Tap chi KHOA HOC PHSP TP.HCM §6 4 nam 2004

PHEP TINH TICH PHAN v_& Vi PHAN
TRONG LICH SU

LE THI HOAY CHAU', TRAN TH] MY DUNG

Trong m6t dé& tai nghién cifu khoa hoc cfp BO v trong [4] ching 161 d&
chi ra loi ich su pham ctia phan tich khoa hoc ludn Tich s v& tri thic todn hoc
cin day. Ngi dung uinh bay tong bai vidt nay thudce chubi nghin cliiu ti€p theo
ahim vach 1o cac dic trung khoa hoc tudn va su pham cia mot sf do61 wgng
toan hoc dude day & bdc Trung hoc hay Dai hoc.

o khudn khd cta bai vidt, ching i khong winh bay phian phan tich lich
s hinh thanh cdc khdi niém tich phdn, vi phdn theo thit ti thai gian, ma s& Wp
trung vao viéc ¢hi ra bai toén gén lién vdi chiing va nhifng phitong phip gidi
quyét di ting duge sit dung qua chc thai ky khac nhau. Cdc phuong phip dude
ohom Jai theo dic trung vA theo sy Uén iri€n clia chiing. Vi cach winh bay nay
ching 6i ¢& ging Jam 18 nghia ofia céc khai niém, nhitng diéu kién cho phép
ndy sinh v quan h¢ giffa cdc khai niém dé.

"4 BAl TOAN CAU PHUGNG VA PHEP TINH TICH PHAN

Bén tan the k§ 17 phép tinh tich phin mdi duge xay dung tharh mét 1y
thuyét todn hoc doc lap, nhung thyc ra thi chi ngudn clia nd da cd Ur thai Hy
Lap o6 dai. Phép tinh nay dugc ra doi tr bai wodn clu phuong, chu tch, cau
tnfisng'. Do trong Heh st 3 ba bai todn déu duge gidi theo clng mdt cich thic,
ta & chi xem xét dudi ddy nhitng phucng phap dé ting dudc hinh thanh trong
lich s nhiim gidi quy&t vén aé cau phudng.

" PGETS Khos Todn - Tin, DHSP Tp. HCM.

| Theo Tir dién todn hoc thong dung, cdu phucng 13 phép tinh dign tich mdt hinkh, ching han nbu di€n
tich ciia hinh gidi han bdi mot dulng cong Kin {dudng wdn, clip, ...}, hay ctia Mohthangeonga X b,
0 vy fx)veillaham & xac dinh trén ja, b). Tuung (&, kKhii ni¢in « i tich », « cAu wudng » gin lién
véi vin dé dnh thé tich va 48 dai cung.
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Tap chi KHOA HOC DHSP TP.HOM L3 Thi Hodi Cldu - Trén Thi My Dung

1.1. Phugng phap dua vao thuygt “nguyén 0"

Vo thai c8 dai, bai t0dn x4c dinh dién tich cdc binh va thé tich cdc vat
th€ da dudc dit ra. Ngudi Ai Cap va Babylone ¢f d4 ¢4 (hé tinh dién tich vi thé
tich ciia mgt 36 hinh don gidn theo ding nhiing ¢bng thic ching ta dung ngay
nay. Vin 48 datra 12 tim cd s& 1§ thuy€t cho cde cong thic d6 va mat quy the
tdng quat cho phép tinh dién tich, thé tich nhifng hinh phdc tap hon,

Nha bac hoc ¢d Hy Lap Democrite, vao thE ki thd 5 trude cOng nguyén
(CN) d4 dua ra thuy€t nguyén ¥, cho ring moi vat thé déu cfu thinh bdi mot
tdp hdp vd han cde nguyén tf nhd bé ma dng goi 14 “dai lugng co s§”. Ap dung
thuy€t nguyén ¥ viio todn hoc, Democrite tinh duge dién tich clla mot 38 hinh
bing cdch chia nhé ching. Quan diém clia 6ng duge xem 13 ngudn gdc clia khai
niém v6 cling bé. Tuy nhién, db nhitng k€t qua 6ng dua ra 12 ding, 19 ludn cla
Ong dd sdm khong thoa mén cic d6i hdi ngdy cang cao vé tinh chit ché todn
hoc nén bi mét s6 ngudi - ién bifu 14 Zénon (496-429 pudc CN) - bdc bé,
Zénon &4 lap ludn d& chitng 16 rling khong th€ dya vao thuy€t nguvén 1 ngdy
thg va ép dyng nhifng 1y ludn di c6 trén cdc d6i tugng hifu han cho nbimg ddi
twgng v8 han, Dicu d6 dit ra y&u cdu “cdn phdi nghién citu va sit dung nhiing
phutong phip ma bén canh cdc hink thifc suy lufin khdc nhau vé cac dai lupng vo
cang bé cdn c6 cdc yéu 16 chda sy chuyén gua gidi han” (KA. Riu-ni-cop, 1967,
tr. 70). |

