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ABSTRACT
The main purpose of this paper is to determine an explicit K(n) -basis for the nth Morava

K -theory of the real Grassmannian Gr,(R") for integers n>0 and m=>2. Using Lenart’s
combinatorial formula, we compute the action of the primitive Milnor operation Q on Schur
functions to determine the Q_-homology of the mod 2 cohomology of Gr,(R"), thereby determining
the E,.-term of the Atiyah-Hirzebruch spectral sequence. We show that the size of the E,.-term
equals the lower bound for the size of K(n) (Gr,(R")) defined by Kuhn and Lloyd (2024); therefore,
the spectral sequence collapses at the E . -term. This result provides foundational data for further

investigations of Morava K -theory of real Grassmannians.
Keywords: Atiyah-Hirzebruch spectral sequence; Morava K-theory; Real Grassmannian
2020 Mathematics Subject Classification: Primary 55P47, 55Q45; Secondary 55510, 55T15.

1.  Introduction
Given a finite complex X, let K(n)"(X) denote the 2-local nth Morava K -theory

of X . This is a graded vector space over the graded field K(n).=T,[v.'] with
v, |=2(2"-1).For 0<d <m, let Gr,(R™) be the real Grassmannian, namely the manifold
of d -planes of R™. The purpose of this paper is to determine an explicit K(n)"-basis of
K(n) (Gr,(R™) using the Atiyah—-Hirzebruch spectral sequence (AHSS).

For a finite complex X , the AHSS that computes K (n) (X) is given by

E;'(X) =H*(X,K(n)") = K(n)**(X),
where the differential d_:E> (X)— ES™""*(X). This is a spectral sequence of graded

K(n)" =T,[v:']-algebras, where v, has cohomological degree 2—2"". The sparseness of

Cite this article as: Phan, H. C. (2026). On the morava K-theory of the real grassmannian Gr,(R").

Ho Chi Minh City University of Education Journal of Science, 23(8), 1797-1809.
https://doi.org/10.54607/hcmue.js.23.8.5287(2026)

1797


https://journal.hcmue.edu.vn/
https://doi.org/10.54607/hcmue.js.23.8.5287(2026)
https://doi.org/10.54607/hcmue.js.23.8.5287(2026)

HCMUE Journal of Science Phan Hoang Chon

the rows shows that the differential d_ vanishes unless r = s(2"* —2)+1 for some s. Yagita
(1980) showed that the first nontrivial differential in the spectral sequence is d
moreover, for x e E;°(X) = H (X)),

A, (X)=Q,(X)®V,.
Here, Q, is the primitive Milnor operation, defined by

Qo = Sqll Qn = Qn—lsq2n + qunQn—l'
Therefore, determining the E,.-term of the AHSS is equivalent to determining the
Q,-homology of H™(X). Set

kn(X) :dimK(n)* K(n)*(X),
the rank of K(n)"(X) over the graded field K(n)., and

ko (X)=dim, H.(H(X);Q,),

the T, -dimension of the Margolis homology of H"X with respect to the Milnor primitive

2n+171 1

operation Q, of the mod 2 Steenrod algebra A:
H™(X;Q,)=Ker[Q,:H X - H X]/Im[Q, :H'X — H"X].
Here and below, H X denotes the mod 2 cohomology of X .
Using chromatic fixed-point theory, Kuhn and Lloyd (2024) proved the following result.

Theorem 1.1. (Kuhn and Lloyd (2024)). (1) If m< 2" then k,(Gr,(R™)) :[r;j
Q) If m=2""—¢+2¢, £>1, e=0,1, then
" " [d/2] 2n+l —€ /g
ko, (Gry (R™)) 2k, (Gry (R ))zz d_oi (J
i=0 -

They also conjectured that the inequalities in Theorem 1.1 are always equalities:
Conjecture 1.2. (Kuhn and Lloyd (2024)). If m=2""—e¢+2¢, ¢>1, ¢=0,1, then

" L wafomt e\

Ko, (Gry (R™)) =k, (Gry (R™)) = ZO‘,( d_oi ]m

It is straightforward to verify that Conjecture 1.2 holds for d =1. Kuhn and Lloyd
(2024) proved that Conjecture 1.2 holds for d = 2 ; however, they did not identify an explicit
basis for K(n)" (Gr,(R™)).

