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SO BETTI VA KHONG GIAN CAC PAO HAM PHAN XUNG
CUA CAC PAI SO LIE TOAN PHUONG GIAI PUQC CO SO CHIEU <7

CAO TRAN TU HAI', DUONG MINH THANH"™

TOM TAT
Trong bai bdo nay, ching tdi tinh to4n toan bg sé Betti ciia cdc dai sé Lie toan
phuwong gidi duoc ¢6 sé chiéu <7 vira diroc phan logi trong [5]. Bén canh dé, khéong gian
cdc dao ham phdn xing cua chung cing dwoc md ta twong minh.
Tirkhoa: dai sb Lie, dai s6 Lie toan phuong, d6i dong diéu, dao ham phan xéng.
ABSTRACT

The Betti numbers and the vector space of skew-symmetric derivations of solvable
quadratic Lie algebras with dimension <7

In this paper, we calculate all of the Betti numbers of solvable quadratic Lie

algebras of dimensions < 7 which have classified in [5]. Moreover, their vector space of
skew-symmetric derivations is explicitly described.

Keywords: Lie algebras, Quadratic Lie algebras, Cohomology, Skew-symmetric
derivations.

Mé& dau

Trong bai b&o nay, chung téi xét g la mot quadratic Lie algebra (tam dich 1a dai
s6 Lie todn phwong) tirc 1 mot dai s6 Lie dugc trang bi mot dang song tuyén tinh ddi
xang bat bién va khong suy bién, trén truong s6 phuc £ . Pai s6 Lie toan phuong 1a
mot dbi teong dai s6 méi xuét hién trong thoi gian gan day va da dugc nghién ciu &
nhiéu khia canh khac nhau. Dau tién 12 nghién cu vé mat cu trdc: mot dai s6 Lie toan
phuong 1a tong truc tiép truc giao cua céac ideal khong suy bién hoic 1 tong tryc tiép
truc giao cia mot ideal tam khong suy bién va mot ideal c6 tam dang cy toan bo (xem
[2] va [10]). Néu di sau hon vao cdu tric: Mot dai sé Lie toan phuong khong tam
thuong c6 thé coi nhu 12 mot mé rong kép cua mot dai s6 Lie c6 s chiéu nho hon bang
nhitng d¢ao ham phan xting (xem [8] va [9]), hoac mot dai s6 Lie toan phwong giai duoc
chén chiéu 1a mot mé rong T* ciia mot dai s6 Lie bai mot ddi chu trinh cyclic [2]. Tiép
theo d6 la nghién cau ng dung trong Vat If cua cac dai sé Lie toan phuong [7]. Gan
day 1a nhitng bai toan vé phan loai chiing va ding cau trac dai s6 Lie toan phuong dé
nghién ctu nhitng cau tric khéc lién két vai n6, vi du cau tric symplectic lién két véi
cau trac dai s6 Lie toan phuong liy linh chin chiéu [1], cAu trac dai s6 Novikov ddi
xing, cau trac dai s6 Lie toan phuong lity linh bac 2 (xem [4])...
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Mot trong nhiing bai toan I thd khi nghién ctiru mot dai s6 Lie n6i chung 1a mo ta
dugc cac nhoém d6i dong diéu cua nd. Trong truong hop g la mot dai sé Lie toan
phuong, bai toan mo ta nhom ddi dong didu tha hai hé sb trong £ cua g c6 lién quan
mat thiét dén md ta khong gian cac dao ham phan xung trén g, dé tir d6 liét ké toan bo
cac ma rong kép va do d6 gitip cung cap nhiéu théng tin cho bai toan phan loai dai sé
Lie toan phuong (Xem [5]). Muc tiéu cua chung to1 trong bai bdo nay la tinh dugc So
Betti (tuc 1a s6 chiéu cua nhém dbi dong diéu hé sb trong | hoac £ ) cua cac dai s6
Lie toan phuong giai dugc ¢ s6 chidu < 7 vira méi duoc phan loai trong [5] ciing nhu
mo ta dugc khong gian cac dao ham phan xing caa chung.