1.2. Phugng phép “Vél kigl”

e Ngudi ddu tién x4y ditng mdt phudng phdp cho phép chuyén qua giGi
han l2 Budoxe (410-336 trude CN). Phuong phdp cla 8ng - dude goi 12 phudng
phip “vét kiét”, iy ménh d€ sau 1am co sd: Néu 1 bat ky mot dai ltyng nio
mé b3 di mot phdn khéng nhd hon mdt mita ciia nd, réi tit chd con loi bé di mpt
phdn khdng nhd hon mot mita cia nd, v.v.. thi cudi ciing s& con lai mot dai hiong
nho hon bt ky dai lugng cing loai ndo duge &n dink irude.

Bing phuong phdp vét kigt, Budoxe dd ching minh dude tinh diing din
clia cdc cOng thire tink thé tich hinh nén, hinh thip ma ngudi Hy lap ¢d dai 44
ting sit dung. Ong con ching minh dugc rang dién tich cdc hinh twdn ty 18 vai
binh phuong dudng kinh, con the tich cdc hinh cdu ty 1& véi 1dp phuong duding
kinh ctia ching.
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Tap chi KHOA HGO BHSP TP.HCM ) 56 4 nam 2004

Phirgng phdp cla Budoxe théa min cdc ddi hdi cao vé tinh chit ché todn
hoc. V@i phadng phdp nay, ngudi ta ¢ viée chia nhd va vét ki&t cdc hinh cdn
tinh dién tich hay thé tich.

V& thye chit, 3y 12 mét hioh thitc ctia phép 18y gidi han. Nhung trong
phucng phdp vét kiét nguti ta khong néu bit 1én duge ¥ wdng vé dai luong
bi€n thin, gidi han ciing ohitng tnh chit Gng qudt cta nd, Hon niva, theo ngdn
ngif todn hoc hién dgi th dinh i vé& tinh duy nhat cla gidi han ¢4 duoc sit dung,
nhung né chi duge chitng minh riéng cho ting bai todn cy thé chit khéng phai
cho trutng higp Ong quit. Van dé 12 & ¢hd d€ chimg mink diéu &y thi khong
tranh khdi viéc phdi gidi thich hing Joat khdi niém thude pham ted vi-tich phén,
dai lugng vO cling bé va gidi han. Cde nhi tods hoc ¢ chua di dén duge nhitng
khai ni&ém thndc pham i nay.

» Archiméde (th€ ky thit 3 trude CN) 13 mdt trong nhitng ngudi cd nhitng
dng dyng dep nhil cia phuong phdp vét kitt dé ciu phuong cdc hinh, cdu tich
cdc thé, cdu truding cdc cung va xdc dinh trong tam cta vat thé,

D€ c¢Au phuong hinh B, Archiméde xiy dung mét diy cde hinh Ag ndi
ti€p hinh B, Day Ag duge xiy dung sac cho dién tich ola ching tinh duge va
don didu ting, dan vét can hinh B, Bing mbt cdch khong 13 rét, thudng 1a dira
vao nhitng 1dp lufin khic nhau v& 1y thuy&t va thyc €, dng tim ra gidi han A
{theo ngdn ngif ngay nay) cia diy cdc hinh ndi ti€p. RHI dng ding phdn ching
dé chifng minh A bing dién tich ctia B.

N&i mét cach chinh xdc thi Archimeéde gidi bai todn cdu phuong biing
cach “dimg cdc hinh nd: €p d€ vér kigl”, Vi phwong phép ndy, Ong G4 tinh
duwge nhiu dién tich va thé tch. Tuy nhién, dng khbng xem xé1 phuong phip &
goc do khdi qudt md et 1ap lai cde bude nhu vay d8i véi timg bai todn ridng
biét, -

o NhiGu the k¥ sau, phudng phdp diing cdc hinh ndi 1iép d€ vét kidt vén
con durgc mot s& nha todn hoc khic s dung A€ gidi bai todn ciu phuong trong
titng trudng hgp oy the. Chiing han, nha béc hoc & Bagdad 1a Thabit Ibn Qurra
(836-901) d& am dién tich hinh phing xdc dinh bdi 0<x <a, 0< y < /x bling
phufong phdp ndy (tham khdo [3]).
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Tap chi KHOA HGC DHSP TP ACM L2 Thi Hoai Chéu - Trédn Thi My Dung