In Phan and Nguyen (2026), we verified that Conjecture 1.2 holds for d = 3. To treat
the case d > 3 within our framework, we require an explicit K (n) -basis of K(n)"(Gr,(R™))
as well as an T, -basis of Q,-homology of H(Gr,(R™)). This need motivates the present

work. Although the size of K(n)"(Gr,(R™)) is known (see Kuhn & Lloyd, 2024), the
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problem of determining a K (n)”-basis of K(n)"(Gr,(R™)) remains nontrivial. To solve this

problem, we compute the kernel of the connecting homomorphism ¢ in the long exact
sequence (2.4) (see below) and determine an [, -basis of H™(Gr,(R™);Q,) when m is odd.

The paper is organized into three sections. Section 2 reviews the cohomology of real
Grassmannians, Lenart's formula, and a short exact sequence needed for the proofs. Section
3 presents the main results.

2. Preliminaries

To fix notation, we first recall the description of the mod 2 cohomology of the real

Grassmannian as a quotient of the ring of symmetric polynomials.

Let Gr,(R"*) be the real Grassmann manifold of d -planes in R***. The natural
filtration

Gr,(R) cGr,(R*") c---cGr,(R"™) c---
defines the infinite real Grassmann manifold as a colimit Gr, (R*) := colim, Gr, (R**).

Let y, be the canonical line bundle over the infinite real projective space RP”, and
let ¢ be the d-plane bundle over (RP*)". The bundle »;* is classified by a map
g:(RP*)" — Gr, (R”) . This map induces a monomorphism

g :H'Gr,(R”) - H (RP*)*
whose image is the subring of symmetric polynomials in H"(RP*)! = F,[x,,...,X,]-
Moreover, g~ sends the i-th Stiefel-Whitney class w, =w.(y,) of the canonical d -plane
bundle over Gr, (R™) to the i-th elementary symmetric polynomial ¢, in x,...,x,. The mod
2 cohomology of Gr, (R™) is therefore the polynomial algebra described by Milnor and
Stasheff (1974):

H'Gr,(R*) = F,[w,,...,w,].

The dual classes W,,W,,... are defined by the equation

T+w ++w)A+W +W, +--) =1 (2.1)
and this allows one to write each W, as a polynomial in w;,...,w,. The class W, can be
interpreted as w, (y;) where y; is the k -dimensional bundle complementary to y,. For
dimensional reasons, in H'Gr, (R***), w; =0 for all j>k. Moreover, the inclusion
Gr, (R**) — Gr, (R*) induces a ring epimorphism

H Gr, (R*) — H Gr, (R***)
whose kernel is given by the ideal J(d, k) = (W, | j>K).

We recall the cell structure of Gr, (R***) as described in Milnor and Stasheff (1974) (see
also Hiller (1982)). A Schubert symbol A =(4,,...,4,) of Gr,(R**) is a sequence of integers
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k>4 >--> 4, >0.
The weight of A is denoted by | 4| and is defined by
| A=A+ + 4.
Thus, a Schubert symbol A is a partition contained ina d xk grid when depicted as a Young
diagram.
Each Schubert symbol A determines a Schubert cell €, of dimension |A]| in

Gr, (R"**), defined by

Q, ={V eGr,(R**) :dimV "R"+1) =j1<i<d +k}.
The duals of the Schubert cells form a Z, -basis of H Gr, (R***). Moreover, the dual of Q, ,
denoted by s, e H"Gr, (R**), corresponds to the Schur symmetric function associated
with the partition A (see Macdonald (1995)). The class w; in the Borel presentation
corresponds to the elementary symmetric function Syy =€ and the dual class W, to s;, =h;,

the j-th complete symmetric polynomial. The ring structure of H'Gr, (R‘**) in this basis

is described by the Littlewood-Richardson rule from the theory of symmetric functions.
Recall that the Milnor operation Q, in the Steenrod algebra A is recursively defined by

Q, =59 Q.,=Q.5¢° +59Q,, n=>0.

To state Lenart's (1998) formula for the action of Q, on Schur symmetric functions,
we need some combinatorial definitions.

Given a Young diagram A contained in another Young diagram ., one can form the
complement of A4 in x, denoted x/ A and called a skew diagram. The content of a box b
of a Young diagram g inrow i and column j is defined by c(b) = j—i. Forabox b inthe
skew diagram ./ A, its content is the content of b embedded in 4.

