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TOM TAT

M6 phong mé hinh Fermi-Hubbard la bai todn then chét trong vit |i vt chdt ngung tu nhung
thwong vieot qud kha nang ciia cac phieong phdp tinh todn cé dién khi quy mé hé tang. Nghién citu
nay dé xudt mot quy trinh mé phong lwong tir bién phéan sir dung VOE va VOD dé wéc hrong ning
lwong trang thai co ban va mirc kich thich thir nhat. Ansatz lai HEA—HVA dwoc thiét ké va két hop
linh hoat wu diém ciia ching nham toi wu can bang giita kha nang biéu dién trang thai va chi phi tdi
nguyén mach lwong tir. Théng qua mé phong soé trén cdc cau hinh chudi 41, mang vuéng 2x2 va
vong 6 vi tri véi ti s6 twong tac U/t tir 0 dén 10, két qua cho thdy Hybrid HEA—-HVA héi tu on dinh
va tdi tao tot nang lwong co ban ciing nhw mire kich thich thap nhat. So véi cac ansatz thuan tiy, cdu
truc lai cho sai léch nang luwong nho hon hodc twong dwong, dac biét hiéu qua trong vung tuong tac
trung binh manh, dong thoi van duy tri dg sau mach phii hop trong boi canh NISQ. Nghién ciru khing
dinh tiém ndng ciia ansatz lai trong mé phong cdc hé fermion tiwong quan manh va tao tién dé dé mo
réng sang cdc hé c¢6 phé nang lwong phirc tap hon trén quy mé lén.

Tir khéa: md hinh Fermi-Hubbard; mé phong luong tir; thuét toan lwong tir bién phan (VQA);
khir suy bién luong tir bién phan (VQD); thuét toan giai tri riéng luong tir bién phan (VQE)

1.  Gi6i thi¢u

Sy phat trién vuot bac cua khoa hoc lugng tir gan day dd mang lai nhitng budc tién
cach mang trong xt i thong tin. V6i wu thé vé khong gian Hilbert va kha nang xu Ii song
song vuot troi so voi phuong phap cb dién (Rietsche et al., 2022), dién toan luong tir ciing
cac thuat toan nhu Shor va Grover (Grover, 1996; Shor, 1994) da m¢ ra tiém nang to 16n
trong mat ma luong tir (Jha et al., 2025), phan phéi khéa lwong tir (Kumar & Mondal, 2025),
hoc may luong tir (Devadas & Sowmya, 2025), tai chinh lugng tir (Ords et al., 2019) va héa
hoc Iwong tir (Claudino, 2022; Georges et al., 2025). Dic biét, viéc md phong cac hé vat chit
ngung tu nhu mo hinh Fermi-Hubbard (Arovas et al., 2022; Hubbard, 1963) dong vai tro
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then chét. M6 hinh nay mé ta cac electron twong tac trén mang ludi, tuan theo nguyén Ii loai
trir Pauli (LeBlanc et al., 2015), va chiu sy canh tranh gitta dong ning (thuc ddy qua trinh
nhay sang vi tri 1an cin) va tuong tac diy Coulomb tai chd, su canh tranh nay 1a ngudn gbc
ctia nhiéu hién tuong twong quan manh trong vat i vat chit ngung tu (Dagotto, 2005; Fradkin
et al., 2015; Sachdev et al., 2002). Trong nghién ctru nay, ching t6i tap trung vao viéc xac
dinh trang thai co ban va phan tich cac y nghia vat li twong irng ctia mo6 hinh.

Viéc giai quyét mo hinh Hubbard phu thudc 16n vao sé chidu ctia ciu hinh mang. Trong
khi truong hop mot chiéu (1D) c6 nghiém chinh xac qua ansatz Bethe (Bethe, 1931), truong
hop hai chiéu (2D) van 1 thach thic 16n (LeBlanc et al., 2015). Cac cach tiép can cb dién
déu gap han ché nghiém trong: phuong phap chéo hoa chinh xéc bi gidi han boi sy bung nd
khong gian Hilbert (Yamada et al., 2005), nhom tai chudn hoa mat d6 ma tran kém hiéu qua
& chiéu cao hon 1D, va md phong Monte Carlo lugng tir gip van dé ddu fermion gay hoi tu
cham (Iskakov et al., 2024).

