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TOM TAT

Nghién cizu nay trinh bay viéc gidi phwong trinh ma trgn Schrodinger si dung cac ma trgn
doi ximg 3 dwong chéo va 7 duwong chéo. Céch tiép cdn nay dira trén khai trién chugi Taylor béc n
dé tinh toan gan diing dao ham bdc hai. N6 dwoc ap dung dé tinh toan céc trang thai lién két va tan
Xa trong cac bai todn: bai toan chuyén dong mét hat trong hé thé vudng hizu han sir dung hé don vi
tw nhién; cdu tric hat nhan va trang thai tan xa cia hé n+1°0 véi cac tham sé vt li. Céc két qud
tinh to&n sé duwrot so sanh vdi nghiém gidi tich va phirong phdp Numerov. Cdc so sénh cho thay ma
trdn doi ximg 7 dwong chéo dwa ra do chinh xac tot hon dang ké, dac biét la tinh toan dg léch pha
cho céc trgng thai tan xa.

Tir khoa: chéo hoa ma tran; phuong trinh Schrodinger

1.  Giéi thiéu

Mot phién ban ciia phuong trinh Schrodinger 1an dau tién dugc gigi thidu trong bai béo
nam 1926 (Schrédinger, 1926b) di dwa Erwin Schrodinger dén véi giai Nobel Vat Ii vao
nam 1933. Ké tir d6, phuong trinh Schrédinger da dong mot vai trd quan trong trong co hoc
luong tir. Nhd c6 phuong trinh nay, chung ta ¢6 thé mé ta va tim hiéu dwoc hanh vi cua céc
hat vi m6 trong btrc tranh lugng tu (Schrodinger, 1926a). Phuong trinh Schrédinger dwoc vi
nhu mot tru cot quan trong caa vat i luong tir, gidng nhu vai tro caa Dinh luat 11 Newton
trong co hoc ¢6 dién.

Vi phuong trinh Schrodinger cho phép chung ta tim hiéu hién tuong xay ra & quy mo
lugng ti, nén viéc giai phuong trinh Schrodinger da trg thanh mot trong nhitng budc quan
trong dé tinh toan ham séng, nang luong lién két hay d6 léch pha trong trang thai tan xa. Tuy
nhién, bén canh cac thé twong tac don gian nhu hé thé vudng hay dao dong tir diéu hoa da
cd nghiém giai tich (Griffiths & Schroeter, 2018), thi viéc giai phuong trinh Schrodinger sé
gap thach thirc 16n khi di mat vai nhitng bai todn ma thé tuong tac tré nén phic tap. Do do,
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viéc phét trién cua cac phuong phap, cong cu tinh todn sé 13 mét viéc quan trong, gop phan
mé rong kha ning tng dung cia co hoc lwong tir trong nhiéu linh vuc khoa hoc khac.

Trong nhitng nam qua, vat I tinh toan da phat trién manh mg, véi nhiéu phuong phap
giai s6 da dang, c6 thé ké dén nhu phuong phap Runge-Kutta (Kutta, 1901; Runge, 1895),
phuong phap Numerov (Numerov, 1927), phuong phap phan ti hitu han (Bathe & Wilson,
1976; Luong et al., 2022) hay phuong phap ma tran (Okock, 2015). Biém chung caa nhitng
phuong phap giai s6 nay 1a ching chuyén dbi khdng gian lién tuc ciia ham séng thanh hiru
han cé&c phan t roi rac vo cung bé. Ngay nay, nho stc manh cia may tinh, cac chuong trinh
tinh toan duoc sir dung dé tinh gan ding cac gia tri ham song, ning luong, do léch pha...
Mic du khong gian duoc chia nho, nhung do chinh xac cua cac phuwong phap nay van duoc
dam bao, nén chang van cé thé ap dung duoc cho cac dang thé phirc tap ma & d6 viéc tim
nghiém giai tich cta phuong trinh Schrodinger tre nén khong con kha thi.