Bai bao duoc chia 1am 3 muc: Muc dau tién nhac lai mot sé khai niém co ban va
két qua phan loai; Muc 2 néu phwong phdp mé ta nhom ddi dong diéu va trinh bay
bang két qua tinh s6 Betti. O day, phuong phap tinh da dugc dua ra trong [10]. Ching
t6i chi trinh bay mot sé vi du dé minh hoa & chiéu thap, phan con lai danh dé néu két
qua. Muc 3 1a phan két qua mé ta khong gian cac dao ham phan xung cua cac dai s6
Lie toan phuong dang xét. Giéng nhu Muc 2, chdng toi s& 1am cu thé trén mot vai vi
du, sau d6 chi néu két qua tinh toan.

Cac khong gian vecto dugc xét trong bai bao nay 1 hitu han chiéu va trén treong
s6 phirc .

1. M@t sé dinh nghia va két qua co ban
Dinh nghia 1.1.

Cho mot dai s6 Lie phirc hitu han chiéu g. Mot dang song tuyén tinh d6i ximg

B:g " g® £ dugcgoila

(i) khongsuybiénnéu B(X,Y)=0,"Y T gthi X =0,
(ii) bdt bich (hay con goi 14 két hop) néu B (§.Y 4z )= B (X,§ .2 ding voi
moi X,Y,Z T g.

Mot dai s6 Lie trén d6 ton tai mot dang song tuyén tinh dbi xang, khdng suy bién
va bat bién duoc goi 1a mot dai so Lie toan phuong.

Xét (g, B) la mot dai s6 Lie toan phuong va W 1a mot khong gian vector con

caag. Thanh phan tric giao ciaW  duoc ki hiéu boi

w"={XTglB(XXY)=0"YTg}
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Ménh dé 1.2. [2]

Cho (g B ) la mgt dai s Lie toan phurong, | 1a mgt ideal cuag. Khids 1" cing
la mgt ideal ciza g. Ngoai ra, néu han ché cia B trén |~ | khdng suy bién thi hgn ché
cia B trén 1" ° 1" ciing khong suy bién, g,l a: fYwaict® = {f}

Néu han ché caa cua B trén 1~ | khong suy bién thi ta goi | 1a mot ideal
khong suy bién cua g, va dé thich hop ta sir dung ki hisu g= | Al" .

Dinh nghia 1.3.

Pai s6 Lie toan phwong g duoc goi 1a bdt khd phdn néutacod g = g, :g\ g, thi g,
hoic g, = {0}.
Dinh nghia 1.4.

Ta n6i hai dai s6 Lie toan phuong (g, B) va (g', B ) dcfng Cdu dcfng cuw néu ton
tai mot dang cau dai so Lie A : g® @' thoa man

B'(AX),A(Y))= B(X,Y), "X.Y T g.

Trong treong hop nay ta cling néi A 1a mot dang cdu dang cue.

Cubi cling trong muc ndy ching tdi nhic lai két qua phan loai cac dai sb Lie toan
giai dugc dén 7 chiéu bang phuong phap mé rong kép duge dua ra trong [3] va [5]:

Ménh dé 1.5.
Cho (g, B) la dai s6 Lie toan phwong gidi dweoc ¢6 o chiéu £ 7. Gid sir ¢
khéng giao hoén. Khi do g dang cau dang cw Voi mét trong cdc dai so Lie sau:
() g, = span§X X ,,Z,,Z,} vei tich Lie duge xdc dinh bsi &, X H= X,
gl,zzg: -Z, va gz,zzg: Z,. Dang song tuyén tinh B duwoc xic dinh la
B(X,.Z,)= 1, 1£ i £ 2, céc trudng hop khac bing 0.