Pé khic phuc cac han ché trén, thuét toan luong tur bién phan trén cac thiét bi luong tur
quy mé trung binh (NISQ), dic trung boi sb luong qubit han ché va ty 1é 16i cao, ndi 1én nhu
mot hudng di trién vong (Peruzzo et al., 2014; McClean et al., 2016). Trong d6, thudt toan giai
tri riéng luong ttr bién phan VQE 1a mot thudt toan hybrid giira lugng tir va ¢ dién, két hop may
tinh luong tr dé chuan bi mot trang thai thir duoc goi la ansatz va do nang luong, trong khi thuat
toan ti wu cd dién cap nhat cic tham sb ansatz dua trén nguyén Ii bién phan. Thanh cong cia
VQE phu thudc chit yéu vao thiét ké mach tham sé no phai vira c6 kha ning biéu dién di dé mo
ta trang thai co ban, vira phai du nong dé c6 thé chay trén phan cing NISQ. Hién nay c6 hai
nguyén li thiét k& ansatz chinh da duoc nghién ciru. Mot 14 ansatz hiéu qua phan cting (HEA),
duoc xay dung tir cac cong lugng tir co ban ciia thiét bi (Kandala et al., 2017). HEA ¢6 wu diém
mach nong nhung d& gap hién twong "cao nguyén can cdi" kho tdi uu (McClean et al., 2018).
Nguoc lai, Ansatz Bién phan Hamiltonian (HVA) dua trén cAu truc vat If (Montanaro & Stanisic,
2020) hoi tu tt nhung tao ra mach qua siu cho thiét bi NISQ. Dé giai quyét su danh doi nay,
ching t6i dé xuat mot phuong phap hybrid méi, két hop céu tric vat Ii cia HVA véi cac khéi
linh hoat cia HEA. Y tudng chinh 1a dung HVA dé nhanh chong dua trang thai thir tién gan
ving nghiém dtng, trong khi cac khéi HEA néng dong vai tro ting kha ning biéu dién va thich
g v6i phan cting ma khong 1am ting dang ké do sau ctia mach.

2. Doi tugng va phwong phap nghién ciru
2.1. M0 hinh Fermi-Hubbard

M6 hinh Fermi-Hubbard mo ta fermion twong tac manh trén mang tinh thé, giai thich

cac hién tuong nhu chuyén pha Mott (Hubbard, 1963). Hamiltonian nay c6 dang:

H=—-t z (CZSCj,s + CstCi,s) + UZ n (D
(@.J) j
s=T1

voi tla bién do nhay gitra cac vi tri 1an can (ching t61 dat t = 1 lam don vi do nang lugng);

Cj s lan luot la toan tir tao va huy electron véi spin

U 1a cuong do twong tac tai chd, va chs,

s trén vi tri j. Ki hiéu (i, j) chi cac cdp vi tri 14n cén, tap lién két nay duoc xac dinh dya trén
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hinh hoc tirng cum.

Chuing t6i khao sat mé hinh Fermi-Hubbard chuén trén cic cdu hinh: chudi 4x1, mang
vudng 2x2 va mang 1D 6 vi tri v6i diéu kién bién tuan hoan (Hinh 1). Tham sb twong tac
U/t duoc khao sat trong khoang tir 0 dén 10, bao phui ché do twong quan yéu dén manh va
phu hop véi gidi han d6 sdu mach VQE (Cai, 2020).

l_}_l
I_L_I

I

a) chudi 4x1 b) mang vuong 2x2 C) vong 6 vi tri
Hinh 1. Cdu tric ciia mé hinh Fermi-Hubbard
Pé mo phong trén may tinh luong tir, chung t6i dung 4nh xa Jordan-Wigner (JW)
(Gulacsi, 2025): mdi vi tri j v6i hai spin dugc gan hai qubit. Toan tir fermion chuyén thanh:

X, +iY 1—["_1 X, —iY, ﬁ
A —1

V6i thanh phan nhay gitra hai vi tri i va j > i, ta thu dugc:

1
cfej+¢fei - > (XX; + YY) Ziy1Ziyn - Zj 4 3)
Véi thanh phan tuong tac tai chd duoc biéu dién thanh:
1
ML= (I = Z25)(I = Z2j41) (4)

2.2. Thudt todn lwong tiv VOE va thiét ké ansatz hybrid
Thuat toan VQE tim trang thai nén théng qua viéc t6i thiéu héa nang luong trung binh
dwa trén nguyén |i bién phan (Griffiths & Schroeter, 2018):
Evar = (Yyar|H|Yvar) = Emin = (YolHl 1) ) (5)
Trong nghién ctru nay, trang thai Néel dugc chon lam trang thai tham chiéu vi n6 phan
anh chinh xac ban chit twong quan manh ctia mé hinh Fermi-Hubbard (Poilblanc, 2014) ¢
cAu hinh nira dﬁy, giip qué trinh t8i wu hoi tu nhanh va dat dd chinh xac cao hon cac lya
chon khoi tao khac:
, [¥nea) =ITITL ) , 7 (6)
Ti€p do, ansatz dugc xdy dung tur cac cong lugng tur tham so hoa de tao ra mirc do
vuéng viu can thiét nham biéu dién chinh xac khong gian trang thai ciia hé.