1.3. Phiiong phap “co hoe” va phucng phdp “batl khd phén”

» Phudng phdp ¢d hoc cling do Archimede d€ nghi. Trong béc thwr giti cho
Bratosthene, mdi dudge tim thidy vio nim 1906, Archiméde néu r phucng phip
cd hoe ma dug di ding d&€ gidi cde bai todn hinh hoc. Tu wdng chinh cha 6ngla
dé tinh dién tich hay th€ tich thi phéi cit hinh ra thinh mot s6 rit Idn cdc gidi
phing mong song song hodc cdec 1dp mdng song song, V& thyc chil, phaong
phdp nay th€ hién ¥ wdng ldp hinh phing ti¥ cdc dudng va var thé 1 cde mdt
phdng. Theo cdch ndi cia dng, hinh phing dude xem nhv {4 cdc duding duge ldy
ddng thdi va vat thé 13 céc mat phidng dugc 18y ddng thisi, Phudng phép co hoc
do Archiméde dé nghi 1if thdi 8 lai rdt gdn véi phudng phap cac bat khd phan
do nha todn hoc ngudl Y Cavaliein (1598-1647) x&y dung sau 46 gin 20 thé ky.

e Theo Cavalieiri, hinh phing duge xem 13 t6ng vé han cde dogn thing
citng song song vdi mo1 dudng thing ndo 46 duge chon 1am chuin. Nhirng doan
thing nay, nim giita hai i€p fuyén song song véi chufn, duge gol 1 cdc bat
khi phan. Ching hoin toan khong 6 bé rdng. VAt the duge xem 13 thp hdp vO
han céc thi€t dién phing cling song song v8i mdt mit phing nao d6 dugce chon
fAm chuin. Nhifng thi€l dién niay ndm giifa hai ti€p dién ciing song song voi
chudn. Ching 13 cdc bt kha phin. Dién tich clia hinh phing (thé tich ciia vit
thé) ditge xem 13 t8ng dién tich (ihé tich) clia tat cd cdc bat khd phin dudgc 1ay
ddng thai (tham khao Howard Eves, 1993, r.121-125}.

Phudng phdp céc bat khi phin cda Cavaleir c6 nhitng mit han ché clia
né. Thit phit, v& mit ¥ ludn thi viéc dwa vio cdc bt kha phin (dudng thing
khong c6 bé réng, mit phdng khong cé bé day) chua cho phép dng phan dodn
gl vé dién tich hay th€ tich cGa hinh ban ddu. Thi hai 12 sy thi€u 15 rang cia
khii niém cdc b4t khd phan. Cing vi th€ ma khong thé van dung tryc ti€p
phuong phip ndy vio viéc gidi bai todn cdu uudng, vi cdc bat kha phin § ddy
(cdc didm) khong ¢d kich thude. Thit ba, cich gidi cdc bai todn cau phuong clia
Cavaleiri qué cOng k€nh vi d4 khong st dung phudng phdp tinh todn v& he
théng ki higu cia dai s8.

Nhidu nguti di c8 ging khic phuc nhi¥ng han ché ciia phuong phip do
Cavaleiri 4 nghi. Chidng han, nha bdc hoc ngudi Phdp Pascal (1623-1662) ciing
diing thuit nglt “t8ng cdc dudng” nhung luu ¥ ring 46 1a tdng v6 han cdc hinh
chif nhit véi chifu cao 14 tung d6 clia diém thudc dudng cong va ddy vO clng
bé, rdi bi€n 461 tap hop cdc bt khd phan thanh tdng cdc vo cling bé (ivy nhién,
Pascal khong chinh xdc hda duge khéi niém ndy), sau do lép mdi lidn hé giffa
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Tap chi KHOA HOT DHEHSP TP.HCM 85 4 nam 2004

phép cAu phuvng cdc him mi vdi téng cde chudi "+ 25+ .+ n¥ (k12 s6 w
nhi€n), Nhu th€, Pascal 44 1am phudng phdp cdc bt khd phin ré néo don gidn

= p E &
hon nhd cdch s6 hoc héa bai todn hinh hoe ma 6ng mudn gidi quyét

1.4. Phuong phap tinh téng nds Giép Wrén cae dai lugng v oiing hé

0 Chau Au, vao th€ ky 16 -17, st phit wién ciia mot s khoa hoc khac
lai dit todn hge wide cdc bai todn vé cllu phudng, cdu tich vA xde dinh trong
tam, Nhiéu nha bic hoc quay 6 1ai nghin citu cée cbng irinh cia Archimede
nhim tim ra mét phuong phip tdng qudt hay phdt hién nhitng khai méim chung,
nhitng tinh chit &n sfu trong nén tang cdc chitng minh cho ting rudng hop
riéng 1€ cda Ong.