(i) g,A£ hoic g, = span X, X, T,2,,Z,}véi &K X, B=T , &, TH=-2,
va g(z,T 8: Z,. Dang song tuyén tinh B duoc xéc dinh 12 B (Xi’Zi): B (I' T ): 1
,1£ i £ 2, cac truong hop khac bang 0.
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(iii) g4,&£2, gs,g\ﬁ hoac g, = span {Xl,XZ,Xa,Zl,ZZ,Zs} Dang song tuyén
tinh B duge xac dinh 12 B (X,,Z,)= 1, 1£ i £ 3, cac trudng hop khac bing 0. C6 3
ho dai s6 khong ding cau dang cu sau:

© Gpt L XM 7, B X M= Z va i X = 7,

© O, KoZM=Z, K.ZH=1Z, g X E= - X KX - 1X,
g X 8=z, vag, x =1z vil * 0.

© 0, K, 2,02, X Z,0=2,+ 7, K X B= - X - X,
KX H= - X, vag X =g X 4=8 XH#=27.

(iv) g4,&£3, gS,A&EZ, gG,A&E hoic g, = span{X X, X, T,2,,Z,,2,} Dang
song tuyén tinh B duoc xacdinh 1A B(T,T)=1,B(X,,2,)= 1, 1£ i £ 3.C63ho

dai s6 khong dang cdu dang cy sau:
o g FLXoHE X, K TH= X, KLZ -7, K,Z8=-T,
€2l §.2.4 2.
o 9, FoX =X, K THEX, K,zf8=-7, §.Z4=-T w
€247 § 2.4 2.
¢ g, gg,xlg: X, gg,ng: - X, ga,zlg: -7, §<3,ZZH= z,,
Ko Zulf= Eo XolE Zo FOXH= T BT -2, va g, TH= 7,

2. Sb Betti ciia mat dai sé Lie toan phwong
2.1. Dinh nghia
Cho g la mot dai sb Lie, V 1a mot khong gian vectova r : g ® End(V ) la mot

biéu didn cua g trongV . Vé&i k3 0, ki hieu C*(gV ) 1a khdng gian cac anh xa k -
tuyén tinh phan xangtr g~ g~ ... gvaoV néu k3 1vaC®%gV)=V .Toéan
tir doi bo d :C “(gV) ® C***(gV ) duoc dinh nghia nhu sau:

4 (Ko X,)= 8 D'r ) (FOC e X))
+ ék (- DIt (§<j,xjgXO,...,i[i,...,i[j,...,xk)

i<j
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voi moi 1 C*(gV), X,,....X, T g, & day ki higu )‘gi dé chi X, khong co trong
cbng thuec.

Tan6irang f T C*(gV) l1a mot k -@di chu trinh néu d f = 0 va f Ia mot k -
doibonéuco g1 C**(gV)saocho f=d_g.

Ki hieu Z*(gV) la tap hop cac k -dbi chu trinh va B*(gV) 14 tap hop céc k -
d6i bo, tec 1a Z¥(gV) = Kerd, va B*(gV)= Imd_,. Khong gian thuong
Z*(gV)/ B¥(gV) duoc ki higu 1a H*(gV ) va dugc goi 1a nhém ddi dong diéu thir
k cua g hé sb trongV . M&i phan tir thugc H*(gV ) duoc goi 1a mot k -@di chu trinh.

Mot trong nhitng truong hop dang cha ¥ nhat cua d6i dong diéu dai sé Lie 1a khi
V' mot chidu, tic 1AV = £ (hodc j ). Khidé C%(g£)= £,C*(g £) lakhong gian
cac anh xa k-tuyén tinh phan xing tr g~ g  ..” g vao £, tac la
C*g£)= L* (g*) Va:

0 (Ko X, )= & ¢ D1 (8, X, B X KX )

i<j

Trong trudng hop ndy, viéc md ta nhom déi ddng didu H*(g £) ciing nhu tinh

toan sb Betti dim H (g £) 12 mot bai toan hét suc I tha.