o ﬂ_ .:E Go —2 :—.':
o S «
o AEHE SR G B -
o HHE AN
a) mach ansatz HEA b) ansatz HVA C) ansatz két hop giita HVA va HEA

Hinh 2. So do cdc mach heong tir
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2.2.1.Ansatz HEA
HEA 1a mach tham s6 gdm cac 16p quay mot qubit xen k& cong vudng viu, thiét ké
pht hop két ndi phan cimg (Hinh 2a) (Kandala et al., 2017). Vi d6 sau p, mach c6 dang:
Unea(8) = - D o .
wen® = | [wier@.0) %
1=1
trong d6 n 1a s6 qubit, Ue(rl@ 13 16p gay vudng viu thtr I thuong duge hién thuc bang cac chudi
cong controlled-Z, va phép quay mot qubit tai vi tri i trong 16p [ c6 dang
R(6::) = Ry (67) R,(67) (8)
véi R, (0) = e"99”/2va R,(0) = e~97"/2. HEA c6 uu diém la linh hoat va d& trién khai
trén nhiéu kién triic khac nhau, nhung viéc thiéu cau triic gan véi Hamiltonian bai toan khién
khong gian tham sb c6 thé qua 16n va d& din dén cao nguyén can cbi trong mach sau.
2.2.2.Ansatz HVA
HVA dua trén thuat toan tdi wu xap xi lugng tir va nguyén i doan nhiét (Farhi et al.,
2014), nhu Hinh 2b ansatz HVA dugc sir dung mé phong phan tuong tac tai chd théng qua
cong R, va sb hang nhay théng qua Ryy Ryy, tin dung ciu trac Hamiltonian bai toan. Véi
H =Y1, H;, HVA c6 dang:

i) = ﬁ <1_[ exp(—wl,iﬂi)> o) ©)

=1 S

trong do 6, ; 1a tham s6 bién phan gan v6i hang tir H; ¢ 16p . Ansatz ndy bao toan ddi xing,
thu hep khong gian tdi wu, thudng hoi tu nhanh va chinh xac hon HEA trén cac bai toan cd
ciu tric, nhung c6 thé yéu cau mach sau hon (Park, 2024).
2.2.3.Hybrid ansatz HEA — HVA

Chuing t6i dé xuét ansatz Hybrid cho mé hinh Fermi-Hubbard (Hinh 2c¢), két hop HVA
cho cac hang tir nhay va tuong tac tai chd véi cac 16p quay don qubit kiéu HEA nham ting
kha ning biéu dién va diéu chinh pha cuc bd. Ansatz do sau p c6 dang:

P
@) = | [ (V@U@ UR®) Wxea) (10)
1=1

trong do U ) (@) 12 16p quay mot qubit kiéu HEA, gdm cac phép quay R, trén timg qubit véi

sin
®

tham s0 «, Uhop

—icpy i W H'P <1 , , s X =iy HM A A
e ‘¢z,u,;)”(u), Ui(nlt) (y) 1a 16p HVA cho cac hang tir tuong tac tai cho e iviiH" Pé can bang

linh hoat va sb tham s, cac lién két ddi xting duoc gan cung tham sd trong mdi 16p, tir d6
gitip mé& rong khong gian biéu dién so véi HVA thuan.

Dé dinh lugng chi phi tai nguyén va kha ning trién khai trén phan ctng NISQ, ching
t61 thong ké s6 tham s6 bién phan, do sdu mach, sb 16p p va sd céng 2-qubit cia timg ansatz
nhu trong Bang 1.

Nang lugng trung binh cuia trang thai thir dugc tinh thong qua ham chi phi

(¢) 1a 16p HVA cho cac hang tir nhay, dugc xay dung tir cac toan tu
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c(8) = (w(6)IHIp(6)) (11)
trong do |1/)(§)) 1a trang thai luwong t&r dugc tao bdi mach ansatz ing véi b tham s6 bién
phén 6 (a, ¢,y). Sau mdi vong lap, gia tri C (5) dugc dua vao bo tdi uu ¢b dién dé cap nhat
6. Qua trinh nay duoc 1ip lai cho dén khi C (5) héi tu vé gia tri cuc tiéu.

Bing 1. Thong ké tai nguyén mach cia cdc ansatz (HEA, HVA, Hybrid)
cho cdc cdu hinh 4x1, 2x2 va vong 6 Vi tri

Ansatz  S6 tham sb Do siu ciia mach S6 16p S6 cong 2 qubit
HEA 64 17 4 28
4x1 HVA 8 21 4 64
Hybrid 72 25 4 64
HEA 64 17 4 28
2%2 HVA 8 61 4 144
Hybrid 80 41 4 144
6 vi tri Hybrid 180 145 6 372

Sau khi wéc lwong, ham chi phi VQE va VQD tro thanh bai toan t6i wu phi tuyén theo
6. Cac bo tdi wu trong VQA thuong chia lam ba nhom: dya trén gradient, khong dao ham,
va chuyén biét phan ctirng. Nhoém gradient dung quy tic cip nhat nhu ha gradient:
df
0 oo, (12)
v6i h 14 tdc d6 hoc. Phuong phap khong dao ham dung khi gradient kho tinh hodc kém tin
cdy; nhém chuyén biét phan ctng tin dung thanh phan luong tir (Singh et al., 2023).