‘Trong s& nhiing ngudi Chau Au cin dai sdm phat wi€n tu wdng v& khdi
ui€ém vO clng bé {ién guan 51 phép tinh tich phin phii dic biét ndi dén Iohan
Kepler {(1571-1630). Khi nghién cfu cac cng tinh ¢ba Archiméde, gidng nhy
ohitng ngudsi thai 46 it kién 1Am v sy khilt khe, chu ddo chia phudag phip vét
ki¢t, Kepler thich mét cdch thic mang tinh e gide hon - fink 1dng 1ruyc 1iép
irén cdc dgi lwong vo ciang bé. @ng bi€u dién mdt hinh dudi dang 16ng v6 han
cdc phin nhd cia né. Ching haa, hinh dngdm mét & 1dn vé han cdc quat tron
v6 cing rhé mad mdi hinh ¢d the coi nhu 14 mat tam gide cin. Moi tam gige déu
¢d chiéu cao nhu nhau (b3ng ban kinh ¢la hinh tron) v t8ng cde ddy cla chiing
bing 40 dai dudng tra, T cong thite tinh dién tich tam gide, Kepler suy ra
rdng dién tich hinh trdn bling nla tich gitta bin kinh va d5 dai cda dudng won.
Phuong phap nay duge Kepler md r6ng sang cé nhitng nhitng vat thé trdn xoay
vi 6ng 43 tinh dude nhidu dién tich, thé tich,

Tuy nhién, da 56 k&t qud mé 6ng néu ra déu thu dude nhd vao sy hinh
dung tric quan va nhitng 1y ludn thi€n chit ché voi Iy do & “Archimede da
chitng minh diéu dé hodan toin chit ché”.

1.5. Phuigng phap 14p tdny trén va 16ng dudi

o Gin nhit v§i phép 14y tich phin ngiy nay 13 phuong phip vé cdc hinh
ndi ti€p va ngoai €p, cling do Archimede 1h ngudi diu tién trinh bay, trong cdc
tdc phé&m “VE hinh cdu va binh try”, “VE cdc duding xoin”, “VE& céc cOnbit va
phdng ciu” cda dng,

DE tinh dién tich mét hinh, Archiméde d4 chia hinh ra thinh tiing phan,
mdi phin duge xip xi bing cdc hinh ndi va ngoai (i€ mi dién tich cha ching B
c6 th¢ tinh duge. Ong 1ap ludn: dién tich hinh ban diu nhd hon Sng dién tich
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Tap chi KHOA HOC DHSP TP HCM Lé Thi Hodi Chaw - Trdn Thi My Dung
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cdc hinh ngoal t8p (16ng 1rén) v 180 hon tOng diéa tich cdc hinh ndi 6€p (t6ng

dudiy. DOi véi tirng bii todn cy thé, dng chon cde hinh xap xi wén vh dudi sao
. . cn s P W e e an I I I - S

cho hiGu cdc dién tch o6 thé nho thy ¥, 8 46 suy ra di€n tich cn im.

-

Trong phiing phip clia Archiméde ta thdy dd <6 nhing W twdng cia tich
phin: chia hinh ra thinh tifng mi€ng nhd, x8p xi réa va dudi ting mi€ng nhd 16
Wy t8ng clia nhimg xdp i 4. Tng trén vi t6ng dudi & day it gin v6i 1ong
Darboux (1842-1917) trén va dudi cia tich pbin hifn dai. Nhing, phudng phép
tich phan ¢& dai dua trén khii niém dién tich mdt cach trye glie, khdng dude
dinh nghia chit ché, v khdng s dung cdc cOng cn dai s6 ~ s6 hoo, Nhitng khai
piém t8ng quat thi€t y&u nhu gidi han, tich phin, tdng v6 han, v.v. chua dugce
dura vao.

Hon nifa, cling phyf ¢de nhd tedn hoc ¢d dai khde, Archiméde chi gidi
duge bail todn tinh dién tich cho tiing trudng hop rieng 1é ma khoag phin tich va
phat bidu co-sd 1§ thuy®t tdng quat. Hinh thite teinh bay chi thudn bing 31 ndi,
lim cho vigc nghién cifu cdc cdng trinh cfia Ong thém khé khin.

s Phuong phap cda Archiméde v€ sau duge hodn thién bdi nhitng nha
todn hoc nhy Pascal, Fermat. Ching han, d€ tinh dién tich hinh vién phén xdc
dinh bdi 0<x <a; 0<y <kx™o e R cho trude, n A s nguyén dusag), ndm
1636, nhd bdc hoc Phdp Pierre Fermat (1601-1863) chia di¢n tich ra thanh
nhitng dai hop bing cdc tung 48 cdch déu, tinh céc 1Sng wén, ng dudi, rdi tang
& didém ¢hiw ra vo han v sau d8 i&n hanh cdu phuong, ma thyc chit 13 fim
P20 b 1Y |

I - = .
=30 m?! R+

Khodng nidm 1644, ng md réng k€t qua cho trudng hop n 1a phén s§ v
88 Am, biing cach 18y mng 46 & nhing difm mi hodnh 46 (khong cdch déu) lam
thanh cAp s¢ nhin. Fermat gei phudng phip ndy 14 phitong phdp Loga.