A skew shape is connected if any two boxes in the diagram can be joined by a sequence
of edge-adjacent boxes. A skew shape that does not contain a 2 x 2 -block of boxes is called
a broken border strip. A connected broken border strip is called a border strip. If 4 is a
broken border strip, cc(1) denotes the number of connected components of 4. A sharp
corner of a broken border strip is a box with no northern, western, or northwestern neighbor.

A dull corner of a broken strip is a box with both northern and western neighbors but no
northwestern neighbor. Let C(x/ 4) denote the set of sharp and dull corners of x/ 1.
We are now ready to state the formula in Lenart (1998, Proposition 5.1) for the action
of the Milnor operation on a Schubert basis class:
Proposition 2.1. We have
Q.(s,) = Z d/lysy’ (2.2)
oAl uHA=2" Liee (ul A)<2

where g/ A must be a broken border strip and
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> c(b), if u/Ais connected,
=< beC(ulA) (23)

1, if 4/ A is disconnected.

d,,

Recall that the Schubert basis of H Gr, (R™) consists of the classes s, satisfying
m-d>4>--->2,>0. Let i:Gr,(R™")—Gr,(R") denote the map induced by the
natural inclusion R™* — R™. In cohomology, this map induces a surjection

i tH'Gr, (R™) — H'Gr, (R™)
which, in the Schubert basis, is given by

.k 01 ifﬂj = m-d,
I (S(zi,_“,zd)) = S
(Agr-aAg)?

if 4, <m-d-1.
Proposition 2.2. There is a short exact sequence of A-modules
0—Cy = HGr(R")——H’Gr,(R™) -0

where the kernel C,  of i" has a linear basis consisting of the classes s, ,, with

d,m
m-d=42>4,2>---24, 20.

Remark 2.3. Let C,(R™) denote the cofibre of the inclusion i : Gr, (R™™) — Gr, (R™) . Kuhn
and Lloyd (2024) showed that this cofibre is homeomorphic to the Thom space

Grd_l(Rm‘l)ﬁ-l , Where y,, is the bundle complementary to the canonical bundle y, , over
Gr, ,(R™"). The cofibre sequence Gr, (R™")——Gr, (R™) —2—C, (R™) thus induces the
short exact sequence in Proposition 2.2. In other words, C; = H'C,(R").

The short exact sequence in Proposition 2.2 induces a long exact sequence in
Q,-homology

<= H'(Cy i Q) —E— H (G, (R™);Q,) —— H" (GF, (R™);Q,)
—I 5 H"HC,(R™):Q,) > -+ (2.4)

3. Main results
In this section, we use the long exact sequence (2.4) to describe an F,-basis of

Q,-homology of H'Gr,(R™), and thereby obtain a K" (n)-basis of K"(n)(Gr,(R™))
To determine an T,-basis of H™(Gr,(R**);Q,), we first need an T,-basis of

ﬁ*(CZ(RM);Qn). Kuhn and Lloyd's result gives the following description of
H (C,(R™);Q,).
Proposition 3.1. (1) In H (C,(R**);F,),
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0,60s) :{s(kvzmm), if iisevenand k-i<2"" -1,
0, otherwise.
(2) If 2+k<2™, then Q, acts as zero on H'(C,(R**);F,). Thus
ko, (C,(R*™)) =k +1.
(3) If 2+k>2"" and k is even, then the classes {s,;,:1<j<2"-1} and
{Swuep 05 j<2" -1 represent  the Q,-homology  classes.  Thus,
ko, (C,(R**))=2"* 1.
(4) If 2+k>2"" and k is odd, then the classes {s,,;:1<j<2"-1} and
{Stxrop 0<j<2"-2}  represent the  Q -homology classes.  Thus,
ko, (C,(R**))=2"1-2.
We now compute a basis of H(Gr,(R**);Q,).
Theorem 3.2. (1) If 2+k <2™*, H™(Gr,(R**);Q,) is isomorphic to H"(Gr,(R**);TF,).
(2) If 2+k=2""—1+2¢, then H"(Gr,(R?" *?);Q,) has an F,-basis represented by
B