Trong qua trinh mo6 phong Fermi-Hubbard 2D, 4nh xa JW thuong tao ra cac chudi toan
tir Z kéo dai tai cac lién két nhay doc do cac qubit tuong img khong nam lién ké, 1am ting
dang ké d6 sdu mach. Dé khic phuc va dam bao tuan tha tinh chat chdng giao hoan cua
fermion khi hoédn vi cac qubit xa nhau, déng thoi, dé giam sb luong toédn tir Z xuét hién, han
ché do sdu mach va dong thoi bao toan chinh xéc tinh chét théng ké fermion ciia hé chling
t6i str dung mang ludi hoan vi fermionic v6i cong FSWAP (Kivlichan et al., 2018).

bé danh gia dugc hi¢u suét cua mach chung t6i sir dung d6 trung thyc F gitra trang
thai duoc xay dung bai ansatz VQE [y(6)) thu duoc tir phép chéo hoa cd dién:

F = (sl (@) (13)

Dbi vai trang thai co ban 1a khdng suy bién néu do trung thuc F > 99.9%, ching tdi

xem nhu ansatz da tai tao thanh cong trang thai co ban. Ddi v&i mach ansatz hybrid, d6 trung

thue dic biét quan trong vi né phan anh truc tiép chat luong biéu dién trang thai caa mach.

Hon nita, d6 khdng trung thuc € = 1 — F con gidi han sai léch gitra gia tri trung binh tir
ansatz va gid tri trung binh chinh xac cua trang thai co ban theo bat dang thuc:

[(0)gs = (0)| < 2c(Ve(1 =€) +6) (14)
Vi c 1a chuan toan tir cia quan sat O (Beach et al., 2019).
2.3. Thudt todn VOD tinh todn mirc ning lwong kich thich thir nhit
Dé truy cap cac muc kich thich, nhiéu mé rong cta VQE di dugc dé xuat nhu phuong

Ony1 =6 —h
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phap dudi khong gian (SS-VQE), mé rong dudi khong gian luong tir (QSE) hay céc so dd
deflation (McClean et al., 2017; Nakanishi et al., 2019; Parrish et al., 2019; Stair et al., 2020).
Trong nghién ctru nay, chung t61 st dung bién thé (VQD) dé xac dinh mirc nang lugng kich
thich thtr nhéat (Higgott et al., 2019).
Trude tién VQE duoc sir dung dé tdi wu bd tham sd 50 cho trang thai co ban xap xi
[Y) qua cuc tiéu (H) (McClean et al., 2016; Peruzzo et al., 2014). Sau d6, VQD tim trang
thai kich thich thir nhat bang cach t6i vu mot bo tham sé moi 51 trén cung ansatz nhung voi
rang budc truc giao dbi véi trang thai co ban gan ding |1/J(§0)). Rang bugc nay dugc ma hoa
dudi dang hang tr phat trong ham chi phi:
Fy(61) = (w(6:)[H[w(8.)) + BI(w(6:)1¥(8o)) I’ (15)
Trong do, £ 1a hé s6 phat di€éu chinh muc do cudng birc truc giao gitra trang thai kich thich
thir va trang thai co ban x4p xi | (8,)) (Higgott et al., 2019). Khi 8 dii 16n, nghiém cuc tiéu
ctia F; cho niang lugng x4p xi E; theo nguyén Ii Rayleigh-Ritz (Higgott et al., 2019). Nghiém
5{‘ = argming, F; (51) cho ta gia tri:
E/ ~ ((67)|H[w(61)) (16)

Trong pham vi nghién ctru nay, chung t6i chi xét bai toan & mirc mo phong so, do do

|(1/)(§1) |1/)(§0))|2 duoc tinh truc tiép tir vector trang thai thu duoc sau khi gan tham s cho
mach lugng tir.

Quy trinh VQE-VQD duogc ap dung trén ansatz hybrid HEA-HVA cho mé hinh
Fermi-Hubbard (Kandala et al., 2017; Wecker et al., 2015), va két qua dugc so sanh vai chéo
hoa chinh xac (Higgott et al., 2019; Nakanishi et al., 2019; Stair et al., 2020).

