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ABSTRACT

Fixed point theory plays a fundamental role in mathematics and has wide-ranging
applications across scientific disciplines. In recent years, numerous studies have focused on
extending classical fixed point results to generalized metric spaces, among which cone Ej;-metric
spaces have received particular attention. In this paper, we employ the method of Miculescu and
Mihail (2017) to establish sufficient conditions under which sequences in cone E,-metric spaces,
with cones containing semi-interior points, are e-Cauchy. Our results extend the work of Miculescu
and Mihail (2017) in cone Ej,-metric spaces and further generalize the findings of Zahia et al. (2023)
and Djedid et al. (2025) by relaxing the contraction coefficient from 0 < g < % tt0<g<1lAsa
consequence, we derive the Hardy-Rogers type fixed point theorem, the Banach type fixed point
theorem, and the Kannan type fixed point theorem in cone E},-metric spaces. The results obtained
not only generalize previously known theorems but also enrich the framework of fixed point theory
in generalized metric spaces. Moreover, these contributions open a new research direction for
applications in nonlinear analysis, differential equations, and optimization, thereby underscoring
the relevance of cone Ej,-metric spaces in addressing complex mathematical problems.
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1.  Introduction and preliminaries

The notion of a generalized metric space was introduced by Bogdan Rzepecki in 1980
by replacing the co-domain of real numbers in the notion of a metric space by a real Banach
space (Rzepecki, 1980). Long-Guang and Xian (2007) reintroduced this notion under the
name of a cone metric. Hussain and Shah (2011) extended the notion of the cone metric
space and the b-metric spaces and named the cone b-metric spaces. Al-Rawashdeh et al.
(2012) proposed the notion of E-metric space and characterized the cone metric spaces in a
more general way by defining ordered normed spaces.

Cite this article as: Nguyen, T. T., Nguyen, T. T. Y., & Vo, T. L. H. (2026). Some fixed point theorems in
cone Ep-metric spaces. Ho Chi Minh City University of Education Journal of Science, 23(3),
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In the majority of existing research, the obtained results have been formulated in the
setting of the solid cone. Specifically, Du demonstrated that several fixed point results
established in cone metric spaces with solid cones and real-valued contraction constants are
consequences of the corresponding fixed point theorems in classical metric spaces (Du,
2010). Basile et al. (2017) introduced the notion of semi-interior points in a cone. An
interesting observation is that every interior point is also a semi-interior point, whereas the
converse does not hold. This distinction opens new directions of research involving cones
with semi-interior points. Such investigations are more general than previous studies, which
were restricted to cones with nonempty interiors. Moreover, this constitutes a genuine
extension in the study of cones, as well as in the development of fixed point theorems and
their applications to spaces endowed with cones possessing semi-interior points.

Djedid et al. (2023) introduced the concept of a cone E,-metric space in which the
cone contains semi-interior points. Building on this framework, the authors investigated
several fixed point theorems, including Banach-type, Kannan-type, and Chatterjia-type
results. It is important to note that the contraction constants for the Banach-type and Kannan-

type fixed point theorems are given, respectively, by
1

0<q<% and 0<q,q(1—q)<%,q¢;.

More recently, Djedid et al. (2025) established a Hardy-Rogers-type fixed point
theorem in cone E}, metric spaces. However, the proof of this theorem contains an error (see
Theorem 3.1). It should be emphasized that Du’s approach (Du, 2010) does not extend to
cone E,-metric spaces in which the cones have empty interiors but contain semi-interior
points. Consequently, investigating fixed-point theorems in cone E,-metric spaces with
cones possessing empty interiors yet containing semi-interior points are a genuine extension.

First, we recall the following definitions that are used in this paper.

Definition 1.1. (Huang & Radenovic, 2016; Xu et al., 2022). Let E be a vector space over R
and P c E.

(1) P satisfies the following conditions

(@ P isnon-empty, closed, and 0 € P where 0 is the null element of E.

(b) aP + BP c P for all non-negative real numbers a, .

(c) Pn(—P)={0}.

Then P is said to be a cone.

(2) A partial ordering < on E with respect to P is defined by x < y, for x,y € E if and
only if y — x € P. We write x < y to indicate that x < y but x # y, and x < y to indicate
that y — x € intP where intP is denoted by the interior of P.

(3) If intP # @, then P is said to be solid. On the other hand, if intP = @, then P is
said to be non-solid.
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(4) If there exists a number u > 0 such that forall x,y € A,0 < x Ly, ||x|| < ullyll,
then P is said to be normal. The least positive number satisfying the above inequality is said
to be a normal constant of P.