2™ 14207

(3) If 2+k =2""+2¢,then H"(Gr,(R¥"*?');Q,) has an F, -basis represented by
Bz“*1+2/, = Bz“*1—1+2/, ucz"*%z«z’
where
Cz"*1+2/: ={s(2“*l—2+2/:‘,2j—1) |1S J <2 _1}U{5(2"*172+2,¢,2“*1—2+2/,’—2j |O = J <2 _1}’

and, for 1</¢<2" -1,
B, ,.,, ={s;20<j<i< 2(2" ~DYu{s,;) [0 j</-1
|0<i+j</-1}

11<i+j<i-L1j>T1

U{S(Z”*1—2+2(i+j),2i+l) T S(2"”—l+2(i+j),2i)

U{s(z"*1—2+2i,2(i+j)+1) + S(2"“—1+2(i+j),2i)
H . H n
S 201 T S@joran 10ST1<-1/+1<j<2" -1}

H .y H n
U{S(Z"*1—3+2(i—j),2i+1) + S(2"“—2+2(i—j),2i) [0<i<i-Ti<j<2"-2}

S it pipjy [0STS =20 +1< j < 2"-1}
u{s(zwﬂilznﬂﬂi_zj) |0<i</-2,0<j<2"—/+i},
for /=2"+s with 0<s<2"-2,

B — {55,010 j<2"+5-1}

2™ _142(2"+s)

.. n
u{3(2”+1—2+2(i+j),2i+1) + S(2”*1—1+2(i+j),2i) l s+1l<i+ = 2" - 2}
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n H n . H n
u{s(szmvzjfl)+s(2n+171+2i‘21_72)|2 -1<i<2"-1+5;1< j<2" -1}

.. N oA as
u{3(2"*1—2+2i,2(i+j)+1) + S(2"*1—1+2(i+j),2i) li+j<2'-2j2Tizs+1}

: n - H n
u{3(2"+1—3+2(i—j),2i+1) + S(2"*1—2+2(i—j),2i) |0 SI<27-201< = 2" - 2}

o A
U{S(Z”*1—2+2i,2”*1—2+2i—2j) |s+1<i<2"-1+5;0< j<i—(s+1)},

for /=2"+s with s>2"-1
={8;.10<] <2"+s-1}

2™ _142(2"+s)

<i<2"-— 1<jg2" -
U{S(Z"*1—2+2i,2j—1) +S i 12i2i2) |s+1<i<2"-1+s51<j<2" -1}

. N . n
u{3(2"+1—3+2(i—j),2i+1) + S(2"*1—2+2(i—j),2i) |0<i<2"-2i<j<2"-2}

o e
u{s(szzﬂivznﬂwifzj) |s+1<i<2"-1+s;0< j<i—(s+1)}.

Part (1) of the theorem follows from the fact that, for d +k <2"*, Q, acts as zero on
H™(Gr, (R"*);F,) (see Kuhn & Lloyd, 2024).

For d =2 with 2+k even, the connecting homomorphism & of (2.4) is zero (Kuhn
& Lloyd,2024). Therefore, Proposition 3.1 implies the final claim.

We prove part (2) by induction on ¢. For the inductive step at /+1, we use the
hypothesis in part (3) for ¢ together with Proposition 3.1. We then compute an [, -basis of

the kernel of the connecting homomorphism ¢ of (2.4), thereby obtaining the required basis.
To compute the kernel of 6, we use Lenart's formulas (2.2)-(2.3) to compute the action of
Q, on elements of H"(Gr,(R™)). In general, this computation is complicated because

condition (2.3) is difficult to verify. In our case, however, the following observation
simplifies the computation.
Let x= ZSl e H™(Gr,(R™)) be a cycle representing a nontrivial homology class in
A

H™(Gr,(R™);Q,). Then x can be regarded as its own preimage in H”(Gr, (R™")) under i".
In H™(Gr,(R™)),

Q= > ds,+ > ds,

m—d>gy>->py m+l-d=y; 21y
where d, and d, belong to IF,. Because Q,(x)=0 in H™(Gr, (R™)), the first sum in the
formula above vanishes; it therefore remains to compute d, in the second sum. This makes
the computation in this case much easier than in the general case.

