Weyr structure of length 3. The case of greater length is considerably more challenging and
will be the subject of future work.
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VE SU PHAN TiCH CAC MA TRAN
TRONG TAM HOA TU CUA MOT MA TRAN WEYR
Pham Thi Thu Thiiy, Poan Cao Minh Tri, Lé Quang Trwong, Trin Ho Nhut Phdt’
Truong Dai hoc Su pham Thanh phé Ho Chi Minh, Viét Nam
“Téc gia lién hé: Tran Ho Nhiyet Phat — Email: tranhonhatphat@gmail.com
Ngay nhdn bai: 12-5-2025; Ngay nhdn bai sia: 25-6-2025; Ngay duyét dang: 01-7-2025

TOM TAT
Cho F 1a mét truong déng dai s6 c6 dac s6 khac 2, van 1a mét sé nguyén dwong. Gid sir S €
M, (F) 1a mét ma trdn Weyr co sé ¢6 cau tric Weyr thuan nhdt véi dg dai 3, va €(S) 1a tam héa ti
cua S trong M3, (F). Bai b&o nay tdp trung mo td nhém con dwoc sinh bgi cac hoan tir cia cac ma
trdn doi hop trong C(S). Hon nira, ching toi chizng minh rang moi ma trdn trong nhém con ndy déu
c6 thé biéu dién duroc thanh tich cua nhiéu nhat 2n? hoan tir ciia cc ma trdn doi hep trong C(S).
Tir khod: hoan tir; dbi hop; tAm hod tir ma trin; su phén tich ma trin; ma trin Weyr
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