RG rang la phwong phdp Loga nim trong pham i cha phwdng phép ldp
cde 1ng trén va 16ng duei. Tuy ohién, n€u nhu Archiméde chi gidi quyét tiing
bai todn riéng 1& thi Fermat, irén quan di€m cda hinh hoc gidi tich ma 6ng 1a
ngudi sang 14p cling voi Descartes, 48 x8y dung duge mot phudng phdp mang
tinh khdl quit cao va cho phép phit tién khia canh thudt todn trén cdc vo cling
hé.
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Tap chi KHOA HOC DHSP TP.HCM 848 & nim 2004

2. NHONG BAI TOAN GAN LIEN V61 00t NGUGN cOA PHEP TINH VI PHAN

Mot didu ddng chu ¥ 13 v€ mat lich sif thi thif tw xuét hién hai phép tinh
vi phdin va tch phdn khdc vdi cdch trinh bay chiing trong céc gido trinh todn hoc
ngay nay: trong thyc (&, phép tinh tich phin ra ddi trude phép tinh vi phan,

Phép tinh thi¥ hai nay sinh ra of viée gidi bai todn vE (i€p tuyén cla cic
dudng cong, tim cdc gid trj cyc dat, cve tiéu clia him s8, va fim van 8¢ tifc thai
clia mot chuyén déng. Mic diu vige xem xét cdc vAn dé nhu viy 6 thé thay &
th&i Hi Lap 8 dai, ngudi ta thita nhan ring tién than cha phép tinh vi phin thyc
sit bAt ngudn Ur nhitng o wéng ma Fermat d8 hinh thanh vao nim 1629,

2.1. Phuang phap xac dinh cyc dal v3 cye tifu clia Fermat

Fermat 13 ngudi ddu tién cd nhitng ¥ (wdng cd bin rit gn gii vdi phép
18y dao ham ngly nay. Cy thé [3 xudt phdt (if nguyén i dimg ctia Kepler (“s6
gla ciia mgt ham 38 € trd nén nhé 16§ muc trigs tidu tai ldn cdn clia mdt gid 1r
cwe dai hodge cue tidu thugng”) Fermat 43 dua ra mot phuong phdp d€ xdc dinh
cde cye dai va cye ti€u cia ham s8 f. Theo k¥ hidu hién dai, phuong phip cia
dng c6 thé dige mé 14 sau:

» VGi h 12 rdt nhd, cho f(x+h) = f{x)

- Bdn gidn nhitng s hang gifng nhau & hai v&, tdi chia hai v& cho h.

B4 di nhitng s6 hang 6 chia h {t0c 14 xem nhy h = 0) vi i d6 x4c dinh duge
nhitng gid i} x ma ai 46 f dat cye dai hay ce tidu.

V& mit logic, cdch 18p luén cia Fermat cdn nhiéu ¢hd chua 18 rang : ban
ddu h 12 mot s& hitu han khdc khdng (do 46, 6ng ti€n hanh chia cho h), nhung
sau d6 lai cho h =0 ma khéng dua ra mbt cach gidi thich hgp Ii. RS ring 12 6ng
ghp khé khin vai phép 18y gidi hap va khdi niém v6 cling bé - vio thdi kv nay
hai khai ni€ém d6 chua duge dinh nghia chinh xdc. Tuy nhién, phdi ndi ring §
ddy da hién hitu o tWdng v€ khai niém vo cling bé (mic diu Fermat khéng ndi
nhung h dng vai trd 56 gia rat bé), gidi han 4 — 0 (mdt $6 ma lic thi né hifu
han rit nhd r6i ty nhién né 1ai ¢ thé bliing khéng) va phép 18y dao him cla
mdt him s§ (v€ cd ban thi cdc bude ma Fernat thue hién tudng v ahy qué tinh

tim dao ham £'(x) cla ham s& f(x) va cho F(x) =0 (%in% ACRLI Rt ACN OJ.
25 1
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Tap chi KHOA HOC PHSP TP.HCM Lé Thi Hoa: Chau - Trdn Thi My Dung

2.1. Phugng phép xac ginh 6i€p tuy2n cla Fermat

® Fermat 14 ngudi dau tién dua ra mot cdch hidu méi v& 1iép tuyén - 46 13
vi il gidi han cida cdt tuyén khi hai diém né cdr diomg cong 1én 1di chd tring
tthau - (At nhién Wic dé khai ni¢m khong duge dinh nghia 15 rang theo ngdn ngit
cta gidi han, '