Throughout this paper, we assume that E is an ordered normed space with the zero
element0,Pisaconein E,U = {x € E:||x|| < 1} isthe closed unitballof E,and U, = U n
E is the positive part of U.

Definition 1.2. Let x,y € P. Then

(1) x is said to be a semi-interior point of P if there exists k > 0 such that x — kU, < P.

(2) P denotes the set of all the semi-interior points of P.

(3) We write x << y to indicate that y — x € P.

It is clear that interior points of P are semi-interior points of P. However, the converse
does not hold, see (Basile, 2017, Example 2.5).

Definition 1.3. (Boriceanu, 2009). Let X be a nonempty set, s > 1,P c E with P # ¢, and
a function d: X x X — P satisfy for each x,y,z € X,

(1) d(x,y) =0ifand only if x = y.

(2) d(x,y) = d(y, x).

() d(x,y) < s(d(x,z) +d(z,y)).

Then d is said to be a cone E,-metric and (X, d, s) is said to be a cone E},-metric space.
Definition 1.4. (Huang, 2019). Let P be a cone in E with P = ¢ and {u,,} c P. Then {u, }
is said to be an e-sequence if for each 0 << e, there exists n, € N such that for all n > n,,
we have u, < e.

Itis clear that if u,, » 0 as n - oo then {u,} is an e-sequence.

Lemma 1.5. Let P be a cone in E with P # @ and u € P. If for each 0 << e, u << e, then
u=0.

Definition 1.6. (Djedid et al., 2023). Let (X, d,s) be a cone Ej,-metric space, {x,} be a
sequence in X, and x € X. Then

(1) {x,} is said to be e-convergent to x if for every 0 <«< e, there exists n, € N such
that d(x,, x) << e forall n > n,.

(2) {x,,} is said to be an e-Cauchy if for every 0 «< e, there exists n, € N such that
d(xp, xym) <L e forall n,m = n,.

(3) (X,d,s) is said to be e-complete if every e-Cauchy sequence in ( X,d,s ) is e-
convergent in (X,d, s).

Proposition 1.7. (Huang, 2019). Let x,y,z € P. Then

(1) f x << y,thenx < y.

(2) If foreach e € P,0 < x << e, then x = 0.

(3) If there exists 0 < A < 1 and x € P such that x < Ax, then x = 0.
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Proposition 1.8. (Huang, 2019). Let {x,,},{y,} € Pand a,1 € R,. Then
(1) If x,, » 0 asn — oo, then {x,,} is an e-sequence.
(2) If {x,,} and {y,,} are two e-sequences, then {ax, + 1y, } is also an e-sequence.
(3) If x,, < y, forall n € N and {y,,} is an e-sequence, then {x,,} is an e-sequence.
(4) If 2 < 1,{y,}is an e-sequence, and x,, < Ax,_4 + y,_1 forall n € N, then {x,,} is
an e-sequence.
Lemma 1.9. (Djedid et al., 2023; Djedid et al., 2025). Let (X, d, s) be a cone E},-metric space,

q € [0, i) and {x,,} be a sequence in X such that for all n € N,
d(xni xn+1) = qd(xn—lixn)'
Then {x,} is e-Cauchy in (X, d, s).
Theorem 1.10. (Djedid et al., 2023). Let (X, d, s) be a cone E;,-metric space and f: X —» X

be a map. If there exists q € [0, é) such that for all x,y € X,

d(fx, fy) < qd(x,y). (1.1)
Then f has a unique fixed point x* € X and for all x € X, lim f™x = x*.
n—>oo
Theorem 1.11. (Djedid et al., 2023). Let (X, d, s) be a cone E;-metric space and f: X — X
be a map. If there exists 0 < q,ﬁ < é and q # ésuch thatforall x,y € X,
d(fx, fy) = qld(x, fx) + d(y, fy)].
Then f has a unique fixed point x* € X and for all x € X, lim f™x = x*.
n—->oo

Theorem 1.12. (Djedid et al., 2025). Let (X, d, s) be a cone E,-metric space and f: X —» X
be a map. If there exists q; > 0 for i = 1,2,3,4,5 such that q; + g, + g3 + s(qs + q5) < 1

and g, + g5 < slz and for all x,y € X,

d(fx,fy) 2 q1d(x,y) + q2d(x, fx) + qzd(y, fy) + qad(x, fy) + qsd(y, fx).
Then f has a unique fixed point x* € X and for all x € X, lim f™x = x*.

