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SO KHUYET CUA HAM PHAN HINH PHI ACSIMET
MY VINH QUANG"

TOM TAT
Bai bao gidi thiéu mét vai két qua méi vé sé khuyét ciia ham phan hinh phi Acsimet.
Céc ket qua nay lién quan dén bai toan nguoc cua Li thuyét Nevanlinna phi Acsimet. Do [a
van dé xdy dung cac ham phan hinh phi Acsimet ma so khuyét cua né tai nhitng diém da
cho bang cdc s6 cho trude.
Tir khéa: i thuyét Nevanlinna, ham phan hinh, s6 khuyét.
ABSTRACT
Defect of non-Archimedean meromorphic functions

This paper introduces several new results of the defect of non-Archimedean
meromorphic functions. These results are related to the non-Archimedean Nevanlinna
inverse problem, which is building non-Archimedean meromorphic functions of which
defect at the given points are equal to given numbers.

Keywords: Nevanlinna Theory, Meromorphic function, Defect.

1. Mo dau

Cho 1a K truong déng dai b, dac sb khong va |.| 1a chuan phi Acsimet day du
trén K . Chudi liy thira

f(z)=>a," a €K

n=0
hoi tu trén K duoc goi la ham chinh hinh trén K.

Tap A(K) cac ham chinh hinh trén K véi cac phép toan thong thuwong lam
thanh mién nguyén. Truong cic thuong cia A(K), ki higu la M (K), dugc goi la
truong cac ham phan hinh trén K . Mai phan tr ¢ e M (K) goi la ham phéan hinh trén
f(z)
9(2)

véi

K. Nhu vay, mot ham phan hinh ¢(z) trén K déu co dang: ¢(z)=

f(z), g(z) 1a cac ham chinh hinh trén K.

Voi méi f eA(K) va sé thuc r>0, ta dinh nghia heng t t6i dai cua

r'}. Néu qozéeM (K) thi ,u(r,qo):zi::;;.

f:y(r,f):max{

n=0

an

"PGS TS, Trwdng Dai hoc Sw pham TPHCM; Email: quangmv@hcmup.edu.vn

76



TAP CHi KHOA HQOC BHSP TPHCM My, Vinh Quang

Voimdi g eM (K), taki hiéu n(r,¢) (twong tng, A(r,e)) 1asd cac cuc diém
ké ca sb boi (twong ung, khdng ké boi) cua ham phan hinh ¢ trong hinh cau déng
B(0,r). Ham dém céc cuc diém cia ¢ duge dinh nghia nhu sau:

N(r,p) :Ior n(t’w);n(o’w) dt +n(0,¢)logr

N(r,p)= Ir ﬁ(t’w);ﬁ(o’w) dt+m(0,¢)logr

0

Khi d6, ménh dé& dudi day duoc goi la twong tu phi Acsimet cua céng thac
Poision — Jensen (xem [5], [7]).

Ménh dé 1.1.

Cho peM (K).Khidé N[r,ij—N(r,(p)zlogu(r,(p)+c¢ ,
¢

trong dé, C, lahdng sé chi phy thugc vao ¢ .
Cho ¢ la ham phan hinh trén K. Khi do:
m(r,p)=log" u(r,p)=max{0, log u(r,p)}

duoc goi 1a ham xdp xi cua ¢ .
T(r,@)=m(r,@)+N (r,q))’
dugc goi la ham dac trung cua @ .
D& thay T (r,¢) la ham ting theo bién r vanéu ¢ la ham phan hinh khac hing
sothi imT(r,¢)=+0.
Ménh dé duéi day cho ta cach tinh ham dic trung.
Ménh dé 1.2.

Cho ¢ _t eM (K) vsif,geA(K) va khong cé khong diém chung. Khi do:
9

T(r.@)=max{logu(r, f),logu(r,g)}+0(1)

Hai dinh |i du6i day dong vai trd nén tang trong li thuyét Nevanlinna phi
Acsimet, dugc xay dung bai H.H. Khodai, M.V. Quang, A. Boutabaa. (xem [1], [5], [7])

77



TAP CHi KHOA HOC BHSP TPHCM Sé6 5(70) nim 2015

Pinh 1i 1.3. (Pinh I co ban thir nhét)
Cho ¢ la ham phan hinh trén K va a e K. Khi do

T[r,wiaj:T(r,goHO(l)

binh i 1.4. (Binh li co ban thi 2)
Cho r 1a s6 thwc dwong, ¢ 1a ham phan hinh khac hang sé trén K va
a,,8,,...,a, € K 1a cac phan t phan biér. Khi dé ta c6

(q-1)T(r,@)<N (r,(p)+Zq:N [r,

i=1

(p_aJ—NRam(r,go)—Iogr+O(1)

SN(I’,(p)+Zq:N[r, ! )—N{r,%}—logwo(l)

No{r’i.j la ham dém cdc khéng diém cua ¢' khi @ khong nhgn cac gia tri
)

a,8,,...,8,.
Dinh nghia 1.5.

