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TOM TAT

Trong bai bao nay, chiing t6i md ta day dii cau tric nhém nhan ciia vanh thirong ciia vanh cac
$6 nguyén dai s6 Z[N—6| theo cdc idéan la lup thira cia idéan nguyén té. Tir d6, nhu la hé qud,
chlng t6i md td tron ven cdu trdc nhém nhan cia vanh thwong cia vanh cac sé nguyén dai so
Z|V—=6] theo idéan khac khéng bat Ki. Cudi cing, bai bao xay dung mét vi du minh hoa duwoc xem
nhu la dp dung céc két qua nghién citu trén trong trirong hop cu thé.

Tir khoa: vanh s6 nguyén dai s6; vanh thuong; nhom nhén ctia vanh thuong

1.  Médau

Xét mot mo rong dai s6 F trén truong s hitu ti Q vai bac [F: Q] = n. Goi D 1a vanh
cac s6 nguyén dai s6 cua F. Khi d6, ta co thé coi D nhu mot dang mé rong tu nhién tir vanh
s6 nguyén Z (rd rang D = Z trong truong hop n = 1). V&i mdi I < D, ki hiéu D/I 1a vanh
thwong cua D theo I, vanh nay con goi 1a vanh cac 16p thing du modulo I, nhém cac phan
tir kha nghich (nhém nhén) cua vanh thuong nay dugc dinh nghia bai ¢, (1) = (D/I)*, trong
khi s phan tir |D/I| dai dién cho chuan Nj,(I) cua idéan I. Khi d6, dai luong ¢p(I) =
|¢p (D] chinh 1a ham Euler tong quat trén D, xac dinh véi moi idéan I khéc khong thudc D).

Viéc nghién cttu nham tudng minh ciu tric caa vanh thuong ciing nhu nhém nhan
tuong wng trén vanh cac sé nguyén dai s6 ludn 1a mot hudng di quan trong va mang tinh thoi
su trong li thuyét s6. Dresden va Dymacek (2005) m0 ta duoc cau tric vanh thuong ctia vanh
s6 nguyén Gauss (vanh Z[v—1]); Bugaj (2014) mé ta dugc cu trac vanh thuong ciia vanh

1+g?3])- Gan day, Greene va Jing (2024) mo ta duoc Ciu tric

s6 nguyén Eisenstein (vanh Z [
vanh thuong ciia vanh cac sd nguyén dai s bac hai ma 1a vanh chinh. Béi véi cau tric nhom
nhan, Cross (1983) mé ta thanh cong cau trdc nhom nhan cua vanh thuong cua vanh sb
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nguyén Gauss; My va Cao (2025) mb ta dugc ciu triic nhom nhan ctia vanh thuong cia vanh
s6 nguyén Eisenstein. Bai bdo ndy s& mé ta cdu trac nhom nhan cua vanh thuong ctia vanh
cac sb nguyén dai sd Z[v=6]. Luu ¥ rang tat ci cic két qua ké trén clia cac téc gia trudc déu
ap dung cho 16p cac vanh sé nguyén dai s6 1a vanh chinh. Trong cic vanh nay, mdi idéan
déu 1a idéan chinh va moi phan tir khac khong, khong kha nghich déu phan tich duoc duy
nhét thanh tich cac phéan tir bat kha quy. Tuy nhién vanh Z[\/—_6] khong la vanh nhan tir hoa,
do d6 trong vanh nay ton tai cac phan tir c6 thé co nhidu cach phan tich thanh tich cic phan
tir bt kha quy. Mat khéc, vanh Z[v—6] 1a vanh Dedekind; vi vay moi idéan khac 0, Z[v—6]
cua Z[\/—_6] déu phan tich dugc duy nhat thanh tich cac idéan nguyén td.
2. Ki hiéu va cac két qua mé dau
Ki hi¢u D 1a vanh cac sé nguyén dai s6 cua truong F = Q(V—6). Khi do
D = Z[V—-6] = {a+ bV—=6 |a, b € Z}.
Nhém cac phan tir kha nghich trong D 1a {+1} = (—1).
Céc idéan nguyén t6 trong D dugc md ta théng qua dinh Ii sau.
DPinh Ii 2.1. Trong vanh D c6 ba loai idéan nguyén t6 (khac 0) nhu sau:
1) a= (2 \/_) vap = (3 \/_) 1a cac idéan nguyén té ddng thoi (2) = o?, (3) = p?
vaN(a) =2,N(p) = 3.
2) Néu p 1a sé nguyén tb thoa man (_?6) = —1, thi {p) la idéan nguyén t6 trong D va