n—co

Note that in Djedid et al. (2025), the authors established the condition for an e-Cauchy
with g € [0, %) see Lemma 1.9. However, in the proof of (Djedid et al., 2025, Theorem 1),

the authors applied Lemma 1.9 with g < 1 to prove the sequence {x,} is an e-Cauchy, see
(Djedid et al., 2025, page 12). This is incorrect.
2. Main results

First, we establish the conditions for a sequence in cone Ej,-metric spaces to be e-
Cauchy.
Theorem 2.1. Let (X,d, s) be an e-complete cone E,-metric space with a cone P,P # @,
q € [0,1), and {x,} c X such that for all n € N,

d(Xn+1, Xn42) = qd(xn, Xp11).

Then {x,} is an e-Cauchy sequence in X.
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Proof. For all n € N, we have
d(xn+1;xn+2) = qd(xnrxn+1) = qzd(xn—lrxn) <= qn+1d(x0;x1)- (2'1)
For m € N, we denote p = [log,m] which is the integer part of log,m. For all [,m €

N, we get
14

d(xp41, X14m) = z s (Xp42n-1, Xp42n) + SPHA (X420, Xp4m) (2.2)
n=1
where YP_ s™d(x;,,m-1, x4 ,n) is assumed to be 0 if p = 0.
Note that m < 2P*1. From (2.2), we obtain

d(x41, xl+m)

1+27"1— l+m—2P-1
2(p+1
Z Z d(xzn 14, Xon- 1+l+1) + s (p+1) Z d(x2p+i, x2p+i+1)
i=l
l+2” 1-1 1+2P-1
2(p+1
< Z Z d(xzn 14, Xon- 1+l+1) +s (p+1) Z d(pr.H, pr+l+1)
p+1 l+2” -

Z Z d(Xgn-14j Xpn-1441)- (2.3)

From (2.1) and (2.3), we get

p+1 2n-19
1
d(xl+1;xl+m)<z an Z 2™ +ld(x0;x1)
p+1
d(xolxl)z 27'1 Zn 1

p+1

dx,x e
=q (0 1)2 2 1+2nlogq (2.4)

Itis clear that lim (2" 14+ 2n10gqs —n) = oo. Then there exists n, € N such that for

n—oo

all n>ny,2""1 + 2nlog,s —n > 1. Hence, ¢ *2"°8a5 < ¢*1 |t implies that the

series Y&, g2 *2nlogqs js convergent. By (2.4), we have
d(xg,x1)
A4, Xiem) < 0= 4'S (2.5)
where § = Y%, ¢ +2"oggs,
Foreach 0 «< e, there exists ¢ > 0 suchthate — alU, < P.By (2.5), there existsn, €

N such that for all [ = n,,

d(xO;xl) 1 a
—qg'Se=-U,.
1—q 17525
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Hence
d(x, %1) !
-
It implies that
o d(x, %1) q
1-q
that is,
d(x, %1)
1—g¢q 1
By (2.5), for all n,m > n,, we have
d(xg, x1)
1—¢q 1
It implies that {x,,} is e-Cauchy.
Remark 2.2. Theorem 2.1 generalizes several existing results (Djedid et al., 2025, Lemma
2; Huang, 2019, Proposition 15; Miculescu & Mihail, 2017, Lemma 2.2; Djedid et al., 2023,
Lemma 2.11).
In the proof of Djedid et al. (2025, Theorem 1), an error appears. They applied Lemma
1.9 under the assumption of 0 < g < 1 to prove that {x,,} is an e-Cauchy sequence, whereas

a
S—§U+ce—aU+cP.
s e P,

IS « e.

d(xp41, Xppm) = IS « e.

the actual assumption of Lemma 1.9 requires 0 < g <§. Consequently, the argument

provided for Djedid et al. (2025, Theorem 1) cannot be regarded as valid. By combining the
proof technique of Djedid et al.(2025, Theorem 1) with Lemma 2.1, we can rectify the flaw
in the original argument. Moreover, we replace the condition

1

q2 tqs < 2z
with the stronger condition

sqy + s%qs < 1.

Consequently, the following corollary is presented logically and rigorously.
Corollary 2.3. (The Hardy-Rogers type fixed point theorem) Assume that

(1) (X, d, s) is an e-complete cone E,-metric space.