Vé nguyén tac, do chinh xac nang lugng bi gi61 han boi do bat dinh cua trang thai bién
phan. Do d9, twong tu cac nghién ctru trude (Dev et al., 2025; McClean et al., 2016), ching
t61 1am tron gia tri ning luong trang thai co ban dén bdn chir s6 thap phan nhim dam bao
tinh nhét quan va phu hop vdi mic do hdi tu ctia thuat toan.

3. Kétqua
3.1. D¢ khong trung thuc

a) Mo hinh 4x1 b) M6 hinh 2x2 C) Vong 6 vi tri
Hinh 3. Doi sanh dg khong trung thic mé hinh Fermi-Hubbard theo i I¢ (U/t=0 - 10)
giita cdc ansatz HEA, HVA, Hybrid, UCCSD, ADAPT-VQE, Compressed HVA va két qud chinh xdc
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Do khong trung thyc phu thude rod rét vao tham ) tuong tac U/t va kich thude h¢ dugce
thé hién ¢ Hinh 3. Vi hé 4 x 1 (Hinh 3a), phan 16n cac ansatz déu nhanh chong bi bdo hoa
khi U/t tang, v6i 6 khong trung thuc vugt ngudng 0,1%, cho thiy kha ning biéu dién con
han ché. Nguoc lai, Hybrid HEA-HVA va Compressed HVA duy tri d6 khéng trung thuc
du6i ngudng nay trén toan mién khao sat. Trong d6, Hybrid HEA-HVA thé hién tinh 6n
dinh cao voi sai 1éch cuc dai khoang 0,05%, trong khi Compressed HVA dat do chinh xac
t6t & mién twong quan manh nhung xuat hién dao dong & ving trung gian. Vi hé 2 x 2
(Hinh 3b), tit ca cac ansatz déu khong mé ta duoc trang thai suy bién tai U/t = 0. Khi U/t
tang, chi Hybrid HEA-HVA cho két qua tiém cin gia trji chuan, v6i d6 khéng trung thuc 16n
nhét khoang 0,12%, trong khi cac ansatz khac tiép tuc bi bdo hoa. P6i véi hé vong 6 vi tri
(Hinh 3c), ansatz UCCSD va ADAPT - VQE khong hoi tu nén khong thu duoc két qua,
nguyén nhan s& duoc trinh bay ¢ phan 3.3. Cac ansatz con lai nhu HEA va HVA vén bj bio
hoa khi U/t ting. Compressed HVA ¢6 xu hudng giam do chinh xac ¢ mién twong quan
manh, v6i do khong trung thuc tang 1én khoang 2%. Trong khi do, Hybrid HEA-HVA duy
tri hiéu nang tot hon, voi sai 1éch 16n nhit khoang 0,8% va c6 xu huéng on dinh khi U/t
tang. Tong thé, Hybrid HEA-HVA 12 ansatz cho két qua 6n dinh va chinh xac nhit trong ca
ba hé, didc biét 1a trudng hop 2 x 2 khi déy 1a ansatz duy nhat moé phong dugc trang thai.
3.2. Khdo sdt toi wu héa cé dién va dp héi tu

6 - e Exact (19531) w
-

=— SLSOP (Final: -1.9448)
+— L_BFGS_B (Final: -1.9331)

+— ADAPT (-0.800000)
CHVA {-0.094631)
+— HEA [-1.102926)

il +— HVA [-1.370546)
| +— Hybrid (-1.844246)
5 L o J....,| | +— UCCSD (-1.616667)

g o ---- Exact [-1.844289)

of[ 100 200 300 400 560 60 700 800

Energy(Hartree)

Nk e T e

Energy (Hartree)
M= O = N W B WU

0 20 40 60 80 100 120 140 0 1000 2000 3000 4000 5000 6000 7000
Budc lap Sd lan goi ham

a) b)
Hinh 4. a) So sdnh dé héi tu ciia cdc thudt todn t6i wu c6 dién trong VOE
cho md hinh Fermi-Hubbard 4% tai Ut = 4 (150 vong Idp), doi chiéu voi nghiém chéo hda chinh
X&c, b) So sanh do hoi tu nang luwong cho mé hinh Fermi-Hubbard 2x2 tai U/t=>5 giita cac ansatz
HEA, HVA, hybrid HEA — HVA, UCCSD, Compressed HVA, ADAPT — VQE vai chéo hoa chinh xac
Bing 2. Thong ké thoi gian, sé tham s6 ciia cdc ansatz & mé hinh 2x2 (Ut=5)
2x2(UNt=5) HEA HVA UCCSD ADAPT-VQE Hybrid Compressed HVA