Vdi cich hifu nay, éng i gidi bai todn tim 4€p tuyén cla dudng cong
¥ = I(x) tai M(x;y), theo mot quy tdnh twong tf v8i quy trinh da dude sit dung
rong 191 gidi bii todn xdc dinh cuc dai, cuc iéu. Chinh dng dd nhan manh tuh
thong nhit clia cdc phudng phdp tinh todn trong hai béi todn trén. Nhing éng
khéng néu bat dude khii nidm cd ban cla phép tiah vi phin - dao ham va vi
phén, cling nhu khong lua ¥ 181 méi quan hé gifa nhitng bai todn nay va bai
todn cau phudng di ¢6 trude 46,

Ngudi ta cho ring ¢ 18 14 do sit dyng nhitng cong cu dai s6 khd khé Ridu
cla Viete vdi cdc ky higu cong kénh cia nd, Fermat di khong bude thém dugc
bude cubi cling, dii khong 100, uén con duding xdy dung phep tinh vi phin. Tuy
nhi€n, phii céng phén ring 6ng di c6 déng gép quan trong cho sy phét trién
cic ¥ widng clia phép tinh nay.

3. MOI LIEN HE GIT& PHEP TINH VI PHAN VA TicH PHAN

3.1. Bai todn ddn d&n sy phat hisn ra moi lién ha

Ciing vdi bai todn dung t1€p wy&hn, trong todn hoc cling nhy cdc Tinh vire
khoa hoc khdc xuat hién nhitng bai todn dang: xdc dinh cdc dudng cong xudt
phdt 1t tink chdt chung cia 181 ¢d cdc tilp tuyén voi ching. Vin dé ndy duge
phdt bi€u mét cach téng quat nhy sau: Tim v = flx) ur didu kign fifx, v, v'i= 0,
Theo ngén nglt hién dai, gidi bai todn nay tuong dudng véi vide gidi phuong
tinh vi phan ¢fp mét c6 4n ham y.

Descartes (1596-1650) 1a nguai ddu tién bit tay vao vide tim mot phudng
phip tdng quit d€ gidi nhitng bai todn loai ndy. Ong ti€n hanh phan 14 ¢ céc
dudng cong dai 6 theo loai, rdi tm cdc tiép wyé&n cia chiing va thit xem nhifng
HEp tuy&n ndy ¢6 thod min cdc tinh chit di cho hay khéng.

Vé phudng dién thuc hanh, psdng phdp cda Decartes 6 ra khdng khd thi.
Vin d¢ phan loai duling cong gdy cho dng mét 88 ric 181 khi gidi nhiu bai
todn. Tuy ohién, chinh 16 théng qua viéc gidi nhitng bai rodn xdc dinh duong
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cong néy trin yid ddn ddn tinh chdt nguoc nhay ciia logi bai todn nay va log
bai todn vack tép tuyén di dupe chi rd.

9 2. Hiph thanh mii lign hé gita phép tinh vi phin va Yich phan

tha todn boc Anh Isace Barrow {1630-1677) duge xem la ngu’:ix dau tién
nhan 16 moi lién he giita b todn xdc dinh 1i€p tuyén vit bai todn ciu phudng.
Theo cdch ky hiéu hién dai, Gog da chi ra

X

Guge ting, i ding thic y=a+ jzdx suy 1a //
G }/
dy=zdx, v& ngidc lak. _

Cu thé, Barrow xét hai duling cong OF ~, T ;i i
v3 OF ¢6 phuong tdnh tigng dngla y = v{x} va ;
v = v{x), F(x; y). B(x: v), lién h¢ vOi nhau b
didu kidn DER =Sgps, (vi8t theo ky hidu

L

X
ngdy nay Ja Ky = j\ax) véi R 1 mét s6 cho tude, con D, T tuong dng 18 giao
g
Aiém cda ox véi BF v 1iép tuyén wi F
2 - . : ; s s DF — . Ay .
Ong @3 chitng minh duode dang thifc E}}—T =DE (nghiala X —jw =) bidng
37 ax

hai phiciog phdp khdc shau - mdt dya vao quan diém déng hoc va mdi 14
phuong phap hinh hoc trong dé oé s dyng chng thite tinh dign tich hinh thang
cong.

Nhy thé, Barrow da nhin ra m&i quan ke thuldn nghich giffa phép tinh vi
phin va tich phdn. Tuy nhién, viée chua thi€t Mp dude dudi dang tm}g GquAL
nhitg khii niém cd ban cda phép tinh vi - tich phéw, vic rinh bay moi lién bé
niy bling ngdn ngil hinh hoc da ngdn cin Gng didn dat mot cdch widng minh ¥
irdng cia minh.