(2) f:X = X is a Hardy-Rogers type contraction, that is, there exists q; E R, i =
1,2,3,4,5suchthat ¥7_, q; +s(qs + gs) < 1,5q, + s?qs < 1,and for all x,y € X,

d(fx,fy)
2q1d (%, y) + q2d(x, fx) + q3d (Y, fy) + qad (%, fy) + q5d (y, fx).
Then £ has a unique fixed point x* € X and for all x € X, lim f™x = x™.

n—-oo

Proof. The argument follows as in the proof of (Djedid et al., 2025, Theorem 1), except that
Theorem 2.1 is applied instead of (Djedid et al., 2025, Lemma 2).
By letting g, = q3 = q4 = g5 = 0 in Corollary 2.3, we obtain the following corollary.
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Corollary 2.4. (The Banach type fixed point theorem) Assume that
(1) (X, d, s) is an e-complete cone E,-metric space and f: X — X is a map.
(2) There exists g € [0,1) such that for all x,y € X,

d(fx, fy) < qd(x,y).
Then f has a unique fixed point x* € X and for all x € X, lim f™x = x~.

n—-oo

Remark 2.5. Corollary 2.4 generalizes several existing results (Djedid et al., 2023, Theorem
3.1; Huang & Xu, 2013, Theorem 2.1; Nguyen & Vo, 2016, Theorem 2.1).

By letting g; = q, = qs = 0 in Corollary 2.3, we obtain the following corollary.
Corollary 2.6. (The Kannan type fixed point theorem) Assume that

(1) (X,d,s) is an e -complete cone E;-metric space and f: X — X is a map.

(2) There exists q € [O, min {%%}) such that for all x,y € X,
d(fx, fy) < qld(x, fx) +d(y, fy)l.

Then f has a unique fixed point x* € X and for all x € X, lim f™x = x*.

n—-oo

Remark 2.7. Corollary 2.6 generalizes results from Djedid et al. (2023, Theorem 3.3) and
Lu et al. (2021, Theorem 2.2).
3. Conclusion

In this paper, by relaxing the assumption k € [0, %) to k € [0,1) in (1.1), we have

provided sufficient conditions ensuring that sequences in a cone Ej,-metric space, with cones
containing interior points, are e-Cauchy. Based on this result, some fixed-point theorems in
cone Ej-metric spaces have been established. In addition, errors appearing in Djedid et al.
(2025) have been corrected. The obtained results extend known theorems in the literature.
Future research may further investigate these theorems in more general classes of
generalized metric spaces.
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TOM TAT

Li thuyét diém co dinh déng vai tro co ban trong todn hoc va cé iing dung réng rdi trong nhiéu
linh viee khoa hoc. Trong nhitng ndm gan ddy, nhiéu nghién civu da tdp trung vdo viéc mé réng cdc
két qua diém cé dinh cé dién sang cdc khong gian metric tong qudt, trong dé khéng gian khéng gian
Ey-metric non nhdn dwoc sy chu y dac biét. Trong bai bdao nay, chung téi sw dung phwong phap cua
Miculescu va Mihail (2017) dé thiét lp cdc diéu kién dii dé cdc day trong khéng gian E,-metric non,
Véi cdc non chira cdc diém ban trong, la dady e-Cauchy. Két qud cia ching t6i mé réng cong trinh
ciia Miculescu va Mihail (2017) trong khong gian Ej,-metric non Va tong qudt héa hon niva cac phat
hién cuia Zahia et al. (2023) va Djedid et al. (2025) bang cach ndi léng hé sé co tir 0 < q < % dén
0 < q < 1. Nhw la mét hé qua, chiing t6i suy ra dinh |i diém cé dinh kiéu Hardy-Rogers, dinh i diém
cé dinh kiéu Banach va dinh i diém c6 dinh kiéu Kannan trong khéng gian E,-metric nén. Céc két
qud thu dwoc khéng chi khdi qudt héa cdce dinh |i da biét trude ddy ma con lam phong phii thém i
thuyét diém cé dinh trong khéng gian metric tong quat. Hon nita, nhitng déng gép ndy mé ra mét
hudng nghién ciru moi cho cdc vng dung trong phan tich phi tuyén, phwong trinh vi phin va téi wu
hoa, tir d6 nhdn manh tam quan trong ciia khéng gian Ey-metric nén trong viéc gidi quyét cac van
dé todn hoc phirc tap.

Tir khoa: khong gian E,-metric non; diém bat dong; diém ban trong
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