Trong cic phuwong phap giai s6 trén, phuong phap sir dung ma tran khéng qua phuc
tap vé mat tinh toan va c6 thé ap dung duoc khi Hamiltonian hoic thé tuong tac c6 thé biéu
dién dugc dudi dang ma tran. Phuong phap ma tran di dwoc &p dung phd bién trong céc
nghién ctu giai s6 nhu giai phuong trinh Schrédinger (Oghre et al., 2019) hay phuong trinh
Dirac (Alhaidari et al., 2016). M6t trong nhirng wu diém cua phuwong phap ma tran trong viéc
giai phuong trinh Schrodinger 1a ta c¢6 thé thu duoc dong thoi céc trang thai lién két va trang
thai tn xa. Ngoai ra, phuong phap ma tran con dugc danh gia cao vé tinh su pham khi n6
c6 thé dugc gidi thidu cho cac sinh vién toan hoc, vat Ii, hoa hoc va ki thuat (Oghre et al.,
2019). Vi nhitng Ii do trén, trong nghién ctru nay, ching t6i da phat trién phuong phap giai
s6 bang phuong phap ma trdn, md rong ma tran dbi xtmg 3 duong chéo (symmetric
tridiagonal matrix — STM) vén rét phd bién (Press, 2007) tré thanh ma tran di xémg 7 duong
chéo (symmetric heptadiagonal matrix — SHM) bing khai trién Taylor dén bac dao ham bac
7 dé cai thién d6 chinh xac cua phuong phap ma tran cho giai sé phuong trinh Schrédinger
dung trong hé co s¢ toa d§. Chuong trinh chéo hoa ma tran st dung thu vién LAPACK
(Reference-LAPACK, 2025) duoc &p dung cho cac ma tran STM va SHM dé tinh toan ddng
thoi céc trang théi lién két va trang thai tan xa.

Viéc str dung ma tran c6 sé duong chéo 16n hon s& gitip nang cao d6 chinh xéc cua két
qua tinh toan, dic biét khi &p dung cho cac thé tuong tac phuc tap.

2.  Phwong phap tinh toan

Sir dung khai trién Taylor dén bac 7 cho ham s6 f(x) tai 6 diém Ian can cua x, la
X, —3h, X, — 2h, ..., X, +3h dé tinh gan ding dao ham cap 2 cta ham f(x) tai diém x, cho
trude. Mot khai trién dau tién la

f (% —3h) = if(n)(x)( ~3h)"
o . ®
= 106)+ (A 120+ C g 4. o)
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Tiép tuc thuc hién khai trién cho cac lan can con lai nhu khai trién (1), chdng ta thu
duoc cac sé hang h* f), voi £ 1a dao ham bac k cta f(X) tai x, nhu trong Bang 1.
Bdng 1. Hé s6 ciia h* ) trong cdc khai trién

dé tinh gan ding dao ham cdp hai cua f(X) tai X,

fo hfo(l) h? f0(2) h? f0(3) h* f0(4) h® f0(5) he fO(G) h’ f0(7)
X, —3h 1 -3 9/2 -9/2 27/8 -81/40 81/80 — 243/560
X, —2h 1 -2 2 —-4/3 2/3 —4/15 4/45 - 8/351
X, —h 1 -1 1/2 -16 1/24 -1/120 1/720 —1/5040
X, +h 1 1 1/2 1/6 1/24 1/120 1/720 1/5040
X, +2h 1 2 2 4/3 2/3 4/15 4/45 8/351
X, +3h 1 3 9/2 9/2 27/8 81/40 81/80 243/560

Gia str chiing ta cAn nhan vao khai trién cta f (X, —3h) h¢ s6 a,, vao khai trién cua
f (X, —2h) h¢ ) A, dé khi cong 6 khai trién lai, ngoai trur ) hang f, va h? fo(z) van dugc
gitr lai, cac hé¢ s6 khac déu bi triét tiéu. Luc nay, ching ta c6 dugc phuong trinh ma tran (2)

nhu sau

3 2 -1 1 2 3

9 4 1 1 4 9

2 3 6 6 3 2 |(a
2z 2 112 2T ||,
8 3 24 24 3 8 ||,
8 4 11 4 81|70 2)
40 15 120 120 15 40 || *
81 4 1 1 4 81||%
80 45 720 720 45 80 |\%
43 8 1 1 8 243
560 351 5040 5040 351 560

Phuong trinh (2) c6 v6 s6 bd nghiém {a,,a,,..., 85} . Tuy nhién, dé thuan tién cho tinh
toan, ching ta c6 thé chon cac nghiém: a, =a,=2; a, =a, =—27 va a, =a, = 270.
Vi cac hé sb da chon, chung ta tién hanh nhan céac hé sb do voi tung khai trién tuong
g va cong vé v6i vé clia 6 khai trién voi nhau, chung ta s& thu duge gan dung dao ham cap
2cua f(x) tai x, la
F7(%,) = 2f,-27f,+270f - 4902f0 +270f, =271, +2f, 1
180h

(3)
Vi f, = f (% +kh).
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Ap dung gan dung (3) cho dao ham s cap 2 dé dua phuong trinh Schrédinger vé dang
phuong trinh ma tran. Phuong trinh Schrodinger xuyén tdm trong hé don vi tu nhién
(h=m=1)la

1d> 100/0+1)
—_— +_
2dr? 2 r?