N((p)) = p?
3) Néu q 1a sé nguyén t6 thoa mén (_—6) = 1, thi (g) c6 phan tich duy nhit dugi dang

(q) = mymy, trong 46 m, = (q,m + \/_> Ty = ( m— \/—_6) (m 14 s6 nguyén théa man
m? + 6 chia hét cho q) 1a cac idéan nguyén t6 khac nhau va N(nq) = N(n_q) =q.
Ngoai ra, bt ki idéan nguyén t6 khac 0 ndo cua D ciing bang véi mét trong ba loai
idéan nguyén tb nai trén.
Chtng minh cua Dinh Ii 2.1 nay c6 thé tim thay trong (Alaca & Williams, 2004). Ké
tir ddy, ta ki hiéu p 1a s6 nguyén té thoa man (_?6) = —1, g lasé nguyén té thoa man (_76) =
1, o, B, g, T, 1 cac idéan nguyén t6 nhu trén théa man (q) = TTgTy.
Hai dinh li duéi day mé ta cac phan tir dai dién cia vanh thuong va nhom nhan cua
vanh thuong cua D theo idéan lily thira ctia idéan nguyén t6.
Dinh 1i 2.2. Ta co:
1) D/mp={lal:0 <a <q" -1}
2) D/ pmy= {[a + bV=6]:0 < a,b < p™ —1}.
3) D/gzm= {[a+ bV—6]:0 < a,b < 2™ —1}.
D/gemer={[la+bV=6]:0<a<2™1-10<bh<2™ -1}
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4) D/gem={[a + bV=6]:0 < a,b < 3™ — 1},

D/gemni={[a+bV—6]:0 <a<3™'1-10<b<3m-1}

Chitng minh. Ta c6 vé phai I tap con cua vé trai. Ta s& chitng minh céc 16p twong
duong & vé phai d6i mot khac nhau. Tir d6 suy ra sé phan tir cua hai vé bang nhau nén hai
vé ciing bang nhau.

Quy wdc chung: O vé phai, cac phan tir duoc lya chon déu dong vai tro 13 dai dién cho
nhiing 16p twong dwong twong ung. Céc ki hiéu |, va t5 1an lugt duoc st dung dé mo ta quan
hé chia hét va khdng chia hét xét trong cau trdc vanh R.

1) Tir gid thiét a = b (mod 7}), ta thu duoc 7}|p(a — b). Dan dén:

Ty =7y |pla—Db) = (a—b).

Mat khac, do m,, T, nguyén t6 cung nhau trong D nén nz;n_g‘ |p{a — b), hay ndi cach
khéc (q™) |p (a — b), diéu nay kéo theo g™ |z(a — b), va vi vy ta thu duoc a = b.

2) Giasir a + bv/—6 = ¢ + dv/—6 (mod p™), hé thirc nay twong dwong véi

pP"Ibl(a =) + (b — dV=E).

Ta suy ra dong thoi p™|z(a — ¢) vap™|z(b —d) hay a = ¢, b = d.

3) Béi véi truong hop D/ zem, do a®™ = (a?)™ = (2™) trong D nén ta ching minh
tuong ty nhu (2).

D6i V6i D/ jom+1 , tacd a?™t = a?™. a = (2™)a. Néu

a + bvV—6 = ¢ + dv—6 (mod a?™*1)
thi 2™a [p((a—c)+ (b —d)V=6). Khi d6 2™ |,[(a—c)+ (b—d)V—6] nén
2™M|z(b—d), hay b =d. Ta suy ra (2™)a |p (a —c), do d6 N2™a) |z N(a — ¢), tic
22m+1 1, (a — ¢)?. Nhu vay 2™t |,(a — ¢), hay a = c.