S6 tham sb 64 8 26 29 80 12
Thoi gian (s) 279 12 5511 22 512 14

Hinh 4a cho théy su khac biét rd rét vé tde do hoi tu va dd chinh xéac gitra céc trinh tbi

wu. Powell hoi tu nhanh nhat (sau ~20 vong lip) nhung bi ket & muc ning luong cao. CG va
L-BFGS-B 6n dinh sau 30-40 vong 13p nhung van con sai 1éch dang Ké. Nguoc lai, SLSQP
du dao dong manh & giai doan dau nhung dat muc nang luong ti€ém cén nghi¢m tham chiéu
t6t nhat sau khoang 40 vong lip. Do d6, SLSQP duoc lya chon cho cac md phong tiép theo.
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Pé dam bao hoi tu 6n dinh khi m& rong sang cac h¢ phtrc tap hon (2x2 hodac 6 vi tri), gioi
han t6i uu hoa duogc ting 1én 500-1000 vong lip tiy mé hinh. Hinh 4b cho thdy mang 2x2
la truong hop kho hon 1o rét so voi mang 4x1. Mot s6 ansatz nhu CHVA, HVA, UCCSD va
ADAPT hdi tu nhanh ¢ giai doan dau nhung sém bao hoa tai cac mirc nang luong con I¢ch
dang ké so v6i nghiém chinh xac, cho thay kha ning biéu dién hoic kha ning thoat cuc tiéu
cuc bd con han ché. HEA tuy linh hoat nhung van chua tai tao tdt trang thai co ban cua hé.
Trai lai, ansatz Hybrid HEA-HVA tiép tuc giam nang lugng mdt cach on dinh sau giai doan
dau va dat gid tri cudi gan nghiém chinh xac nhat. Két qua nay cho thy trong bai toan 2
chiéu, ansatz hybrid thé hién loi thé theo nghia hiéu qua do chinh xac va chi phi, khong hoi
tu nhanh nhét theo sb 1an goi ham, nhung cho nghiém cudi tdt nhét va dn dinh nhat. Két qua
nay phu hop voi Bang 2, khi Hybrid HEA-HVA ¢6 s6 tham s va thoi gian tinh toan 16n
hon (80 tham s6, 512 s) nhung dat d chinh x4ac cao nhat. Nguoc lai, HVA va CHVA c6 chi
phi rt thip nhung bi han ché kha niang biéu dién nén dé bio hoa sém. UCCSD c6 chi phi
rat 16n nhung hiéu qua khong tuong xtmg, con ADAPT-VQE dat can bang chi phi—d6 chinh
xac nhung van kém hybrid. Nhin chung, ton tai danh d6i 16 rét gitta chi phi va d6 chinh x4c,
trong d6 hybrid 1a lua chon tdi uu cho bai toan 2x2.

3.3. Nang lwong trang thdi co bdn

3.0 == Exact  =—4= CHVA 12.5 oo Bt —— chva
—8— UCCSD  —— Hybrid —8— HEA —— Hybrid
2.0 HEA —— Adapt 10.0 —+ Hva
1.0 . —tr= HWA,
7.5
1.0
— __ 5.0
'53‘-2.0 2 0.0 @
] £-1.0 T
& 3.0 u w 00
- 2.0 -2.5
—— Exact —— CHvA -3.0 -5.0
4.0 —e— UCCSD  —— Hybrid
HEA —»— Adapt =7.5
—r— HVA -4.0
0 2 4 6 8 10 0 2 4 6 8 10
0 2 4 6 8 10 Uft Ut
U/t
a) Mo hinh 4x1 b) M6 hinh 2x2 c) Vong 6 vi tri

Hinh 5. Béi sanh ndng lwong trang thdi co ban theo ti 1¢ (U/t=0 — 10) giita cdc ansatz HEA, HVA,
Hybrid, UCCSD, ADAPT-VQE, Compressed HVA va két qud chinh xdc

Két qua nang luong c6 xu huéng ting khi U/t tang tir 0 dén 10 nhu thé hién & Hinh 5.
Xu huéng nay phan anh dang ban chat vat Ii mé hinh Fermi-Hubbard khi tuong tac ting
ning luong dugc day 1én cao. Vi 4 x 1 (Hinh 5a) Hybrid HEA — HVA 6n dinh toan cuc,
trong khi Compressed HVA dat d§ chinh xac cuc bd cao. Cu thé, Hybrid duy tri sai sb rat
nho va ting gan nhu don diéu theo U/t, tir 0,00027% tai U/t = 0 1én khoang 0,63% tai
U/t = 10. Pang chu ¥ 1a khong xuét hién bat ky diém giy hay dao dong bat thuong, diéu
nay phan anh tinh tong quat va do bén viing cua ansatz. Nguoc lai ansatz Compressed HVA
dat do chinh xac gan nhu tuyét ddi tai nhiéu diém dic biét co thé ké dén nhu U/t = 0 va 8,