For example, let x=s e H'(Gr,(R¥"**)) be a cycle representing a

(2™1-2+2¢,2j-1)

nontrivial homology class in H™(Gr, (RZM*”);Qn) for />1 and 1< j<2"-1.Then x can
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—1+2(¢

be regarded as its own preimage in H’(Gr,(R?"2*D)) under the map i. Because

Q,(X)=0 in H"(Gr,(R?"*?)), we have the following identity in H"(Gr,(R
Qn (X) = dts(2"+173+2(4+1),t)’
where d, e F, and (2" —3+2(¢+1),t)/ (2" -2+2¢,2 j—1) must be a broken border strip

containing exactly 2" —1 boxes. We can directly check that

e if j>¢+2,then t>2""~3+2(¢+1), which implies Q,(x)=0;

o if j</, then (2" —3+2(¢+1),t)/(2""-2+2¢,2j-1) is a disconnected broken
border strip, which implies d, =1 (see condition (2.3));

o if j=/r+1, then (2" -3+2(/+1),t)/ (2" —-2+2¢,2j-1) is a connected broken

border strip with two sharp corners of even content and a dull corner of odd content;
therefore, d, =1.

2n+1

—1+2(0+1) )) .

Hence,
Q,(x)=0,/+2<j<2" -1,

Qu(X) =S 0 g priyzigray S IS L1
We use this strategy throughout to compute the image of Q, in the proof of (2) and

therefore omit the repeated details.
Proof of (2). The proof is divided into three parts corresponding to the three cases for 7.

n+l 2n+1
Proof of the case 1< /¢ <2"-1. From (1), Ko, (GI, (R*)) =( ) ] and the set

B,.={s;;|0<j<i<2"™ -2}
represents an T, -basis of H*(Gr,(R?");Q,). Since B,. can be regarded as its own
preimage in H”(Gr,(R?"*%)) under i, in H*(Gr,(R?"*)), we have
Qu(Sip) = Sy o FOr 1< <27 =2,
Qu (Sgy) =Sy, fOr1<i< 2™ —2;
and Q, sends all other elements of B,.. to zero. Therefore, since 5([x]) =[Q, (i (x))],
S([Sej-20)]) =Sy 5y TOr 2< j<27 -1,
O[S _y 0y ) =[Q0 (S oy )T
O[Sy g 550D =[Sy goa_ ;) 1 TOP 0< j<27 =2
S([Sesn]) =[Sy ) forls j<2" -1,

6([5(2““—2—21)]) = [3(2n+1_1,2n+1_2_zj)]vfor 0<j<2"-2
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and o sends all other elements to zero. Thus, ¢ is an epimorphism, and the set
B, ={8;;:2<j<i<2™-2}0{s,,,,10< j<0}

U{S(Z"*1—2+2j,l) + S(z"*LlJrzj) | 0< ] < 0}
AS2j 21 TSejy 252" -1

H n
AS g 00+ g gy 105 152" =2}

represents an TF, -basis of the kernel of &, and hence of H*(Gr,(R?"*);Q,). Hence, part
(2) holds for ¢ =1.
Assume that for 1< ¢<2" -2, H (Gr,(R? *?):Q,) has an T, -basis represented by
B —{s,,120< j<i<2Q2"~D}{s,,,, [0< j< -1

2™ 142/
U{S(2“+1-2+2(i+j),2i+1) + S(2”*1—1+2(i+j),2i) | 0<i+ J < _1}

u{S(z"+1—2+2i,2(i+j)+1) + S(2"”—1+2(i+j),2i) |1£ I+]s =1 1= 1}
H . H n
S 201 T S2jaan 10ST1<-1/+1<j<2" -1}

H .y H n
U{S(Z"*1—3+2(i—j),2i+1) + 5(2"*1—2+2(i—j),2i) [0<i<i-Ti<j<2"-2}

S 35, 1) |01 < 0-2,0+1< j<2" 1}
LS sy gt oy |01 S 02,0 j< 2" =1+,

By part (3), H"(Gr,(R?"**);Q.) has an F,-basis represented by
Bz"*%z«z - Bz“*1—1+2f “ Cz"*1+2(f’

where

Cprry =L iprns o 115 S 2 =TS sy i, 105 2" <11,
Applying the preceding observation, we obtain, in H”(Gr, (R *2“*9y),

Q. (Si2r1)) = S 11201 for 20+1<i<2(2"-1),

Q. (Si2n) = s(zm_lm]i),for 20+1<i<2(2"-1);

Q. (S(Zé,2i+1) + S(zm,zi)) = S 1i202i41) for0O<i</-1

for0<i<r-2;

Qn (5(2"+1+2i,2¢+1)) - S(z"*1-1+2z:,2"*1+2i+1)’

for0<i<ri-2;

Qn (S(Z“*1+2i,2[)) = S(z“*1-1+2/;,2"+1+2i)