Cho mot khong gian vecto phtic V  hiru han chiéu dugc trang bi mot dang song
tuyeén tinh doi xtng B (ta con goi (V,B) la mot khong gian vecto toan phuong). Nam
2007, G. Pinczon va R. Ushirobira dd gidi thiéu khai niém tich super-Poisson trén

khong gian L 6/ *) chira céc dang da tuyén tinh phan xing trén V' nhu sau:
n
fvw}= - g i Wi, (W), W L) vaw T L)
j=1 J J

n 9
¢ day, {§( J.} la mot co sé tryc chuan cuaV .
=1

Véi mot dai s6 Lie toan phuong (g B) ta dinh nghia 3-dang lién két véi g xéac
dinh boi 1 (XY ,Z2)= B([X,Y 1.Z), "X.Y,Z T g. G. Pinczon va R. Ushirobira da
chimg minh duoc dang thic §i,1}= 0, hon nita dw= - {i,W}. Nho két qua nay,
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viéc md ta cac nhom dbi ddng diéu H*(g £) c6 thé thdng qua tinh toan céc tich super-
Poisson.
2.2. Vidu

Xeét dai s6 9= g,, HY(QE) = {fT g 1f(%ad= o}: span{lXT. Ti
dinh nghia ctia dang song tuyén tinh B , ta c6 thé tinh dugc 3-dang | lién két véi g, 1a
| = X, UX, UZ,. Do dé ta d& dang tinh dugc

B(g£)={i, (1)1 T g}=span{k; Ux;,x; Uz, x; Uz, }va

Z*(gf) = {WT L2 (g*)| {],w}: 0}: B*(g£).Suyra H*(g, £) = {0}

Xét dai s6 g = g, tir dinh nghia cua dang song tuyén tinh B, taco thé tinh duoc
3-dang | liénkétlal = X, UX, UT " vadodo

B*(g£) = span{x; UX,,X ] UT "X, UT "}

Mat  khac, {I.X;UX;}= §KUX;UT X[ UX }=0. Do s,

* ~ * ~ 2 Va 7 A r 0
X, UX, | Z%(g £). Tinh toan mot cach twong tu ta thu duoc:
2 _ * N * * N * * N * * N * * N * * N * * N *
z%(g£) = spanfX; UX,, X, UT" X, UT "2, UX;,Z; UX;,Z; UX] - Z, UX;}.
Sosanh B (g £) va Z%(g £) tasuyra
H¥(g,£) = spanf; UX 4 &  UX 8 & X - Z; Ux; &
2.3. Sé Betti ciia cdc dai sé Lie toan phwong gidi duwgc c6 sé chiéu <7

Dé don gian vé mit trinh bay, trong muc nay ta ding ki hieu H¥ thay cho
H*(g £) va b, thay cho b (g £). Truong hop k =0 hoic bing sé chiéu n cua g la
nhitng truong hop tam thudng nén ta chi dé y nhimg truong hop k véi 1<k <n-1.
Déi véi viec md ta H* , dé tranh su phuc tap cua cac cong thuc, chiing toi chi trinh bay