K& tir kham phd mdi ndy cla Barrow, hai phép tinh vi phén, tich phiin va

m6i guan he giffa ching hedn gin k&1 chit ché vi nhau trong nhitng cbng trinh
nghign cdu cia cac nha todn hoc.
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3.3. Xudt hién tudng mink cdc Khai niém ifch phaén, vi phan va quan hé gl
chitny

Mic din 6 phiéu nha todn hoc dan 1i€p efin vai cdc phép tinh vi - tich
phin, nhung Newion (1642 17273 v Leibniz (1646-1716) mdi dude coi la nhitng
ngudi phdt minh ra chang,

¢ Theo Newton xem mdl &dng nhy ditge sinh ra bdi chuyén déng lién
fc cua mot &im. Cac dai ludng v6 ching bé, tudng dudng véi cdc 5§ gl v
ching bé cla Fermat dugc Newton goi 13 cdc moment. Gid sif S ta dién tich 44
biét clla mdHt hinh ph ang pidi han b&i dd thi cda ham 58 khong dm y={(x), ¢dc
truc toa d¢ va dulng mdup X = Xg (X > (), Newlon xét moment di¢n tich o8 (36
gia AS cta dién tich) khi X, thng thém mbi dng v ching ‘ne L} hidu o (s8 gla

Axg clia xg). Ong nhén thi'y tf 56 bién thién cda dign tich (—m--— ) bing f(xg). K&t
o
qud ndy phdt bidu theo ngdn ngit hién dai 1 87 (xg) = f{x0).

Pé xic dinh phm dign tich 5 thi Mewton lai ddo ngudc cdc thao iac Ay
dac him, ndu 10 moi lién he gilfa bal todn tinh dién tich va bai todn dao ham.
Trong céc nghién cifu cia miinh, Newtod dat dao him vao vi tsf trung tdm cla
fdn trinh, Tich phiin, theo quan niém cia dng, dc k&1 1a tich phin Khéng xac
dinh, nhe 13 nguyén ham hét ky duce tioh bang cdch ddo ngude k&t qué cia bad
todn tinh dao ham. Tuy nhién, ngudi ta khéng tin thiy & Ong cdc dinh nghia
wdng minh vé dao him va tich phén cling nht moment hay 58 gia v0 cling be.

» N&u nhif Newton chon kBai ni€m ddu tién 13 vin 6o thi § Leibniz khéi
niém ddu Gén 13 tp tygn. Cacky higu dx va dy 4 duge dua ra. Theo 8ng, dx
- Vi phan ciha doi st duge xem nho mdt dal lwgng hodn toan thy y. Vi phan cia
ham s6 - dy, duge xdce dinh qua dx.

Lic din, Leibniz ¢6 ¥ dinh tednh edc vd cing bé. Cic v phin dugc hidu
14 nhifng dai lugng d 1& vdi cic 53 gia tdc thi cda d61 s8 va ham s8. V& sau,
cdc vi phin duge xdc dink nhi cde hiéu vo ciing bé. VE cd ban, vé cing bé, theo
Leibniz. 14 hiéu hai tri gin nhau cha dai higng, T do v3 ciing bé duge k¥ hidu

bing d (chit ddu cla differentia - c6 nghia 13 hiéu). Pao ham duge hidu 13 oy 58
cde vi phdn dy va dx.

Khic vdi Newton, tich phan cda Leibniz trude k&t 14 tich phin xdc dinh,
dugi dang t8ng vo han cdc vh cling bé vi phin ma mot dai lugng nao d6 ¢ thé
phan chia ra. Nou viy, Leibniz 1ay vi phian lam khéi niém trung 1am, ds ong
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dinh nghia dao hiim vi tich phin. Chinh ong da duz ra ky hidu ! vi chitng
minh ring jc{y:y.

» Cauchy {1789-1975) 1a ngudi diu tién dua ra mo! dinh nghia chinh xdc

cla tich phin (1823). Ong diing k¥ hiéuy _{f(}:)dx do Fourier d€ nghi d€ chi tich

phin xdc dinh. Ong da chifng minh dude ring F (x)={{x), rong 46

Fix)= J’_Jr’(_:)dz . thi€t 14p widng minh mdi ién hé gitta vise tinh tich phén va vie

1y dao ham.
Y& mit todn hoc thi cic chng thife 8°(xy) = f(xg) ca Newton, j'dv =y clha

Leibniz va F'{x) = i(x} clia Cauc"q, rdt gin giti nhau. Hon nita, clng tif phudng
phép gidi bai todn ciu phuong, cdn tich dd s dyng ma ho ¢6 thé chifng minh

dyoe tinh ring I Jdx = F{by— Fla) v6i F(x} 1A mdt nguyén him cta ham f{x)
li€n tyc trén la ; b]. Cong thifc nay mang lai mot phudng tién o bin 4€ tinh cdc
tich phan xdc dinh.