+V(r)}u(r) =Eu(r), (4)

véi u(r) = rR(r); R(r)la ham ban kinh, ¢ 1a s6 lugng tir quy dao va E 1a nang luong
cta ham song. ‘
Ap dung gan dung (3) dé roi rac héa phuong trinh (4), chung ta thu dugc

180h?
AUl+D+e )V |u
riz ( ) 8k i ul (5)

+27u;,, —2U,,, = ¢, Eu,

—2U, ,+27u,_,—270u, , + {490 +

—270u.

i+1
v6i g =360h% vakihi¢u u, va V, 1an luot 1 gia tri u va V tai diém .
Tir diéu kién bién tai gbc, chung ta co thé cho u,=u, =U, =0.Khido, phuong trinh

Schrodinger duoc chuyén vé phuong trinh ma trin SHM c6 dang nhu sau

k, 270 27 -2 u, U
=270 k, 270 27 —2 u, u,
27 =270 k, 270 27 -2 U, U,
-2 2r  -270 k, 270 27 -2 u, u,
=gk , (6)
u5 u5
-2 271 =270 k,, -270 27 : :
-2 27 =270 ky, 270 uy, Uy 4
—2 27 =270 Kk, Uy Uy
voi k. E490+180hz A+ +¢ V.

2
i

Néu chi sir dung khai trién Taylor dé khai trién dén dao ham bac hai tai 2 diém, ta thu dugc
phuong trinh Schrodinger ¢ dang ma tran STM véi 3 duong chéo don gian hon 1a

k, -1 u, U,
-1 k, -1 u, u,
—2nE| |, 7
-1 k-1 u; u; ()
-1 ky JLuy Uy

2
V6i k. =2+2h?V, +h—2-£(£+1).
I
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Céac ma tran STM trong (7) va ma tran SHM trong (6) duoc chéo hoa sir dung thu vién
giai sb cho dai s6 tuyén tinh LAPACK (Reference-LAPACK, 2025). Va thuat toan Lanczos
duoc str dung dé giam thoi gian chéo hda ma tran SHM (Lanczos, 1950). Trong nghién ctu
nay, dang hé thé vuéng dugc lua chon khi khao sat. Cac két qua nghiém sé duoc so sénh truc
tiép vai nghiém giai tich.

3. Két qua va thdo luin
3.1. Tinh todn trang thdi lién két v6i hé thé vuéng hivu han trong hé don vi tw nhién

Bai toan ho thé vuong hiru han c6 d6 sau V, =5 va do rong r, =1 duoc sir dung. Nang

luong lién két gii tich im dwoc 1a E; =-2.312097 thu dugc tir nghiém cta phuong trinh

tan| . 2E+V,) |=- —E+EV°. ©)

Béng 2 trinh bay cac két qua tinh toan ning lwong lién két va sai sb ti d6i twong tng khi

so voi nghiém giai tich sir dung phuong phap chéo hoa STM va SHM. Ta c6 thé thiy phuong
phap SHM c6 d6 chinh x4c cao hon so véi phuong phap STM. Cu thé, khi str dung kich thudc
matrdn N =1000 va N = 2000 v&i khoang chia h = 0.004 , phuong phap SHM cho sai s nhod
nhét. Piéu nay cho théy, viéc md rong ma tran STM thanh SHM cdi thién dugc két qua tinh toan
cta phuong phap ma tran. , ‘
Bdng 2. Nang lwong lién ket tinh toan dwoc bang phwong phap SHM va STM.
Nghiém giai tich chinh xac la E; =-2.312097 (don vi ti nhién)

N h EéSHM) él(EiHM) (%) EéSTM) 5éSBTM) (%)
1000 0.005 —2.319539 0.3219 —2.321294 0.3978
1000 0.004 —2.318046 0.2573 —2.319447 0.3179
1000 0.003 —2.323583 0.4968 —2.324632 0.5422
2000 0.005 —2.319539 0.3219 —2.321295 0.3978
2000 0.004 —2.318050 0.2575 —2.319451 0.3181
2000 0.003 —2.323871 0.5092 —2.324915 0.5544