4) Chirng minh tuong tu nhu (3). [
Pinh 1i 2.3. Véia,b € Z, ta co:
1) ¢p(ny) = {la] |1 < a < q"~1,q 45 ab.
2) ¢pp((p™) = {[a+bV=6]:0 < a,b < p™ —1,p t; ahodcp 5 b}.
3) ¢p(@®™) ={[a+bV—6]:0<ab<2™—1,21t;al.
p(@®™) ={la+bV=6]:0<a<2™1—-10<b<2m-124;a}.
4) pp(B*™) = {[a + bV—6]:0<a,b <3™—1,3 1 a}.
o (B2 ) = {[a+ bV—6]:0<a<3™1-10< b <3™—1,3 };a}.

Chitng minh. Trudc hét ta c6 nhan xét sau: Choy € D va I < D, khi d6 [y] kha nghich
trong D /I khi va chi khi ([y],I) = D hay (y) + 1 = D.

That vay néu [y] kha nghich trong D/I thi ton tai [§] € D/I sao cho [y].[8] = 1 hay
Y6—1=0€1l,doddo1=y8—0€(y)+1.Suyra(y)+1=D.Nguoc lai, néu (y) + I =
Dthil= y86+6 v6ise€lvaoel.Dodo[y].[6] = 1.
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Trudng hop dic biét, khi I = P™ véi P 1a idéan nguyén td, ta c6 [y] kha nghich trong
D/P™ khi va chi khi ([y], P™) = D hay ([y], P) = D khi va chi khi P +, (y) hay y & P.
Nhu mét hé qua tryc tiép, 1y hai phan t a, b € Z:
1) [a] kha nghich trong vanh D/ng khi va chi khi r, 45 {(a). That vay, ta co
Tq tp (@) = (q) = gy 4p (@) = q 1z @;
va
g [p{a) = g |pla) = (a) = (q) = ny7g [pa = q |z a.
Vivay m, tp (a) khi va chi khi g 17 a.
2) [a + bV—6] kha nghich trong vanh D/, khi va chi khi p +, (a + bv=6), diéu nay
dan dén diéu kién dong thoi p +; a hodc p +; b.
3) [a + bv—6] kha nghich trong vanh D /4 khi va chi khi a + bv/—6 & a. Do bv—6 €
anén a + bv—6 ¢ o twong dwong véi a & a hay 2 t; a.
4) [a + bv—6] kha nghich trong vanh D /gn khi va chi khi a + bv—6 & B. Do bv—6 €
B nén a + bv/—6 & P twong duong véi a & B hay 3 5 a. ]
Hé qud 2.4. Gié tri ¢ —ham Euler cho cac lity thira idéan nguyén t6 trong D véin > 1 la:
1) ¢p(nf) =q" (g - D).
2) pp({(p™) =p*" 2 (p* - 1.
3) pp(a™) =21
4) pp(B™) = 2.3"71,
3. Céc két qua chinh
3.1. Mgtsé bé dé
Cho sé tu nhién n > 1 va r 1a s6 nguyén 4, ta ki hiéu v, (n) 12 s6 mii cua r trong phan
tich tiéu chuan caa n (néu r + n thi quy udc v, (n) = 0).
Bo dé 3.1. (Pinh Ii Kummer) Cho  1a s6 nguyén té va k 1a s6 nguyén duong. Khi d6
vr(Crik) =k — v,.(i).
Chitng minh. B6 @& 3.1 c6 thé tim thay trong (Andreescu et al., 2017).
Bé dé 3.2. V6i n 1a sb nguyén duong, ta c6:

1) (1+ pv—6)p =1+ p™V—6 (mod p™*1).
2) (1+ \/—6)2n =1+ 2™/—6 (mod 2™*1) véin > 2.