1486



Tap chi Khoa hoc Trwdng BPHSP TPHCM Tdp 23, S6 6 (2026): 1479-1491

sai s6 gan nhu bang 0, tai U/t = 5 sai s6 chi 14 0,0001%. Nhin chung sai s6 cia Compressed
HVA luén duy tri duéi 0,3%, phan 16n 13 nhé hon Hybrid HEA — HVA. Tuy nhién diém
dang chu ¥ 1a Compressed khong duy tri duoc tinh 6n dinh tuyét d6i nhu Hybrid, thé hién
qua s dao dong nhe cua sai sb gitta cac diém 1an can. Vi cdu hinh mang vudng 2 x 2 (Hinh
5b), niang lwong trang thai co ban ting dan khi U/t ting tir 0 dén 10, phu hop véi xu hudng
vat Ii ciia mo hinh Fermi-Hubbard khi tuong tac day tai chd ngay cang chi phdi hé. Trong sd
cac ansatz duoc khao sat, Hybrid HEA — HVA cho két qua bam sat duong chinh xac nhét
trén toan mién tham s6. Cu thé, sai s6 twong ddi cuia Hybrid chi khoang 0,000175% tai
U/t = 0, tang 1én cuc dai khoang 0,135% tai U/t = 4, rdi giam xudng con khoang 0,0033%
tai U/t = 5. Diéu nay cho thiy ansatz Hybrid khong chi tai hién dung xu thé ning luong ma
con duy tri dugc do chinh xac cao mot cach déng déu trén toan dai khao sat. Nguoc lai, cac
ansatz con lai déu cho sai s6 16n hon 6 rét; UCCSD van con sai s6 & murc phén tram, trong
khi HEA, HVA, ADAPT — VQE va Compressed HVA 1éch dang ké so v6i nghiém chinh
x4c trén phan 16n mién U/t. Nhu vay, dbi v6i hé 2 x 2, Hybrid HEA — HVA 14 ansatz cho
két qua ding va 6n dinh nhét trong s cac phuong phap duge so sanh. V&i hé vong 6 vi tri
(Hinh 5¢), Hybrid HEA — HVA van 14 ansatz cho két qua 6n dinh nht, sai s6 ting tir khoang
0,00015% tai U/t = 0 lén khoang 1,10% tai U/t = 10. Compressed HV A dat d6 chinh xac
cao hon & mot sé diém trong mién U/t nho, nhung sai s6 ting nhanh ¢ mién twong tic manh
va dat khoang 3,49% tai U/t = 10. Trong khi d6, HEA va HVA déu khong con phu hop vai
hé nay do sai s6 16n trén phén 16n mién khéo sat, dac biét HVA 1éch rat xa nghiém chinh xac
khi U/t ting. UCCSD va ADAPT-VQE khong hoi tu dé thu duoc ning luong va do trung
thue, chi yéu do khong gian Hilbert 16n két hop véi tuong quan manh vuot qua kha ning
biéu dién cta ansatz trong do sdu mach gidi han, déng thoi 1am xudt hién bé mat tdi uu phuc
tap gy khé khin cho qua trinh hoi tu. Nhu vay, Hybrid HEA-HVA cho théy sy can bang
tdt gitra do chinh xéc va tinh on dinh trén nhiéu cdu hinh va mién tuong tac, dac bi¢t hicu
qua trong cac hé 16n va twong quan manh.

3.4. Ning lwong trang thdi kich thich thir nhdt

-0.5 -0.5
1.0
-1.0 -1.0
-1.5 2.0
-1.5 A
o ‘3_ 9
E £ 20 £:3.0
5-2.0 £ 5
I T T
o T-2.5 .,J_M
-25
-3.0
5.0
-3.0 =
= = Exact 1st -3.5 - = Exact 1st = Ega;tl‘:tst
—s— VQD 1st —a— VD 1st 6.0 4 5 a 5 A
350 2 4 6 8 10 -405 2 4 6 8 10 "
U/t U/t
a) M6 hinh 4x1 b) M6 hinh 2x2 c) Vong 6 vi tri