viéc tinh toan ddi véi nhimg truong hop 1< k < 3, cac truong hop con lai ching toi chi
néu két qua vé so Betti.
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H! H? H?® b,
* * N * N * (1,0,1)
o) X, {} X, Uz Uz,
g, X, Z;UX,,Z,UX, .| T'UX, Uz T UX UZ, (233.2)
X Z;UX.,-2,U0X T'UX,U0Zz;
s 1 X;, | X UZ;X[UZ;, | X[UX;UZ X UX,;UZ] (3,8,12,8,3)
x* | X;0z0x;0z; | X, UX,UZ, X UX 02z,
21 * * * N * * N * N * * N N *
o Xsuzixjuzg, X, UX, 0z, X,Ux,;0z;,
3 X7Uz - x;0z.| X0z, 0z, x;0z270Z;,
X,Uz,- x;uz, | XUz, UZ,,
XUz Uz +Xx,U0z, U0z}
X Uz Uz - x,0z,0z],
X,Uz Uz,- x,0z;Uz]
G%.(0) | X, X, 0z X;0X,; 0z, L1211
(|1i1‘0) LA E *_ * * N *
X, Uz UZ - IX,UZ UZ,
%D | X, | X;Uz; X0z | X;UX;U0Zz;,X; UZ,0Z] (1.3.43.1)
X,Uz, Xx,0z 0z,
X 0z 0z;- X,0z, 0z
G, D | X, | X;UzZ X UX,, | X;UX 0z X 0x;0z; | (13431
z:0z; z'uz; 0z,
X 0z Uz, +Xx,0z,0z;
5.5 X, X Uz X;0x;0z;,x;/0z,;0z; (1.1311)
X Uz UzZ]+ X,0z,0z]
* * E * E * * * * * * N * 2,2’3,3’2,2
0. |X.Z.| X;UX,z;Uz, |Z;Uz, 0z, X, ux 0z, | ( )
X, Uz UzZ,- X, Uz, UZ,
S UXEXTUZT | TTUXIUXITIUX 0z 2,2,33,2,2
Oro | X5Z; | X;UXLX[UZ] | TTUX;UX,TTUX; 02, ( )
X Uz Uz;-T Uz, 0z,
* E * * * N * N * 1’0,2,2,0,1
9, X {3} X;ux;uz,x; oz vz, - | ( )
X,Uz, Uz - 21Uz Uz,
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3. Khdng gian cac dao ham phan xirng ciia mot dai sé Lie toan phwong
3.1. Dinh nghia va vi du
Dinh nghia 3.1.

Cho (g B) la mot dai s6 Lie toan phuong va D : g® g la mot dao ham cia g.
Tano6i D 1a mot dao ham phan xang ciia g n6 thoa man tinh cht:

B(D(X),Y)=-B(X,D(Y)), "X,Y T g.

Ki hiéu Der (g B) la khong gian cac dao ham phan xung cua (g B). Muc tiéu
tiép theo cua chung t6i 1a md ta twdng minh khong gian Der (g B) véi g 1a mot dai sb
Lie giai duoc ¢6 sé chiéu khong vurot qua 7.

Vi dy 3.2.

Truong hop g, doc gia co thé xem trong [3]. Xét dai sb
g, = spanfX . X, T,2,,Z,} véi & X B=T, K, TH=-2, va E,T§=2,.
Dang song tuyén tinh B dugc xac dinh 1a B (Xi’Zi): B (I’ T ): 1,1£ i £ 2, céc

tredng hop khéc bang 0. Goi D 1a mot dao ham phan ximg ctia @, . Ta co thé tinh toan
truc tiép duoc rang matran cia D ddi voi co so dd cho ¢6 dang nhu sau:

x -z 00008

cy x 00 0%
D=Fb -c 0 0 0 ZVéixy,zabcl £,

0 -a b x yg

0 c z -xg

Chu y rang cac dao ham trong duoc dai dién boi cac tham sé a, b va ¢ trong khi
cac dao ham ngoai dugc dai dién boi cac tham so X,y va Z.

3.2. Khéng gian cdc dao ham phdn xing ciia cdc dai sé Lie toan phwong gidi dwoc
c6 sé chiéu <7
Két qua tinh toan cho nhiing truong hop 5 chiéu va 6 chiéu doc gia c6 thé xem &
trong bai bao [5]. Dudi day ching t6i dua ra ket qua tinh toan cho truong hop 7 chiéu.
a) 9,A£% Pbi véi co s6 {X,,X,,Z,,Z,.Y,Y, Y } b6 sung B(Y,Y,)=3,,

1<, j £3, cac dao ham phan xung dugc xac dinh boi ma tran
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®0 0 0 0 0 0 o089

y x 0 0 0 0 0%

0 -z 0 -y X, X, xsg X
D=fz 0 0 -x 0 0 0ZIVOiXY,ZX,X,X,uvwl£.