Cho ¢ 1a ham phan hinh khéc hang sé trén K va a e K. Sé khuyét caa ham ¢
tai a dugc dinh nghia boi:

5,(a)= Iiminfm(r’—@iaj

=1-limsup
4 r—w T(r’(o) r—w T(r’(D)
N(r, laj
. (D—
0 =1-1 — 7
) )

S6 khuyét cia ham ¢ tai o dugc dinh nghia nhu sau:

8,(x)= liminf ?E:Z; :1—[msup%
N(r.e)
(

0 (oo):l—limsupT o)

4 r—oo
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Hién nhién 0<5,(a)<6,(a)<1. Tir cdc dinh 1i 1.3, 1.4, ta c6 cac két qua sau
day ve so khuyet. (xem[5], [7])
binh i 1.6.
Cho ¢ 1a ham phan hinh khac hang sé trén K. Khi dé ton tai nhiéu nhat mét
phan tir ae K Ufoo} dé 5,(a)>0.Dods Y, 5,(a)<l.
acK oo}

binh 1i 1.7.
Cho ¢ 1a ham phan hinh khac hang sé trén K. Khidé, tacé . 6, (a)<2.
acK o}

Noi dung chinh cua bai béo nay 1a mot s6 két qua lién quan dén bai toan nguoc
cua Li thuyet Nevanlinna phi Acsimet. Cu thé la xay dung ham phan hinh phi Acsimet
véi so khuyet tai cac diem da cho bang céac so cho trudce.

2. Céc két qua chinh

Ta bét ¢au bang hai b6 dé rat hitu ich sau

Bé dé2.1.

Choday {a,} _, trong K, a, #0, Vn va lim|a |=oco. Khi dé tich vé han

n—oo

héi tu va 1a ham chinh hinh trén K . Tdp khong diém cia f (z) chinh la {a,}

n>1"

Charng minh.

>

z R .
bt fn(z): [1——}. Véi moi r>0, ton tai n, sao cho
k=1 a'k

an

> v&i moi

n>n,. Khi d6 u(r,f)=u(r,f,) véi moi n>n,. Do do, véi n>n,

u(r, f - fn)=u(r, fn_l)/,t[r,aiJ=u(r, fno).L—>0 khi n — 0.

2]
vay f (z) la day Cauchy do d6 hoi tu trong hinh cu déng B(O,r). Do d6
f (z) 1aham chinh hinh trén K. Taco a, la khong diém cia f,(z) véi n>k nén a,
la khong diém cua f(z).

Nguoc lai, gid st ac K 1a khong diém cia f(z). Goi n, 1a sé tw nhién thoa

an

> [a] véi moi N> ny. Khi dé véi moi n>ny, taco:
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f,(a)= .(a) (a)=|f (a)]=0

Vay |f, (a)) =0 hay f, (a)=0dodé a=a,.

., (3)] dodo

n—oo

Vay tap khong diém cua f (z) chinhla {a,} O
Bé dé2.2.
Cho 0<&<1, p lasé thuc diong. Gia sir n 14 sé lon nhdt trong cac sé nguyén
k thoa [K} < p.Khi dé ta co:
&

-3 %<2 w0()

k=1

Charng minh.
Taco 5_1{5}&, do d6
P el €
gp-l<n<g(p+1) (*)
ep’—p<np<e(p’+p) (**)
k] 1@ 1n(n+l) _ p?
S lezyk=2D o2 L o(p) (do (*
uyrakzll[g} =Y k=D <2 10(p) (0o ()
k] 1 1n(n+1) p’
2 >=NYk=-n== do (*
;[J>8; " 2 n>¢ (p) (0 ()

B dé ¢ dugc chiang minh. O

Pinh i dudi day giai quyét tron ven van dé nguoc cua Binh I 1.6.
binh 1i 2.3.

Cho 6 €[0,1] va a € K\u{oo}. Khi d6 luén luén ton tgi ham phan hinh ¢ trén
K saocho §,(a)=6.

Chang minh.
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Dau tién ta ching minh ton tai p M (K) dé 6, () =5.Néu & =1 thi 5, () =1

v6i moi ham chinh hinh f . Do do c6 thé xem & e [0,1). Khi d6 xét cac ham sb

f(2)- ﬁila{wﬂ o(2)-T1[1+2]

trong do, ae K va |a| >1.

Theo b6 dé 2.1, f(z),g(z) 1a cac ham chinh hinh trén K véi tap khong diém lan

lugt I {aLJ} vaf-al

Goi n 1a s 16n nhat trong cac sb tu nhién i thoa {ﬁ}logag logr -

Khi d6 y(r,f)zr”fﬂaﬁﬁ] Suy ra Iogu(r,f)=n|ogr—2[ﬁ}|09|a|
i=1 -

Ap dung B6 dé 2.2 véi £ =1- o vap _ logr ,taco
Ioga
log p(r f):(1—5)(logr) +0O(logr).
’ 2logla|

2
Hoan toan twong tw, ta cd: log u(r,g) = (logr) +0O(logr)

2loglal
&t ham ohan hi _9(2) ,
ét ham phan hinh v (z) —m. Ap dung cac ménh dé 1.1 va 1.2, taco
1 (logr )
N(r,w)=N|r,—|=(1-0 o(l
() =Nt - 1-0) G <0 ean
(Iogr)2
T = I
(r.y) 2Iog|a|+o(0gr)
Do do, &, (0)=1-limsup N(r,y/):5
v r—oo T(r,l//)

Bay gid, chon ¢ =« +l, taco 8,(a)=46 vadinh Ii da dugc ching minh o
v
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binh 1i 2.4.