Qn (5(2”*1+2(€—1),2j—1)) - S(z"+171+zz,2"+173+21) ! forl< = C+1

Qn (S(Z”*1+2((—l),2/,)) = S(z"+171+2/,,2”+172+24);

and Q, sends all other elements of 5, to zero. Therefore,

n+1+2[

5([8(2"*1+2(/,—1),2j—1)]) = [5(2“*1-1+2zf,2"*1—3+2j)] = [Qn (5(2"*1—14-24’,2(]—1)) )]’ forl< J <{ +1;
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6([3(2””72,2“1)]) - [S(Z”*1—1+2€,2"*1—1)] - [Qn (S(Z”*1—1+2€))];
5([8(2”*1+2i,2€+1)]) - [S(Z”*1—1+2€,2”*1+2i+1) - [Qn (S(Z”*1—1+2/,,2(i+1)) )]’ for0<i</-2;
O([S2j-220en]) = [s(szmazjfl)], for/+2<j<2"-1,

o([s ], fore<j<2"-2;

(2™1=3+2(0—]),20+1) ]) = [5(2"*1—1+2/,‘,2"*1—2+2(/f—j))

0([Sj20)) = [s(szhyyzjfl)],for (+1<j<2" -1,

_ H n_ o
5([5(2””72&(&4),24)]) - [S(Z"“—1+2I,2"*1—2+2(/!—j))]’ for /< 127 -2,

5([8(2[,2“—1) + S(24‘+1,2i)]) = [S(2n+lfl+2/,,2i+l)]’ for 0 < I < g _1’
5([3(2”+1+2i,2/,)]) - [S(Z"*1—1+2€,2”*1+2i)]’ forO<i</-2;

o([s

(2"*%2(/71),2/,)]) = [S(z"+171+2¢,2"+172+2/,)];
and o sends all other elements to zero. Thus, ¢ is an epimorphism and the set
B ={s; ;) 12(/+1) < j<i<2(2" =)} A, 10 <}

2™ _142(0+1)

u{S’(2”+1—2+2(i+j),2i+1) + S(2”*1—1+2(i+j),2i) |0 si+]= ﬁ}

U{S(Z”*1—2+2i,2(i+j)+1) + 5(2”*1—1+2(i+j),2i) [1<i+j<f)20
H . H n

\AS 2011 T S2joran [0ST< 0 0+2< J<2" -1}

. . . n
u{5(2”*1—3+2(i—j),2i+1) + S(2”*1—2+2(i—j),2i) IO S H RS J <2 _2}

Syt g0y gy |0ST <UL 4+2< j<2" -1

S it g1 g gi gy |0STSE-10< j< 2"—(t+1)+i}
represents an [F,-basis of the kernel of o6, and hence an F,-basis of
H'(Gr, (R 20);,Q,).

Thus, part (2) holds for 1</ <2"-1.
Proof of the case ¢>2". In this case, set /=2"+s for s>0. By the preceding result for
¢=2"-1and part (3), H"(Gr,(R?"**®9):Q.) has an F,-basis represented by

B ={s,;.10<j<2"-1}

2M412(2"-1)

<L n_
u{S(z”*1—2+2(i+j),2i+1) + S(2”*1—1+2(i+j),2i) [0<i+j<2"-2}

i N o

u{S(z”*1—2+2i,2(i+j)+1) + S(2"*1—1+2(i+j),2i) [1<i+j<2"-2/j20
: n i ; n

u{S(z"+1—3+2(i—j),2i+1) + S(2"*1—2+2(i—j),2i) |0<i<2"-2i<j<2"-2}

S gt g gy | 05127 =3,0< J<i+T}

- n H n
U{S(2”+1—2+2(2"—1),2j—1) |1£ J= 2 _1} u{S(z”*1—2+2(2”—1),2”*1—2+2(2”—1)—2j) |O s)s 2 _1}'
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For ¢=2",in H*(Gr,(R?""*?):FF,), we have
Qn (5(2"“72,1) T S(Z"“—l)) = S(z"+171+2(2"71),1);

_ : n_o.
Qn (5(2"*172,2141) + S(2“”—1+2j)) - S(z”*171+2(2"71),2j+1)’for 1< J <2 2’

for0<i<2"-3;

Qn (5(2"*1+2i,2"*1—2)) = S(Z"*1—1+2(2"—1),2"*1+2i)'