Hinh 6. Ning lirong trang thdi kich thich thir nhdt ciia cdc mang mé hinh Fermi-Hubbard theo ti 1
(U/t tir 0 dén 10) sir dung ansatz Hybrid HEA — HVA
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Quan sat két qua mo phong trén ba hé 4x1, 2x2 va vong 6 vi tri trong dai U/t tir 0 dén
10 cho thiy ansatz Hybrid HEA—HVA ¢6 kha ning tai hién xu huéng ning luong cta trang
thai kich thich thtr nhat so v6i chéo hoa chinh xéc. Trong cac hé nay, ning luong ting theo
U/t va dudng cong tir VQD bam sat dudng chinh xac, dic biét ¢ ving tuong tac yéu (U/t <
4). B6i voi hé 4x1 (Hinh 6a), nang lugng trang thai kich thich thir nhit duge mo phong voi
d6 chinh xéc rat cao trong ving tuong tac yéu, véi sai so tir khoang 0,0003% tai U/t = 0
dén 0,64% tai U /t = 4, nhungtai U/t = 5, sai ) tang dot ngot 1én khoang 4,20%, phan anh
rang trong ving twong quan trung gian, bé mit ning luong tré nén phuc tap hon, dan dén
kho t6i wu hon. Trong khoang U/t = 6-10, sai s6 giam nhe nhung van duy tri & mirc twong
dbi, véi gia tri 16n nhat khoang 3,60% tai U/t = 10. Véi hé 2x2 (Hinh 6b), két qua thé hién
d6 chinh x4c vuot trdi va on dinh trén toan dai U /t; mac du hé tdn tai trang thai suy bién tai
U/t =0, sai s6 giira két qua VQD va chéo hoa chinh x4c van duy tri & mirc rat thap, tir
0,00005% tai U/t = 0 dén tdi da chi khoang 0,08% tai U/t = 9, khong xuat hién hién tugng
d6t bién hay mat 6n dinh. Trong khi d6, voi hé vong 6 vi tri (Hinh 6¢), xu hudng vat Ii cua
nang lugng trang thai kich thich dugc tai hién chinh xac trén toan mién U /t = 0-10, véi sai
sO rat nho tai U/t = 0(~0,0001%), nhung tich lity rd rét khi hé di vao ving twong quan trung
gian va manh, dat khoang 4,22% tai U/t = 5 va cuc dai 5,22% tai U/t = 8. Nguyén nhan
chinh gay sai sd trong ca ba hé 14 han ché biéu dién cta ansatz (4 16p cho 4x1 va 2x2, 6 16p
cho vong 6 vi tri), chwa du sau dé bao phii toan by khong gian Hilbert, cing voi sy gia ting
d6 vudng viu khi chuyén tir tvong tic yéu sang manh. Dé cai thién do chinh xac thi co thé
ap dung mot sb hudng: (i) tang s 16p cho ansatz (ii) tinh chinh dé ansatz Hybrid c¢6 thé thich
nghi (iii) khai thac tinh d6i xtng cta hé.
4.  Kétluan

Céc hé electron twong quan manh dugc mé phong thanh cong bang cach ansatz lai
Hybrid HEA-HVA cho VQE. Phuong phép nay duogc kiém chimg trén ba hinh hoc mang
tiéu biéu: chudi 1D 4x1, mang 2D 2x2 va vong 6 vi tri, tai tao tot nang lugng trang thai co
ban va trang thai kich thich thap nhat, dong thoi 6n dinh trudc thay doi hinh hoc mang va
diéu kién bién. Sy két hop tinh biéu cam ciia HEA véi cdu trac vat |i trong HVA mang lai
cén bang hiéu qua giita d6 chinh x4c va do phirc tap mach, giam khong gian tham sd can t6i
rru va phtt hop véi cac gidi han ctia ki nguyén NISQ. Ngoai ra, ansatz nim bat dong thoi tinh
cuc bo cua tuong tdc Coulomb va sy lan truyén lugng tir cua electron hai yéu td then chét
trong cac hé Hubbard va vat liéu twong quan manh. Phuong phap mé ra hudng tiép can hira
hen cho mod phong céc h¢ 16n hon va trong diéu kién thuc té c6 nhiéu.

% Tuyén bé vé quyén loi: Cac tac gid xac nhan hoan toan khéng cé xung dét vé quyén loi.
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ABSTRACT

Simulating the Fermi-Hubbard model is a central challenge in condensed-matter physics and
often exceeds the capabilities of classical computational methods as system size increases. This study
proposes a variational quantum simulation workflow employing VQE and VQD to estimate the
ground-state and first excited-state energies. The hybrid HEA-HVA ansatz combines the advantages
of both approaches to balance state-representation capacity against quantum-circuit resource
requirements. Numerical simulations were conducted on three lattice configurations—a 4 x 1 chain,
a 2 x 2 square lattice, and a six-site ring—with the interaction ratio U/t ranging from 0 to 10. The
results show that the hybrid HEA-HVA ansatz converges reliably and accurately reproduces both
the ground-state and lowest excited-state energies. Compared with the individual ansatzes, the
hybrid structure produces smaller or comparable energy deviations, particularly in the intermediate-
to-strong interaction regime, while maintaining a circuit depth compatible with noisy intermediate-
scale quantum (NISQ) devices. These findings highlight the potential of hybrid ansatzes for
simulating strongly correlated fermionic systems and provide a foundation for extending the
approach to larger systems with more complex energy spectra.

Keywords: Fermi-Hubbard model; quantum simulation; variational quantum algorithm
(VQA); variational quantum deflation (VQD); variational quantum eigensolver (VQE)
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