» Euler, Lagrange, I’ Alembert, va nhi€u ngudi khdc 43 ¢8 ging lam cho
phép tinh vi - tich phiin (rd nén chit ché& hon. Nam 1797, Lagrange tim cdch xay
difng todn b9 phép tinh vi phin ma khéng ding d€n khdi niem vo cung bé, ¢6
tinh chét thuln tiy dai 58, bing cdch bifu difn ham dudi dang khai i€n ra
chudi luy thita va xdc dinh dao ham nhu 1a hé 3§ & s& hang thd hai clia khai
trién &Y,

o Nim 1854, Riemann (1826-1866), trong ludn vin cla ninh, 43 XAy
dyng mgt 1y thuy€t tich phin t6ng quds hon cda Cauchy, nbiim khai tri€n mét
b £ # » e . . ro o R
cdch chinh xdc cdc him s6 ¢6 v6 han diém gidn doan thinh chudi Fourier.

» Sau ndy, khdi ni¢m tich phan ti€p tye duge hokn thién va phat tri€n nh
cdc cOng trinh cGa nhi¢u nhd todn hoc nhy Lebesgue, Radon, Riesz, Suelges,
Dcn joy, Borel, Khinichine, Kolmogorov,..

Tuy nhién, trong nén tdng nay vin con 18 hdng: vin chua 48 cd s chit
ch¢ cho chinh khdi ni€m sd thuc va viéc chitng minh tinh lién tuc clia pham vi
cdc 58 thye. Dicu ndy chi dude thue hign vao cudi the ky 19.
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KET LUAN

Trong lich sit, hai phép tinh vi phén v& tich phin d3 dugc phdt hién hoian
toan doc 1ap v6i nhau. Mam mOng clia phép tinh tich phin da cd ti thai Hy Lap
¢8 dai, trong céc cong winh ciia Archiméde, lién quan d€n van dé cAu ptwong,
cu fich, cAu trudmg. Ping trydc mdt hinh phing cu thé, mdi nha todn hoc cb
mét quan niém riéng v& dién tich va k¥ thudt inh dic thil. Trii qua hing ngan
nam, ngidi ta mdi im ra mor phucng phap ©Ong quai cho phép gidi quyét van
- d&, va khdi niém tich phin méi xuit hién wong minh, vi si¥ ra ddi cida né (cling
nhu cha phép tinh vi phin) doi hdi cdc ki€n thifc vé dai lugng bign thién, vé
cling bé va mdi han,

Vao thé ky 17, hodn todn ¢dc Mp véi phép tinh tich phin, nhitng wf twdng
ctia phép tinh vi phian mdi dugce hinh thinh qua nghién cifu cla Fermal trén viéc
pidi cdc bai todn Gm Up wyfn, cyc dai, cye fi€u cia bam s§ va viéc nghién
ctu cdc chuyén déng. Fermat dd nhin manh tinh théng nhit ctia phuong phip
gidi cdc bat todn d6, nhung khong Iuu ¥ 61 m&i quan hé gita ching vdi vin dé
cdu phuong. Chinh Y viéc xdc dinh dudng cong khi biét i€p twyén clia né ma
Barrow da thi€t }p dugc ciu ndi gita bai todn cdu phuong va bai todn dyng
fi€p twyfn. Quan hé thudn nghich gilta hai phép tinh vi phén, tich phan thé hién
At 18 qua cdc cong thic do Newton, Leibniz, Cauchy ching minh, ma ngay nay
ta goi 14 dinh 1y cd bdn cla hai phép tinh niy. M8 lién hé a6 din d€n mdt sy
tudng Bng giita cdc tinh chit cda hai phép tinh - tif tinh chdt cla phép tinh nay ta
chitng minh dugc tinh chit tugng dng cia phép tinh kia va ngude lai,
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Tém Lat:
Phép tinh tich phin va vi phén trong ¥ch sdf
Bai bio niv nhim d€n vige lam 16 dilc trung khoa hoc ludn ota cdc khdi ni@m vi-tch phin
(nhitng b2i wén gin lién vai khdl niém, cde phuong phdp gidi quyét, cdc dié kign cho phép khdi niém

ra 480 vi m6i liés hé gifta ching. Nhiing k&1 qud nay 1 od sd cho viee hifu sy chuyén doi didactic di
duge thire hidn troag mbi sdch giao khoa va (it k€ cdc tink hufng day-hoc bai khdi niém dd,

Abstract:
Intepral and differential in the history
This article identifies the characieristies of epistomology of the concepts of intergral and
differential {problems with the concepis, the solulions, conditions 1o allow the concepts 10 be generuied)

end their relations. These results are the foundations 1o understand didaclic trunsformation implimented
in text books and designs of teaching - learning situations for those two concepts,
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