=S Jforl< j<2"-1;

Qn (5(2"*172+2(2"71),2 j—l)) (2™ 142(2"-1),2™1-3+2§)

(2™-1+2(2"-1),2"* —2+2(2"-1))

to zero. Therefore,

Qn (S(z"+1—2+2(2”—1),2"*1—2) )
and Q, sends all other elements of 53

2m12(2"-1)
— _ H n .
5([S(Zn+l_2+2(2n —1),2j—1)]) - [S(2n+1_1+2(2n _1)12n+l_3+2j)] - [Qn (S(2n+171+2(2n _1,2j-2) )], fOI’ 1 S J S 2 _1,

5([5(2"+1-2,1) + S(z“+1—1) ]) = [S(z"+1—1+2(2"—1),1)];

o([s ], forl< j<2"-2;

(2™1-2,2 j+1) + S(z"+l—1+2j)]) = [5(2”*1—1+2(2"—1),2j+1)

— 1 n .
6([8(2”*1+2i,2"*1—2)]) - [S(z"+1—1+2(2”—1),2"+1+2i)]’ for0<i<? -3,

5([8(2“+1—2+2(2"—1),2"+1—2)]) = [8(2“+1-1+2(2"—1),2"+1—2+2(2“—1))];
and o sends all other elements to zero. Thus, ¢ is an epimorphism and the set
H n
B ={S.;10<]<2" -1}

2 _142.2"

.. n
U{S(Z”*1—2+2(i+j),2i+l) + S(2”*1—1+2(i+j),2i) |1S I+]= 2 _2}

<j<2"—
u{3(2”*1—2+2(2”—1),21—1> +S(2"*1—1+2(2”—1),2 i-2) 1< j<2"-1}

L. n AL
U{S(Z"*1—2+2i,2(i+j)+l) + S(2"*1—1+2(i+j),2i) |2<i+)<2"-2j=2Li>1}

H n .y H n
U{S(Z"*1—3+2(i—j),2i+l) + S(2"*1—2+2(i—j),2i) |0 <i<2'- 2" < J <2 - 2}

<ig2"-30< j<i i<on_
u{S(Z“*1+2i,2"*1+2i721') [0<i<2"-30<j<i} u{S(z"*tzﬂ(z"71),2"*172+2(2"71)—2j) |0<j=<2"-2}

represents an T, -basis of the kernel of 5 and hence an F, -basis of H"(Gr,(R?"27):Q,).

Hence, part (2) holds for s=0.
Suppose that the set
B ={Spj.;10< <2 +s-1}

2M_142(2"+5)

.. n
u{S(z"+1—2+2(i+j),2i+1) + S(2“*1—1+2(i+j),2i) | s+1l<i+ = 2" - 2}

n H n . H n
u{s(zm_%mj_l)+s(2n+1_1+2i’2j_2) |2"-1<i<2"-1+s51< j<2"-1}

.. n L .
u{S(z"“—2+2i,2(i+j)+1) T S(2"*1—1+2(i+j),2i) | I+]= 2 =2 J >2Li>s +1}

; n i ; n
u{5(2"+1—3+2(i—j),2i+1) + S(2"*1—2+2(i—j),2i) |0<i<2"-2i<j<2"-2}

o e
u{s(szzﬂiyzn*lfz”ifzj) |s+1<i<2"-1+5s5,0< j<i—(s+1}
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represents an F,-basis of H*(Gr,(R?" *2#+9):Q) for 0<s<2"—3. By part (3),

H*(Gr,(R?"*%2*)):Q ) has an F, -basis represented by
B C

2M12(2"+s) = Bz"+171+2(2"+s) w 2™ 12(2"+s)
* n+l n
In H™(Gr,(R* 2@ **"1).T,), we have

Qn (S(Z“*1—2+2(s+l),2i+l) + S(2"+1—1+2(s+1),2i)) = S(z“+1-1+2(2“+s),2i+1) ! for0<i<s +1;

— H n _ _ e
Qn (S(z"+l+2s,2(s+j)+3) + S(2"”+1+2(s+j),2s+2)) - S(2"*1—1+2(2”+s),2(j+s)+3)’for 1= = 2" -3-5;

= < 1 n_ .
Qn (S(z"+1—2+2i,2"+1+2s)) S(2”*1—1+2(2"+s),2"+1—2+2i) ! fors+2<i<2"-1+ S,

forl< j<2"-1;

Qn (S(z"+1—2+2(2"+s),21—1)) = S(2”“—1+2(2"+s),2”+1—3+2j)’

5(2"+1—1+2(2“+s),2"+1—2+2(2"+s)) !