3) (1+v=6) =1+ 23"/=6 (mod 3"1).
Chitng minh.
1) Taco

n-—1

p
(1+pv6) =1+p"V 6+ > i p'(V76)"
i=2
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Theo B & 3.1 thi v, (Chns ) = 1 — 1 — v, (i), mat khc, d& thy véi i > 2 thi i -

v, (i) = 2, do d6 ta ludn co UP(C;;n—lpi) =n—1+i-v,({) 2n+1,Vi = 2.Do d6
n—-1
(1+pv=6)" =1+p™V=6 (mod p™*).
2) Ta ching minh quy nap theo n
Véin=2,tac6 (1+vV=6)" =1—20V=6 = 1+ 4V=6 (mod 8).
Giasir (1+v=6)" =1+ 2"/=6 (mod 2"*1). Khi do
(14V=6)" =1+ 2"V=6+2"*15,6 € D.
Dian dén

n+1
(14V=6)" = (1+2™=6+2"18)" = 1 + 2"*1V=6 (mod 2"*2).
Vay (2) da dugc chirng minh.
3) Ta chiing minh quy nap theo n

Véin=1,1ac6 (1+V=6) =—17 — 3V=6 = 1 + 6v=6 (mod 9).
Giasir (1+v=6)" =1+ 2.3"/=6 (mod 3"*1). Khi do
(14V=6)" =1+2.3"/=6+3"158€D.

Dian dén
n+1
(1+V=6)" = (1+2.3=6+3"15)’ =1+ 23" V=6 (mod 3"*2).
Vay (3) da dugc chirng minh. [

Bé @¢3.3. Véim,n > 1,ta co:
1) [1 4+ pv—6] c6 cap p™* trong ¢, ((p™)).
2) [1 4+ vV=6] ¢6 cap 2™ trong ¢p (a?™) va ¢p(a?™+1) véim = 2.
3) [1 +V=6] co cap 3™ trong ¢, (B2™) va ¢, (BZ™H).
Chirng minh.
1) Theo B6 dé 3.2, ta co:

n—-1
(1+pv=6)" =1+p™/=6 (mod p™+L);
n-1
dods (1+pv=6)" =
Van theo B6 dé 3.2:
n-2
(1+ p\/—6)p =1+ p" -6 % 1 (mod p");
do d6 cép ctia [1 + pv—6] trong ¢, ((p™) lap™ 2.
2) Dbi véi pp(a®™), tacd a?™ = (2™), theo BS dé 3.2, ta co

(1+v=6)"" =1+ 2my=6 (mod 2"*1);

1 (mod p™).
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dodé (1+v=6)" =1 (mod 2™).
Van theo Bb dé 3.2:
m-—1
(1+V=6)" =1+2m"1y=6 % 1 (mod 2™);
do d6 cép cia [1 + v—6] trong ¢, (a?™) 1a 2™,
Dbi voi ¢p (a?™+1), ta cd a?™*1 = (2™)a, theo BS dé 3.2, ta co
(1+vV=6)" =1+ 2my=6 (mod 2m+1);
doar | V=6nén (1+v=6)" =1 (mod a?m*1).
Van theo B6 dé 3.2:
m—1
(1+V=6)" =1+2m"1V=6% 1 (mod 2"a);
do d6 cép ctia [1 + V—6] trong ¢ (a?™*1) 12 2™,
3) Déi voi ¢pp(BZ™), ta cod BZ™ = (3™), theo BO dé 3.2, ta c6
(1+v=6)" =1+ 23m/=6 (mod 3m*1);
dodé (1+v=6)" =1 (mod3™).
Van theo B6 dé 3.2:
m—1
(1+v=6)" =1+23™"1V=62 1 (mod3™);
do d6 cép ctia [1 + V—6] trong ¢ (F2™) 1a3™.
Dbi voi ¢p (BF™1), ta cd 2+ = (3™)B, theo BS dé 3.2, ta co
(1+V=6)" =1+ 2.3™V=6 (mod 37+1);
do B 1 vV—6nén (1+ \/—6)3 = 1 (mod p2m+1),
Van theo Bb dé 3.2:
m-—1
(1+V=6)" =1+23m1V=6 = 1 (mod 3mp);
do d6 cép ciia [1 + v—6] trong ¢, (B2™*1) Ia 3™, m
Bé dé 3.4. Cho H, K 1a cac nhém con cua nhém Abel. Néu H = (a) 1a nhom con cyclic cap
pk(k =1 vaa? " ¢ KthiHNK = {e}.