Cho 6, €[0,1], 6, {1—%

kel } va ay,a, € K u{oo} . Khi d6 uén luén ton tai

ham phan hinh trén K sao cho 6, (o, )=86,, 0, (a,) =6,.

Chang minh.

Dau tién, ta xay dyng ham phéan hinh v thoa 6, ()=8,, 6, (0)=6,. Xét cac
trueong hop sau

1) 6,=1va g, =1_%.

Xét ham v = g* voi 9(z)= ﬁ( J Vi y la ham chinh hinh trén K nén

i=1

0, (o) =1. Mt khac,

I\_l{r 1} N{r,gj .
. @

6 (0)=1-1 =1-1li — =2 =1-=
,(0) ) T(r.p) P kT (r,9) k
Vay 6, ()=6,0,(0)=6

|74 2°

2) 0,€[01), 0, :1—%. Xay ra mot trong nhiing kha nang sau
1 Car s fr

a) k> . Khi @06, xét ham y = —
1_91 g

Vi g(2) = ﬁ[“_j va f(z)= ﬁ[l— Z,}],

i=1 i

trong d6 aekK, |a|>1 va 6 =1- (0<6<1).

k(l—@l)
Theo chimg minh trong Pinh li 2.3, ta co

log u(r,9) = (2I(I)gr|)2| +0O(logr)

(log r)2
2log|a)

(log r)2
2loglal

log u(r, f)=(1-6) +0O(logr)

log u(r, f*)=k(1-5) +0(logr)

82



TAP CHi KHOA HQOC BHSP TPHCM

My, Vinh Quang

1 R 1
=0 nén k(1-6)=

Theo Ménh dé 1.2 ta co:
T(ry)= max{logy(r, £),log u(r, g)}

= k(l—é)%JrO(log r)

Do 6 =1-

N(r,w)=N (r,EJ —M+O(Iog r)

g) 2loglal
N_(r,iJ: N(r,EJ:(l—@(Iogr)z +O(logr)
" f 2logla|
Do do,
N(r,y) 1

b) k < —. Khi d6, xét ham y = & voi

|

trong do,
acK,la>1 ,5=1-k(1-6) (0<5<1)
Vi o :l—k(1—01) nén 1-¢9 = k(1—01)s k
Bai vay, theo tinh todn ¢ phan trén ta c6
(logr)’

T(ry)= max{logu(r,gk),logu(r, f)} =k T +0O(logr)
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N(rw)=N (r,iJ:(l—E)(logr)z +0(logr)

f 2log|a|
N_(r,iJ: N(r,lj: (togr) +0O(logr)
v g) 2loglal
Do do, 6, () =1 limsup f((rr;///)) :1_(1;5) g
N(r,lj .
0, (0)=1-limsup T(r’z) =1-7=9,

Vay, véi moi 6, [0,1], 6, < {1_%

k eD} ludn ton tai ham chinh hinh w sao cho
0, ()=6,0,(0)=6,

Bay gio, dit ¢ = O“V//’_:f‘ Khi do, ta c6 0, (a,) =0, (x) =86, 6,(c,) =06, (0) =8,
va dinh li @& dugc chirng minh O

binh |i duéi day cho thay s6 2 trong Dinh Ii 1.7 khdng thé thay thé boi mot sb
nho hon.

binh 1i 2.5.
Cho a,feKu{x}, a=B. Ton tai ham phan hinh ¢ trén K sao cho
0,(ax)=0,(8)=1vidods Y 6 (a)=2

aeKu{w}

Chang minh.

X6t ham g(z)zlj(uaiJ va h(z)=]i[[1+§ji

Theo B6 dé 2.1, tacd g,h chinh hinh trén K va N(r,%jz N[r,lj.
Tu dinh 1§ 1.3, ta c6: T(r,h)=T(r,%}+O(1)

(), 0
Do dé: 6,(0)=1-limsup =1-limsup g

T
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Vi mdi s6 nguyén duong K, ta c6
N (rlj >N [r,ik}ro(log r)
h g

N(r,lj 1
Do do, “msup—ggl’ suy ra Hh(O)Zl—E vai moi k Cho k — o
r—o0 N(r,lJ k
h
taco 6,(0)=1.
Mat khéc, do h 1a ham chinh hinh trén K nén N(r,h)=0 va 6, () =1.

Bay gio, dit o= “:‘f. Khi do, ta c6 0, (a)=6,(B)=1 va dinh Ii d& duoc

chang minh. o
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