D6 léch pha giai tich trong bai toan hd thé vudng hitu han duoc cho bai biéu thirc (Canto
& Hussein, 2013)
-1 Il j/ (IZrO) j/,+l(|lr0) B IZ j/ (Ier) j(/+l(|2r0) , (9)
|1 Jz (Izro)nm(llro) - |2n€ (Ier) j(;+1(|2ro)
v6i |, =+~/2E val, = J2(E+V,) lacéc bién dugc dit dé thuan tién cho tinh toan. Va j, va n,
1an Iuot 13 ham Bessel cau bac ¢ va ham Neumann cau bac ¢ dugc xéac dinh béi (Griffiths &
Schroeter, 2018)

i, 00 = (-x) G%j% () =—(—x)’(§%}%- (10)

o, =tan
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Két qua tinh toan d6 1éch pha tir hai phuong phap STM va SHM duoc trinh bay & Hinh 1
va cac sd liéu kém theo phuong sai trong tng duoc thé hién ¢ Bang 3 va 4. Trong d6, phuong
sai duoc tinh bang cong thire

ZZ =%'i(5num(Ei)_5ana(Ei))21 (11)

véi N la sb gié tri nang luong tan Xa roi rac tim duoc bang phwong phap ma tran. Néu
khong co6 nang luong lién két thi Ng =N, néu c6 ning lugng lien két thi Ne =N-Ng .
Bdng 3. Phuong sai ciia do léch pha ham séng tim dwoc bang phuong phap SHM va STM
V6i kich thuéc matran N =1000, 6 lrong tir qui dao ¢ =0
va mét sé khoang chia h khac nhau

h Xt Xistw
0.004 0.59584 0.77873
0.005 0.59597 0.77907
0.006 0.59596 0.77958
0.007 0.59592 0.78008

Bdng 4. Phirong sai ciia dé \éch pha ham séng tim dwoc bang phwong phdp SHM va STM
V6i kich thuéc matrgn N =1000, khodng chia h =0.007 va mét sé sé luwong tir quy dao ¢
khac nhau

4 X (ZSHM) X (ZSTM)

0 0.59592 0.78008
1 0.57900 0.76786
2 0.60495 0.78910
3 0.58099 0.77642

So véi phuong phép giai sé bang phuong phap STM, phuong phap ding SHM cho két
qua tinh toan do 1éch pha tt hon, dic biét & nhimg ving c6 ning luong 16n. Bén canh dé, trong
cac bai toan co sb lugng tir quy dao ¢ =0 va khoang chia khong gian h dwoc tang 1én, thi
phuong phap SHM van duy tri duoc d6 chinh xac cao va tinh 6n dinh hon so v6i phuong phap
STM. Diéu nay phu hop véi ki vong ctia chiing ta khi mé rong ma tran s& mang lai két qua tinh
toan tot hon. Do sy khac biét nhidu vé két qua do léch pha ciia hai phuong phap khi tinh toan
nhiing bai toan phuc tap ¢ # 0 hay khoang chia 16n (dé giam thoi gian tinh toan), thi phuong
phap SHM 1a mét lira chon tdi wu hon, do phuong phép nay c6 kha niang duy tri tinh 6n dinh va
do chinh xéc trong cac bai toan khac nhau.
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(dye=3

& (rad)

L I L
0 50 100 150 200
E

Hinh 1. B¢ léch pha ciia ham séng tim dwoc bang phwong phdp STM va SHM so véi dé léch
pha gidi tich ¢ biéu thizc (9) véi N =1000, h =0.007 va mét sé 6 lwong tir quy dao ¢ khac
nhau: (a) ¢ =0, (b) ¢=1,(c) =2, (d) /=3
3.2. Tinh todn trang thdi lién két va tin xa ciia hé hat nhin n+%0 véi dang thé Woods-
Saxon

Phuong trinh Schrodinger cho hé hat nhan n+'°0 la

2 2 2
[ ntod® R e+

2mdr? 2m r?

+V(r)}u(r) = Eu(r), (12)

trong d6, chiing t6i xét thé Woods-Saxon c6 dang

o (13)

Vcent. (r) == r—R
1+ exp(j
a

O phuong trinh (13), R dugc tinh dua trén cong thice R =1, - A”® (fm) v6i A 1a s6 khéi
cua hat nhan 0 duoc ldy gan ding A=16 va r,=1.2 fm khi d6 R=3.024 fm. Va chon
a=0.6 fm. Ngoai ra, d¢ sau V, dugc chon dé mo ta lai nang lugng lién két ctia neutron & mirc
1d,,, trong cAu triic hat nhan Y’0. Dé mé ta lai ning luong lién két E, = —4.143 MeV & miic
1d,,, , chung t6i da sir dung phuong phap giai s6 Numerov dé xac dinh d6 sau V, va tim dugc
V, =-61.865 MeV.