Churng minh. Ta c6 tap cac nhom con cua H la {(a?’i>; 0<i< k}.

Dodo HNK = <apj>v6i 0<j<knéuj<k—1thia?"" €K trai so véi gia
thiét, din d&én j = k vaH N K = {e}. n
3.2. Cdu triic ciia nhém ¢y, (11",;)

Dinh 1i35.Voine N,n>1,taco
bp(TG) = Zgn_gn-r.

Chitng minh. Theo Dinh 1i 2.3:
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ng(nZI‘) ={[a]:1 <a < q™gcd(a,q) =1}.

Liuc nay, anh xa

$2(q™) = ¢p(nf), [a] = [a]
1a mot ddng cau, ngoai ra néu nhu [a] = [b] trong ¢p(n2) hay a = b (mod =) thi theo
chting minh ¢ Pinh 1i 2.1 ta ¢6 q™ | (a — b), suy ra a = b dan dén dong ciu trén 12 mot
don cau. Vi |¢D (n3)| = |¢z(q™)| = q™ — g™ ! nén anh xa trén 1a dang ciu, do d6

¢D(T[(r;) = ¢Z(qn) = an_qn—l. u
3.3. Cdu triic ciia nhém ¢p({(p™))

Dinh 1i 3.6. Véin € N,n > 1, ta co:

Gp((p™) = Zyn-1 X Lyn-1 X Lyz_4.

Chitng minh. Trudc hét, ap dung B6 dé 3.3, ta suy ra cap cla [1 + p\/—6] trong nhom
dp((p™) lap™t,dodo X = ([1 + p\/—6]) cling co cap la p™~ 1.

Tiép theo, ta xét anh xa

¢Z(pn) - ¢D ((pn>)r [a] i [a],

15 rang, 4nh xa nay 1a mot don cdu. Chl Y rang ¢z (p™) 1a nhém cyclic c6 cap 1a @z (p™) =
p™ (p — 1), tir 6 t6n tai mot 16p [a] trong nhém ¢4 (p™) c6 cap ding bang p™~ L. PatY =
([a]) trong ¢p((p™)), khi d6 cdp cua Y la p™ ! Ngoai ra, tir B6 d& 3.2 thi
n-2
(1+ p\/—6)p =1+ p™" /=6 (mod p™) nén
n-2

|(1+pv=8)" | =[1+p V=g ev.

Bai vay theo B6 d& 3.4, X nY = {[1]} va XY c6 cip p?™~2. Ta c6 (p) la idéan nguyén
t6 trong D nén D/, 1 trudng c6 hitu han phan tir, dan dén ¢, ((p)) 12 mot nhém cyclic co
cAp p? — 1 (theo Hé qua 2.4). Goi [¢] 12 phan tir sinh ¢p((p)) va o = P, it k 1a chp
ctia [o] trong ¢, ((p™). VI ¢ ((p™)) €6 cdp 1a @ ((p™)) = p? 2(p? — 1) nén [o]P*~1 =
[¢P*"*(@*-1) = [1] trong ¢p((p™), do d6 k|p? —1. Mat khac [o]* = [1] trong
¢p((p™) nén [o]* = [T] trong ¢ ((p)), suy ra [¢**™" = [T] trong ¢, ((p)), do d6 p? —
11 kp?™2hay p? —11k.Vay k = p? — 1 hay [o] c6 cép la p? — 1 trong ¢, ((p™)). Lay
Z = ([a]) trong ¢ ((p™)). Vi moi phan tir trong XY déu c6 cap la luy thira caa p nén (XY) N
Z = {[1]} va cap cuanhém XYZ 1a p?»~2(p? — 1) va ciing chinh 1a ¢, ((p™)). Ta két luan

o ((p™) = XYZ = Lyjn-1 X Lyns X Lz_. =
3.4. Cdu tric ciia nhém ¢, (a™)