) to zero. Therefore,

Qn (5(2"+1—2+2(2"+s),2(2"+s))

and Q, sends all other elements of B, , ..,
o

— — H n .
([3(2”*1-2+2(2“+s),2j—1)]) - [S(z"*1—1+2(2“+s),2"*1—3+2j)] - [Qn (3(2”+1—1+2(2"+s),2j—2))]’for l<j=<2°-1

5([5( S ], for0<i<s+1;

2" _242(5+1),2i+1) + (2"*1—1+2(s+1),2i)]) = [S(z"+1—1+2(2"+s),2i+1)

= <jg2"-3-5s:
5([8(2”*1+25,2(s+j)+3) + S(2”*1+1+2(s+j),2s+2)]) [S(Z"*1—1+2(2"+s),2(j+s)+3)]’for 1<)<2"-3-5;

o([s ], fors+2<i<2"-1+s;
o([s

and o sends all other elements to zero. Thus, the set
B ={S;.10<j<2" +5}

2™ _142(2" +5+1)

(2”*1—2+2i,2"+1+2s)]) - [S(z”*1—1+2(2"+s),2”*1—2+2i)

(2”*1-2+2(2“+s),2(2"+s)]) = [S(z”*1—1+2(2"+s),2"*1—2+2(2"+s))];

.. n
u{3(2"+1—2+2(i+j),2i+1) + S(2”“—1+2(i+j),2i) | S+2<i+ J= 2" - 2}

n H n . H n
u{s(zm%mjfl)+s(2n+171+2i’2j72)|2 -1<i<2"+5;1< j<2" -1}

+5 [i+)j<2"-2;j>Li>s+2}

U{S(Z"”—2+2i,2(i+ P+ (2™ 1+2(i+ j),2i)

H n - H n
U{S(Z"*1—3+2(i—j),2i+1) F S ooy [0<i<2"-2i<)<2"-2}

o
u{s(ZMLM'ZWMHD |s+2<i<2"+5,0< j<i—(s+2)}
represents an [F,-basis of the kernel of o6, and hence an F,-basis of

H*(Gr,(R?" 2@+ ) Hence, part (2) holds for 0<s<2"-2.

The final case, /=2"+s for s>2" -1, follows from the same argument. O
Corollary 3.3. (1) For 2+k <2"*,

K (n) (Gr,(R*™*)) = K(n)" ® H Gr, (R*").

(2) For 2+k >2"*,

K (n) (Gr,(R**)) = K(n)" @ H"(Gr,(R**);Q,).
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VE K -LI THUYET MORAVA CUA PA TAP GRASSMANN THUC Gr,(R™)
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Truong Pai hoc Sai Gon, Viét Nam
T&c gid lién h¢: Phan Hodang Chon — Email: phchon@sgu.edu.vn

Ngay nhan bai: 03-10-2025, Ngay nhdn bai sira: 03-11-2025; Ngay duyét dang: 01-12-2025

TOM TAT
Muc dich chinh ciia bdi bdo ndy la xdc dinh mét K(n) -co s¢ twong minh cia K -li thuyét

Morava thiz n ciia da tap Grassmann thuc Gr, (R™) Véi C4c s6 nguyén n>0 va m > 2. Si dung cong
thic t6 hop Ciia Lenart, ching t6i tinh tic dong cua toan ti Milnor nguyén thiy Q lén cdc ham doi
xitng Schur d@é xdc d@inh Q -dong diéu cua doi dong dieu modulo 2 cua Gr (R"), tir doé xdc dinh
trang E . cia ddy pho Atiyah-Hirzebruch. Ching t6i chitng minh durgc s6 chiéu cuatrang E . bang
Véi chén duéi cua so chiéu cia K (n)" (Gr, (R™)) duoc xdc dinh boi Kuhn va Lloyd (2024), tir d6 nhdn
dirgt ddy pho suy bién tai trang E . . Két qua ciia bai bao cung cap dit liéu nén tang cho viéc nghién

CitU tiép theo cho da tap Grassmann thyc tong quat.
Tir khéa: day phd Atiyah-Hirzebruch; If thuyét Morava K; da tap Grassmann thuc
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