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TOM TAT

Phwong phdp quy dao cua Kirillov 1a ¢ong cu quan trong trong nghién cizu biéu dién nhom
Lie va dai $6 Lie ma trong dé, cdc quy dao doi phu hop dong vai tro trung tam. Bdi bdo ndy nghién
CikU cau trac hinh hoc cac qui dao doi phu hop ciia cdc nhém Lie lién thong, don lién khi cdu tric
Cia dai 6 Lie twong iing dd dwoc cho cu thé. Dyra trén két qua phan logi gan ddy vé mét l6p ddc
biét cdc dai o Lie gidi dwegc 7-chiéu Véi can liy linh 5-chiéu cho truéc, bai béo sé gisi thieu mot
phép mé td firong minh beec tranh hinh hoc cac quy dao doi phu hop cia cac nhom Lie lién thdng
don lién tiwong img véi l6p dac biét cac dai sé Lie 7-chiéu dé. Két qua nay gop phan lam sang té méi
lien hé giiza nhom Lie va cdu trac hinh hoc tiwong 1mg.

Tir khoa: biéu dién dbi phu hop; biéu dién phu hop; dai s6 Lie; nhém Lie; can lity linh

1. Giéi thiéu

Li thuyét Lie, bat ngudn tir nhitng cong trinh caa Marius Sophus Lie (1842-1899), da
phat trién thanh mét linh vuc nén tang trong toan hoc hién dai, dong vai trd quan trong trong
nghién ctu ciu trac dai $6 va hinh hoc. M6t trong nhitng bai toan trung tdm cua i thuyét Lie
la phan loai cac dai s6 Lie va nhdm Lie theo nhiing tinh chét dic trung nao d6. Song song
VGi van dé phan loai, phuong phap quy dao do Kirillov khai xuéng vao nhimng nam 1960 da
tré thanh mot cong cu chu dao dé nghién ciru biéu didn cua nhom Lie va dai sb Lie (Kirillov,
1976, 2004). Phuong phap nay thiét Iap mdi lién hé chat ché gira cac biéu dién unita bat kha
quy va cac quy dao ddi phu hop trong khéng gian dbi ngau caa dai sb Lie. Nhiéu nghién ciru
d3 ma rong va phat trién phuong phap nay, trong d6 c6 dong gbp quan trong cua Le (1990a,
1990b), khi dé xuét cach md ta cac quy dao d6i phu hop dua truc tiép vao ciu tric cua dai
s6 Lie twong wng. Céch tiép can ndy mang tinh truc quan va hiéu qua cao trong viéc mo ta
cAu trlic cua cac dai sb Lie giai dugc.

Cite this article as: Nguyen, M. T., Doan, L. M., & Nguyen, T. K. T. (2026). K-orbits of solvable Lie groups
whose Lie algebras are seven-dimensional with five-dimensional nilradicals. Ho Chi Minh City University of
Education Journal of Science, 23(6), 1492-1503. https://doi.org/10.54607/hcmue.js.23.6.5211(2026)
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Trong nhitng nam gan day, cac dai s6 Lie giai dugc 7-chiéu véi can liy linh 4, 6 va 7-
chiéu da dugc phan loai kha day du (Parry, 2007; Hindeleh & Thompson, 2008). V& Iép cin
lity linh 5-chiéu, hién nay van chua dugc mé ta rd rang vé cac quy dao déi phu hop. Vi vy,
bai bao nay tap trung vao nhom Lie lién thong, don lién gin véi dai s6 Lie thuc giai duoc 7-
chiéu véi can lity linh 5-chiéu g, @ g,, sir dung phuong phap Kirillov cling cach tiép can cua
Le (1990a, 1990b) va dai s6 may tinh dé xay dung va mé ta tudng minh cac quy dao dbi phu
hop Vi chiéu cuc dai.

2.  Noi dung nghién ciru
2.1. Phwong phdp mé ti quy dgo doi phu hop ciia nhém Lie

Cho anh xa mit exp; :G — G cua G, va anh xa mii exp:End, (G) > Aut, (G) cua
nhom Lie Aut, (G). Véimdi U G, mdi F eG", taxac dinhphante K, €G la

(Fy, X)=(F,(expead, )(X)) VX eg, (1)
vakihicu Q. (G)={F, :U eG}. Giasir {X,,...,X,} va {X/,..., X } lan luot la co s& cia
G va G". Goi (eij) la ma tran cua exp(ad, ) trong co s¢ X;. Cong thirc (1) cho thay néu

(e,...,a,) latoado cua F e G thitoa dd (X:,...,X:) cua R, € G dugc cho boi

X =<FU , Xj>=<F,exp(adU)Xj>:izn1:aieij, j=1n.