Dinh li 3.7. Ta co:
2) ¢p(a®™) = Zy X Lym-2 X Lym, V&im > 1.
3) ¢p(@®™*1) = Zy X Lym-1 X Zym, Véim > 1.
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Chirng minh.
1) D& dang suy ra tir kiém tra truc tiép.
2) Véi m > 1, trude hét theo B4 dé 3.3, taco H = ([1 + \/—_6]) 12 nhém con ¢6 cap
2™ cua ¢ (@®™). Tiép theo, ta ¢ anh xa:
¢z(2™) - ¢p(a®™),[a] » [a]
la don cdu nhom va ¢z(2™) = Z, X Z,m-> nén trong ¢p,(a?™) c6 nhém con K =
Pz (2™) = Zy X Zym-2.

m-—1
Theo B6 d¢ 3.2, [(1 +V=6)’ ] = [1+ 2™ *V=6] ¢ K nén theo B6 dé 3.4, H N

K = {[1]} vatich HK 1a tich truc tiép c6 cap 1a 2™.2m~1 = 22m~1 = ¢ (a?™). Nhu viy:
¢p(@®™) = HK = Zy X Zym-2 X Zym.
3) Chimg minh tuong tu nhu (2), véi luu ¥ ring don ciu nhom ta xét s& 1a ¢z (2m+1) —
¢p (™), [a] + [a]. m
3.5. Cdu triic ciia nhém ¢p(B™)
Dinh li 3.8. Ta co:
1) ¢ (B) =([2]) = Z,.
2) ¢pp(B*™) = Zygm-1 X Lgm, VGim > 1.
3) ¢pp(B?™*L) = Zy gm X Zgm, VGim = 1.
Chitng minh.
1) Do ¢ (B) chi c6 2 phan tir 13 [1], [2] nén ding ciu véi Z,.
2) Véi m > 1, trude hét theo B4 dé 3.3, taco H = ([1 + \/—_6]) 12 nhém con ¢6 cap
3™ cua ¢p (B%™). Tiép theo, ta c6 anh xa:
$2(3™) — $p (5™, lal > [a] |
la don cau nhom. Do d6 néu [a] 1a phan tir sinh cta ¢5(3™) v6i a € Z thi cap cua [a] trong
dp(B¥™) 1a2.3™1. Suy ra K = ([a]) c6 cip 2.3™1 trong ¢, (BZ™).
Theo B6 dé 3.2, [(1 + \/—_6)3m 1] = [1+42.3™1V—6] & K néntheo B6 d¢ 3.4, H N
K = {[1]} va tich HK 1a tich truc tiép co cip 1a 2.32™"1 = ¢, (B?™). Nhu vay:
¢p(B*™) = HK = Ty 3m-1 X Lgm
3) Chirng minh tuong tw nhu (2), véi luu y ring don ciu nhom ta xét s& 1a ¢ (3™*1) —
¢p(B*™1), [a] » [a]. u
3.6. Cdu triic nhém nhén ¢p(I) ciia vanh thwong D /I
Do D la mién Dedekind nén mdi idéan I khac 0, D cua D déu c6 phan tich duy nhat
dusi dang I = P/"*P)"? .. P'¥, trong d6 véi mdi i € {1,2, ..., k}, P; 1a cic idéan nguyén t5
khéc 0 dwoc mé ta trong Pinh 1i 2.1, n; 12 s6 nguyén duong. Dang phan tich trén goi 1a dang
phan tich tiéu chuan cta idéan 1.
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Dinh 1i 3.9. Cho idéan I khac 0, D cua D c6 phan tich tiéu chuan I = P P2 ... B,*. Khi dé:
¢p(I) = ¢D(P1n1) X ¢D(Pzn2) X .. X ¢D(Pknk);
do do ta ciing c6

op() = <PD(P1n1)<PD(Pzn2) <PD(Pknk)-

Chatng minh. Truéc hét, ta ching minh nhan xét sau: Cho M, N 1a cac idéan cua D,
nguyén t6 cuing nhau (tc M + N = D). Khi d6 4nh xa

0:D/MN - D/M x D/N,8(a) = (a,a)
1a dang céu vanh,

That vay, dé théy anh xa

0:D - D/M x D/N,6(a) = (a,a)
1a ¢dng cau vanh c6 Ker(0) = {a € D,a = 0 trong D/M vaa = 0 trong D/N}

={a€D,aeMvaae N}=MnN.