Chung t6i xét hé hat nhan gdbm mot neutron héa tri & mirc nang lugng 1d 5/, (fuong tmg véi
¢ = 2) lién két voi 161 *°0 & trang thai co ban (0%). Bang 5 trinh bay két qua tinh toan ning luong
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lién két ctia hé va do 1éch ti d6i khi so sanh v6i phuong phap Numerov. Bang 5 cho thiy két qua
ctia SHM léch it hon STM khi so sanh véi phuong phap Numerov trong cac truong hop. Diéu
nay cho thay do tin cy ctia phuong phap ma trén dugc st dung trong nghién ciru nay, chi ra khi
thém céc tham sd Vat I cu tl}é vao tinh toan, d(f)‘chinh xac ctia két qua khong bj anh huong.

Bdng 5. Nang luong lién két tinh todan dwoc bang phwong phap SHM va STM véi kich thudc
ma trgn N =1000 va mét so khodng chia h khac nhau. Nang lwong lién két Numerov 1a

Ex numerey = —4.143253 MeV
h (fm) ESH™ (MeV) oo™ (%) ES™ (MeV) o™ (%)
0.015 ~4.143304 0.00124 —4.143485 0.00561
0.016 —4.143343 0.00217 —4.143549 0.00713
0.017 —4.143358 0.00253 —4.143590 0.00814
0.018 —4.143364 0.00268 —4.143624 0.00896
0.019 —4.143367 0.00274 —4.143657 0.00974
0.020 —4.143368 0.00276 —4.143689 0.01052

Chiing t6i tiép tuc so sanh két qua tinh toan do 1éch pha ctia phuong phap SHM va STM
s0 voi phuong phap Numerov. Bang 6 thé hién do 1éch ti dbi cua 10 gia tri d6 1éch pha déu tién
tim dugc bang phuong phap SHM va STM so vdi phuong phap Numerov. Tuong tur véi bai
toan thé vudng, do 1éch pha tim duoc bang SHM cho két qua khép voi phuong phap Numerov
tot hon va 6n dinh hon so v6i STM.

Bdng 6. P¢ léch ti doi cua do léch pha ham song sir dung cdc phirong phdp STM va SHM
s0 véi Numerov ¢ 10 mite ndng heong dau tién. Véi kich thiéc matrgn N =1000 va khodng
chia h=0.015fm

E 5§STM) (%) 5[§SHM) (%)
3.39 0.89 0.92
8.72 0.18 0.17
16.25 0.09 0.07
25.93 0.07 0.04
37.77 0.06 0.02
51.76 0.07 0.02
67.84 0.08 0.01
85.99 0.09 0.01

106.14 0.10 0.01
128.29 0.13 0.01

Nhu vay, thong qua viéc khao sat trang thai lién két va tan xa cua hé hat nhan n+%0 véi
thé Woods-Saxon, ching ta c6 thé thdy rang viéc md rong ma trén tir STM thanh SHM sé& cho
két qua tinh toan tbt vé nang lugng lién két va co su cai thién dang ké vé do 1éch pha.
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4.  Kétluan

O nghién ctru nay, ching t6i dd phat trién phuong phéap giai s6 phuong trinh Schrodinger
bang phuong phép ma tran thong qua viéc xay dung SHM bang cach sir dung khai trién Taylor
dén dao ham béc 7. Phuong phép nay cho két qua ning luong lién két va d¢ 1éch pha tot hon so
v6i phuong phép sir dung STM. Trong d6, d6 chinh x4c duoc cai thién dang ké khi tinh toan do
1éch pha ctia ham song & trang thai tan xa, dic biét & nhimg trudng hop ma sb luong tir quy dao
¢ khac 0, hay & ving ma ning luong tan xa 16n dbi véi hat chuyén dong trong hé thé vudng hiru
han. Phuong phép nay 1a mot cong cu hitu ich trong viéc nghién ciru nhat quan céc trang thai tan
xa va lién két.

% Tuyén bé vé quyén lgi: CAc tac gid xac nhan hoan toan khéng c6 xung dét vé quyén loi.

% Loi cdm on: Nghién clu nay duoc tai tro bdi Quy Phat trién khoa hoc va céng nghé
Quéc gia (NAFOSTED) trong dé tai ma sé 103.04-2025.07.
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ABSTRACT

This study presents a numerical method for solving the matrix Schrddinger equation using
symmetric tridiagonal and heptadiagonal matrices. The approach is based on the n-th order Taylor
series expansion to approximate second-order derivatives. It is applied to investigate both bound
and scattering states in two cases: a one-body problem with a square well potential using natural
units, and the nuclear structure and scattering of the n+°0 system with physical parameters. The
numerical results are compared with analytical solutions and those obtained using the Numerov
method. These comparisons demonstrate that the symmetric heptadiagonal matrix offers higher
accuracy, particularly in calculating phase shifts for scattering states.
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