Khi d6, nho tinh ty nhién cua &nh xa mi, chiing ta c6 két qua dudi day.

Ménh dé 1. (Le, 1990a). Néu Q la K-quy dao cia G qua F thi ta ludn c6 Q. Q. (G).
Hon nita, néu exp, latoan anh thi Q. = Q. (G).
Ménh dé 2. (Le, 1990b). Néu G 1a nhém exponential thi Q. =Q_ (G),VF eg’.

Mot didu kién can va du vé tinh exponential ciia nhom Lie duoc cho boi ménh dé dudi day.
M¢énh dé 3. (Saito, 1957). Gia sir G la nhém Lie thuc lién thong don lién hitu han chiéu. Khi
do, G 1a nhém exponential khi va chi khi véi moi X € G =Lie(G), anh xa ad, khdng c6
gia tri riéng thuan 4o khac 0.

2.2. Ket qud chinh

Theo Le va cong sy (2023), cac dai s Lie giai dugc bat kha phan 7-chiéu c6 can lity
linh g, ® g, gém 12 dai s6 Lie thuc duogc liét ké ¢ Bang 1 voi mét s quy wdc nhu sau.

e (Cot thir hai chtra bd ba (A, B,[X,Y]), trong d6 néu khong c6 thanh phan tht ba thi

[X,Y]=0. Hon nira, cac quy udc sau duge str dung:

1493



Tap chi Khoa hoc Trwong BPHSP TPHCM Nguyén Minh Triét va tgk

+(a,,...,8;) la ma tran chéo diag(a,,...,a;) ;

+E;; 1a ma trdn vudng cip 5 ¢6 phan ti khac 0 duy nhat 1a 1 & hang i, cot j.

e o=x1.
Bdng 1. Pai s6 Lie thuc gidi dwoc 7-chiéu véi can liy linh g, ® g,
Ki Ki
AB,[X,Y AB,[X,Y
higu (AB[X.Y]) higu (AB.[X.Y])

G (0,0,0,01),(L-2-10,0),X, G:  (Lal+a2+al),(01L10)+E,
G, (01110),(1,0412,0),X, 8a5 (0,11,1,a),(0,0,0,0,1) + oE,,

= (0,1110),(a,0,a,2a,1) 6,  (01111),(L0,120)+E,

4ab (1,3.,1+a,2+a,0),(O,b,b,b,l) gl?) (1,a,1+a,2+a,a),(0,1,1,1,1)+E25
o L1,2,3a),(0,0,0,0,1)+E, Gy 0,111,1),(1,0,1,2,2) + E;,
g (01110),(,0121)+E; g5 Lal+a,2+a,2+a),(0,1111)+E,,

Pé thuan tién, taki hieu G,,G,,G2,G*,G2,G,,G?,G°,G,,G3,G,,, G lan luot la cac
nhém Lie thuc, giai dwoc, lién thong, don lién twong @ng Véi cac dai sb Lie
G.G. GG GG, GGG, 5o, Gy G trong Bang 1 va dat

A={G,,G,,G},G{",G;,G;, 6], G, Gy, G, Gy, G |

Tu bay gid, ching ta ludn ki hiéu G 1a mot trong cac nhém Lie thuoc A |, tic 1a dai
s6 Lie G = Lie(G) 1a mot trong cac dai s6 Lie trong Bang 1. Cho

U =X, + %X, + X, X5+ X, Xy + X X + XX + Y = (X, %y, X5, X4, %, X, Y) €G .

Khi do, ta c6 dinh li duoi day.

Dinh li 4. Vai cac ki hiéu duoc cho nhur trén, ta ¢6 G la nhom exponential.