-x, 0 0 0 0 -u -wi

-x, 0 0 0 u 0 -v=

Ex, 0 0 0 w v 03

b) g, A£%: Di voi co s¢ X, X, T,2,Z,Y,Y,} bé sung B(Y,Y,)=5,,

1<, ] £2, cac dao ham phan xung duoc xac dinh boi ma tran

®x z 0 0 0 0 08
y -x 0 0 0 0 0%
b -c 0 0 0 0 0% X
D=EO0 -t b -x -y x, ngvdi X,¥,z,t,a,b,¢,x,X,,y,,y,,ul £.
t 0 c -z x vy yzg
-X, -y, 0 0 O u§
-x, -y, 0 0 0 wu 0%

¢) g, AL : Pbivoicoss X, X, X,,2,,2,,Z,Y } bdsung B(Y,Y) =1, céc dao

0o 09
ham phan xtimg dugc x4c dinh béimatrdn p = g8 - A -C! %Vdi A 1a mot trong céac
0 03

ma trdn vudng 3x3 c6 vét bang khong, B 1a ma tran 3x3 phan ximg, C = (yl Y, y3)

voi Y, Y, Y, 1 £

d) gGYZAE : Déi voi co s6 {Xl,Xz,Xa,Zl,ZZ,ZS,Y } bé sung B(Y,Y)=1, cac

dao ham phan ximg dugc xac dinh bdi ma tran
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®0 0 0 0 0 0 o8

a ¢ y 0 0 0 0%

bod oz 0 00 Ogv(yi y.ztabchx, x,x, T £.
D=0 0 t -a -b 0 x3

0 0 h -c -d 0 x3

0 -h 0 -y -z O xgg

=X, -X, -Xx, 0 0 0 03

€) g,, A£ : Déi véi co s §X,,X,,X,.2,,2,,Z,,Y },bdsung B(Y,Y) =1, céc dao

ham phan xtirng dugc x4c dinh boi ma tran

0 0 0 0 o0 02
fa b x 0 0 0f
50 a vy 0 0 0:veix,y,z,t,abl £.
0 0 z -a O O;
50 0 t -b -a 0
é—z -t 0 -x -y O%
f) g, Ma tran ciia dao ham phan xtng dbi voi co s¢ da cho c6 dang
® b -a 0 0 0 028
0 x -c b 0 0 0%
0 0 x 0 0 0 Oévéia,b,c,b,e,x,yTE,
D=EO0 O e O 0 -b O0Z
0O 0 y 0 -2x 0 0f
0 0 d 0 -b -x 0%
«y -d 0 -e a c -x%

trong d6, dao ham trong duoc dai dién boi cac tham sb a,b,c,d,e , dao ham ngoai dugc
dai dién boi cac tham sb X,y. Tir day, ta suy ra dugc sd chiéu cia nhoém ddi dong diéu
thir hai ctia dai sb nay bang 2.

9) 9,,: Matran cua dao ham phan ximg dbi véi co s¢ da cho c6 dang

) 0 -a 0 0 0 09

0 0 -c y 0 0 0F

°c 0 0 0 0 0 Ogvéi a,bcbexyl £,
D=E0 0 e 0 0 -y OZ

0 0 d 0 -b 0 0f

0 0 x 0 0 0 OF

-d -x 0 -e a ¢ 0%
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¢ day, dao ham trong dugc dai di¢én bdi cac tham s6 a,b,c,d,e, dao ham ngoai dugc

dai dién bai cac tham sd X,Y. Suy ra duogc s6 chiéu caa nhom ddi déng diéu th{ hai caa
dai s6 nay bang 2.

h) 9,5 Ma tran ciia dao ham phan xtng ddi voi co sé dé cho c6 dang
® 0 -a 0 0 0 09
0 -c b 0 0 0 0f
0 0 0 0 0 OiysiahchefT£.
D=fFb a 0 0 0 0 O0F
0 -d e b -c 0 O
d 0 -f -a 0 c¢ O0F

ge f 0 0 a -b 0

Dé dang nhan thay rang moi dao ham phéan xtmg déu 1a dao ham trong va do d6

nhom dbi ddng didu thir hai ctia dai sb nay la tam thuong.
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