Ta ludn c6 MN € M n N. Vi M, N nguyén t6 ciing nhau nén ton tai x € M,y € N sao
cho x +y = 1. Khi 6 voi a € M N N bat ki thi a = ax + ay € MN.Vay MN =M NN
nén Ker(6) = MN.

Tiép theo, ta ching minh 6 13 toan cau vanh. Véi moi a, b € D, xét u = ay + bx. Khi
ddbu=a(l—x)+bx=a+ (b—a)xnénu =atrong D/M (vi (b — a)x € M), ta cling
6 u=ay+b(l—y)=b+(a—b)y nén u= b trong D/N. Vay 0(u) = (E,E) €
D/M x D/N hay 8 la toan cau. Theo Dinh Ii Noether thi 6 cam sinh dang ciu vanh trén. Ta
thay rang két qua trén c6 thé ma rong cho hitu han cac idéan cia D, d6i mot nguyén t cing
nhau bang quy nap.

Tt do, theo nhan xét trén, do cac idéan Pln

Y Pznz, . Pkn" d6i mot nguyén tb cung nhau
nén ta c6 dang cau vanh
0:D/1 =D/P X D/P)? X ... x D/P.*,
Ping c4u vanh 8 cam sinh ding cu nhom nhan
(D/D* = (D/PM) x (D/P?) % ... x (D/PM*)
hay
dp(D) = ¢p(P") X pp(P)'?) X ... X Pp(P*).
Do dé ta co
op(I) = ¢p (P1n1)<PD (Pznz) - Pp (Pknk)- u
Sau day, chung t61 dua ra mot vi du minh hoa
Vi du 3.10. M6 ta nhém @ (1) voi
I =(573300,4118400 — 3900\/—_6).
Dau tién, ta phan tich I thanh cac idéan nguyén td.
Tac6: I = 3900(147,1056 — V—=6) = 3900/,
Theo Dinh 1i 2.1 thi
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3900 = 22.3.52.13 = a*p2n2. ;. 13.

Ta phén tich J = (147,1056 — v/—6) thanh tich cac idéan nguyén t6.

Ta co:

J.J = (147,1056 — vV—6).(147,1056 + V—6)

= (1472,147(1056 + V—6),147(1056 — V—6),1115142)
= 147(147,1056 + V—6,1056 — V—6,7586) = 147K.

Vi 147,7586 € K va (147,7586) = 1nén1 € K.Vay K = D vaJ.] = 147 = 3.72,

Ta co:

)3=B21J.JnénB|jvag|].

i) 7=(7,1+vV—=6).(7,1 —V=6) = m,.7;. Khi d6 m,.7,| J.J, din dén m,|] hoic
;| J.Ma1056 — V=6 = 1057 — (1 + V=6) € m, va 147 € m, nén ;| J, th 46 77;| J. Néu
nhu 7, |Jthi®, |/, thi 7| /],)' v ] = J' = 7. Didu ndy mau thuin vi J # J'. Vay 1, } .
Cubi cung, ta co dugc 2 | J Va2 | J.

Vay J = Br2. Do d6, phan tich tiéu chuan cua I 1a

[ = o*B3n2. 5o 2. 13.

Ap dung cac Dinh li 3.5 — 3.9, ta co:

Dp() =Ly XLy XL X Ly X Lpg X Lipy X Lyy X Lypgg.

op (D) = 2.4.6.3.20.20.42.168 = 406425600.

< Tuyén bé vé quyén loi: Cac tac gid xac nhan hoan toan khéng c6 xung dét vé quyén loi.

% Loi cam on: Nghién ctu nay duoc tai tro béi Nguén ngan séach khoa hoc va cong nghé
Truong Dai hoc Sw pham Thanh phé H6 Chi Minh trong dé tai sinh vién nghién ciéu khoa hoc
nam hoc 2025-2026.
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ABSTRACT
This paper provides a detailed description of the multiplicative group structure of the quotient
rings of the ring of algebraic integers Z[\/—_6] with respect to powers of prime ideals. As a
consequence, a complete characterization of the unit group of the quotient rings of Z[\/—_6] is
established for every nonzero ideal. Finally, the paper presents an illustrative example to
demonstrate the application of the obtained results in a specific case.
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