Cheeng minh. Trudc tién, tim tat ca cac gia tri riéng cua ma tran ad,, voi moi U € G bang
cach sir dung MAPLE (két qua duoc trinh bay trong Bang 2). Tir Bang 2, ta thay rang tat ca
ma tran ad,, cia cac dai s6 Lie G déu khong c6 gia tri riéng thuan ao khac 0. Theo Ménh dé
3 thi Dinh 1i 4 dugc chang minh. ]
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Bdng 2. Ma trdn biéu dién phu hop ciia dai so Lie G va gié tri riéng cua ching

Giatririéng

5
Pai s6 ad,,U =;xixi+xX+yY (X, X yeR) cita ad, (bi)
y =1
-2y 2X,
=X, X -y X3
G —X x, 0 -y X 0(3),y,-2y,—Y,X
X =%
0
0 .
y =1
X —X,
X, X% Y+X X, =X,
G, —X, X 2y+X X, —2X, 0 (3),y, X, Y+X,2Y+X
0 -y X
0
0 -
Fay o
X —X,
—X, X ay+X —X,  —aX
0 2 ’ lxva 1
G5 —X, X, 2ay+X -X, -2a (2).y:x.ay
ay + x, 2ay + X
y —Xs
0
L 0 .
X X 1
p —ax, —bx, V&ip—
—X, X P+X —(a+1)x; —bx, ' p=ax+by 0 (2),y,x,ax+by,
4ab —Xg X p+2x —(a+2)x, -—bx, ax+hy+x,
y . % ax+by +2x
L O .
F x _
y X X X
X % 2 2% 2X,3X,ax + Y
2 —X 3x -3X o ’
gs 3 X:I. 4 0(2), X(2)
ax+y —ax; —Xs
0
- O -
Fy T
X -X,
X, X X+Yy e T X, X+2Y, X+ Y
Gs X, X, X+2y -X, =2X, 02).y(2)
y y XX
0
O .

1495



Tap chi Khoa hoc Trwdng DHSP TPHCM

G

ac
8

a
Yo

a
12

X X
ax+y —ax, —X,
—X, X,  (@+a)x+y —(A+a)X; —X,
=X, X, (2+a)x+y —(2+a)x, -X,
y X —Xg —X%
0
0
0 1
X —X,
X, X X —X,
X, Oy X X -X, —0X%,
ax+y —aX X
0
0
y X, |
X+y =X, =X,
=X, X Xty X3 =X
X, X, X+2y X, —2X%,
y X =X =X
0
0 -
X -X, |
ax+y —ax, —X,
-X, X, (+a)x+y -(1+a)x, X
—X, X, (2+a)x+y -(2+a)x, -X,
y ax+y - -ax =X, = X
0
0 J
y =% ]
X —X,
=X, X X+Y —X3 —X3
—X, X, X+2y y =X, —2X,—Xg
X+2Y —Xg —2X
0
0 .
X %
ax+y —aX,
X % (+a)x+y ~(L+a)x,
X, % (2+a)x+y y —-(2+a)x,

(2+a)x+y —(2+a)x,

0

Nguyén Minh Triét va tgk

ax+X+y,ax+y,
ax+2x+Yy,0(2),x(2)

ax+Y,x(3),0(3)

X, Y, X+2Y,
0(3),x+Yy(2)

0(2),x,ax+Yy(2),
@+a)x+y,
(2+a)x+y

XY, X+Y,
X+2y(2),0(2)

oy axty, (Lra)x+y,
TR 2rax+y(2,00)
5
0
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Cho Ge A, ki hiéu G 1a khong gian d6i ngau cua dai s6 Lie G = Lie(G). R& rang,
ching ta ¢ thé déng nhat G" =R’ bing cach ¢ dinh trong G° mot co s ddi ngau
(xlxsxy) cia co  s0  (X,...,XsX,Y) o trong  G.  Goi
F=a X, ++aX;+aX + Y =(a,...,a5,a, ) 1a mot phan tir tuy ¥ cia G™. Tur
Ménh d& 2, 3 va Binh i 4, chling ta ¢ hé qua dudi day.

H¢ qua 5. Cho nhdm Lie G € A, khi d6 Q. =Q (G)vsimoi Feg .

Theo sau Hé qua 5, ta phat biéu dinh 1i vé mé ta bac tranh hinh hoc cac K-quy dao

chiéu cuc dai ctia cac nhém Lie dang xét nhu sau.
Dinh 11 6. Gia st rang G € A. Ki hiéu (..., a5, , f) latoa dd ciia F e G =R’ déi véi
co 56 ddi ngau (X;,..., X5, X",Y") ciia co s6 (X,,..., X5, X,Y) cia G. Khi do, chiéu cyc
dai cua cac K-quy dao cia G 1a 6 va buc tranh céc K-quy dao 6-chiéu caa G dugc cho trong
Bang 3 (xem Phu luc).
Chizng minh. Chirng minh caa dinh 1i duoc thuc hién qua ba budc nhu sau.
Buéc 1.Cho X,Y €G va F(a,...,a5,a,8)e§, ching ta can xac dinh ma tran cua dang
song tuyén tinh BF(X,Y)::<F,[X,Y]>.
Buéc 2. Tim diéu kign can va dii ¢é rankB_ =6 (chiéu cuc dai ctia cac K-quy dao cia G).
Buéc 3. MO ta tuong minh céc K-quy dao 6-chiéu cua G, tic la mod ta
Q:=Q.(9)={F, U egG}cg =R’,§do
5
o =D XX XX+ Y'Y =(X006,06, %, %6, Xy ) e G
i=1
la dang tuyén tinh trén dai s6 Lie G ctia nhdm Lie G xac dinh boi
(R, T)=(F,exp(ad,)T), VT eG VU eg.

5
Dé xac dinh F, véi moi U :inXi + XX+ YY =(X, X, X3, X, X, X, Y) € G, ta phai xac dinh
i=1

exp(ady ) doi véi co sd (X,, X,, X5, X,, X5, X,Y) (dung phan mém MAPLE). Béy gio ta
ching minh chi tiét cho truong hop G =G, cac trudng hop con lai chimg minh twong tu.

Bugc1.Cho XY € G} va F(a,,...,a,2, ) € G5, matran B, (X,Y):=(F,[X,Y]) la
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0 o a, 0 0 0 -ag
-a, 0 0 0 -a, 0
-a, 0 0 0 -a, -ag,
0 0 0 0 0 - -2aq,|
0 0 O 0 0 0 —a

0O a, o ¢« 0 O 0
laey, 0 aw; 2aa, a; O 0

Buréc 2. Diéu kién can va du dé rankB, =6 13 a,a, # 0=a, hoic o, =0%a, .

Buoc 3. St dung phan mém MAPLE ta thu dugc ma tran exp(ad,) cho boi

eV 0 0 0 0 0 -—xap]
0 e* 0 0 0 —xgqg O
—X%,e¥q  xe'p e e 0 0 a b,

C3 %Xlzex pz Xlex+ay p e><+2ay 0 d3 f3
0 0 0 0 e 0 —xr
0 0 0 0 0 1 0
e 0 0 0 0 O 1
. e¥ -1 e -1 e’ -1 s Lz .
Véi p= 2y ,q= < = ; ; a,,b,,C,,d,, f, 1a cac biéu thuc theo bien x, X,, X, X, y .

Tinh toén tryuc tiép ta thu duoc toa do cia F, cho boi

c o xeY(e-)
Xlzale —a3—x +G(4p
2
) Loxe (e -1 e (ev 1
X, =, +ay +a,
ay 2 ay
ay+x [ qay
. X,e e -1
X, =¥ +a, —( )
ay
X* —a e2ay+><
4 4
X, = o€’
. X, (e -1)
X =—a, ——+a,q+a,l +X
2 X 3 4
. xa(e” -1) % (e’ 1)
Y =—a,——+asS+tat-a,———>+Yy
ay y

G do
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B —x(ayx, + X% ) €2+ x,x, (ay + x)e¥™* +aye® (X% =X, X, )
- ay (ay +x)x
—x(ayx; +X%,% )e¥™ +x,x (ay + x)e* +ay (xx; — X, )

ay(ay +x)x

ay+x

_Z(azyzx4 +ayxX, +%x2xfj x(ay +x)e’¥* +4(ay+§) XX (@yX; + X, %, )€

r=
4[ay+§] y’xa’(ay +x)

—2[ay+§jxfx2 (ay+x)e* +2y? (X2X4 +(ayx, = XX ) X+ szf)az

+

4(ay+§) y*xa®(ay +X)

oo —ay (X, — X% )e¥™ —x,x (ay +x)e¥ + x(ayx, + X, )
- y(ay+x)x

((—Zay =X % ) X2+ (—2a2y2 + xzxf)x)ezay+x + Z(ay +g)(xx3 — X, X, ) X,

t=
2a%y*x+3ay*x® +x%y

—Z[ay+gj(xx3 =X, % ) %€ +(2ay + XX, ) X° +(2a2y2 - xzxf)x

2a’y*x+3ay*x? + X’y

+

Pé md ti buc tranh cac K-quy dao chiéu cuc dai cuia G=G2, ching ta xét
F(ay,...o5,a,B)e G véi af +a 0 hoic a,a,o, =0, cac tham sb con lai tiy y. Khi dé:
e Néu o, =0 thi mditoadd x,x,,x",y" chay trén duong thang R, trong khi x; =0 va
X5, % €R; a,x; >0, azx >0, tanhan dugc Q. 1a mot phan ciia siéu phang
Qr ={(6. 6%, %%, X, ¥) € G X, =0,05%; > 0,05%; >0} .
e Néu o, =0 thi mditoadd x;,X,,x",y" chay trén dudng thang R, trong khi x; =0 va
X;, X, € R; a,x, >0, tanhan dwoc Q_ la mét phan caa siéu phang
Qr ={(6.%.%. %%, X,y) e G 1 =0,a,X, >0}.
o Néu a,a, =0 thi mditoadd x,x",y" chay trén duong thang R, trong khi X;, x; ¢
dinh; a,x; >0, a.x >0. Tinh toan truc tiép ta thiy X;,x;,X;,%; thoa méan

a2l o a (XX @) 1 a. )
R B TS - I T Bt T S I

27 *a * _a DY
X la, o \Xa a,) 2\ X0

Nhu vay, ta thu dugc Q_ 1a mot phan cua siéu mat vo ti

2
« 2a . s . xp
ok ek e Lo Xt la, o XX a, ] 1] XX o«
_ (X%, %0 Xy, X, XY ) €G5 1 X, = :(*22 [2+3(35_3J+2{ o _SJ }’ .

* ,a * ,a
s | % o\ X5 a Qs

QF

a,X, >0,a,% >0
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Nhu vay, truong hop G =G; duoc chirng minh xong. O
3. Kétluan

Phuong phap moé ta K-quy dao di duoc ap dung hiéu qua trong viéc khai thac ciu tric
ctia cac dai s6 Lie giai dugc tuong tng véi cac nhom Lie lién thong, don lién. Bai bao da tap
trung nghién ctu ho g, ® g,, mot ho dai sb Lie thuc 7-chiéu co can lily linh 5-chiéu. Trén

co s& két qua phan loai trude d6 cua Le va cong su (2023), bai bao dd hoan thanh viéc mod
ta ddy du buc tranh hinh hoc cac K-quy dao chiéu cuc dai cho toan bo cac nhom Lie lién
thong don lién twong tng cua ho ndy. Cac quy dao dugc phan thanh bon tang theo chiéu 0,
2, 4 va 6; trong d6, ting 0-chiéu twong (g véi cac K-quy dao tam thuong (don diém), con
c4c tang con lai 1a cac quy dao khdng tim thuong. N6i riéng, tit ca cac nhom Lie (va dai s6
Lie) duoc xét déu khdng thudc 1op MD.

% Tuyén bé vé quyén loi: Cac tac gid xac nhan hoan toan khéng cé xung dét vé quyén loi.
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K-ORBITS OF SOLVABLE LIE GROUPS WHOSE LIE ALGEBRAS
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ABSTRACT

Kirillov’s orbit method is a fundamental tool for studying representations of Lie groups and
Lie algebras, with coadjoint orbits playing a central role. This paper investigates the geometry of
coadjoint orbits of connected, simply connected Lie groups whose associated Lie algebras are
explicitly specified. Building on recent classification results for a particular family of seven-
dimensional solvable Lie algebras with five-dimensional nilradicals, the study provides a
constructive and explicit geometric description of the corresponding coadjoint orbits. The findings
clarify the relationship among solvable Lie groups, their Lie algebras, and the geometric structures
arising from them.

Keywords: coadjoint orbit; coadjoint representation; Lie algebra; Lie group; nilradical

PHU LUC
Bdng 3. Bizc tranh cac K-quy dao chiéu cuc dai ciia nhoém G
Q. 1a mgt phan

Piéu kién aé

dimey, =6 Nhom 0 ={Fy (X, ) cia
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