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TOM TAT

Bai bao nghién cizu tinh char dinh tinh cua nghiém, dac biét 1a hién nrong bung né nghiém
trong thoi gian hitu han doi véi mét 6p phicong trinh séng nhét dan hoi ngau nhién trén mién bj
chan. Md hinh khao sét ¢6 tinh phizc tap cao, véi s xudt hién dong thoi cua sé hang nhot dan hoi,
s6 hang dang Kirchhoff va nguon logarithm phi tuyén — mét si két hop méi nham md phong céc
hién tiwong Vit Ii trong méi trwong chiu nhiéu ngdu nhién va tinh phi dia phwong. Chiing téi xdy dung
phiém ham nang lirong ph hop, ap dung cong thite 116 dé thiét ldp cac bo dé ki thudt va céc hé thic
vi phan quan trong. Bang phuwrong phdp ning lwong két hop céc bdt dang thirc bé tro va phép nhing
Sobolev, chiing t6i danh gid deoC i tang truong cua phiém ham nang heong, tir dé chimg minh sy
bung né cia nghiém. Két qua chinh thiét ldp cdc diéu kién du trén di liéu ban dau va cac tham so
cua hé thong dé dam bao nghiém bling né trong thoi gian hizu han, mé réng céc két qud da cong bo
vé phwong trinh séng ngau nhién va cung cdp khung I thuyét cho viéc phdn tich cic mé hinh twong
tu trong tuong lai.

Tir khoa: phuong trinh dao ham riéng; ngiu nhién; bung né; sé hang nhét dan hoi; logarithm
phi tuyén; phuong trinh Kirchhoff

1.  Gioithigu
Trong bai bao ndy chung t6i xét phuwong trinh ngau nhién dang song nhét dan hoi sau

U — N (U, t)Au+ [ h(t = A)Au(A)dA

=|u|p*2uln|u|k +eo(X,)OW, (x,1),  (x,t)eDx(0,), (1.1)
u(x,0) =u,(x), u,(x,0)=u,(x), xeD,
u(x,t) =0, (x,t) € D x[0,0),

trong d6 D 1a mién bi chan c6 bién D tron, (u,,u,) € HY(D)x L*(D), k €[0,0) .

Cite this article as: Nguyen, T. L., & Nguyen, X. V. T. (2026). Blow-up of solutions to a stochastic viscoelastic
equation with logarithmic nonlinearity. Ho Chi Minh City University of Education Journal of Science, 23(7),
1628-1639. https://doi.org/10.54607/hcmue.js.23.7.5705(2026)

1628


about:blank
https://doi.org/10.54607/hcmue.js.23.7.5705(2026)
https://doi.org/10.54607/hcmue.js.23.7.5705(2026)

Tap chi Khoa hoc Trwong DPHSP TPHCM Tip 23, S6 7 (2026): 1628-1639

N =& +& VU +&(Vu®), vu 1)),
trong d6 |||, 1a chuan va (-,-) la tich vo huéng trong khong gian L*(D), ngoai ra cac sb

& (j=0,12) lacéc hing s6 duong va c6 dinh. SO mil p théa man
pe(2,0) néud=12 va pe[Z,dz—ijzj néu d >3. (1.2)
Giasaranghamsé h: R, — R, thudc I6p C*, khong tang va thoa min ba diéu kién sau
(G1) h(0) va &, —Th(A)dA la céc hang sé thuc duong;
0
(G2) Ton tai hai hang s6 khong am ¢, , ¢, thoa —¢,h(t) <h'(t) <—¢,h(t), t>0;

(G3) Ih(A)dA < ‘3‘2

Duoc phat trién tir thap nién 1960, phuong trinh song ngau nhién loai Kirchhoff-nhét
dan hoi 12 nén tang quan trong dé mo ta chinh xéac cac dic tinh co hoc vat liéu. Thanh phan
phi tuyén dang logarithm trong mé hinh nay xuét hién phé bién trong vii tru hoc (Qu et al.,
2014); vat li hat nhéan (Yan & Yong, 2018), quang hoc (Enqvist & McDonald, 1998) va dia vat
If (loku, 2011). Su ton tai toan cuc va cac tinh chit khac cua cac I6p phuong trinh trén di dugc
khao sat trong (Choucha et al., 2021; Boulaaras et al., 2019; Barrow & Parsons, 1995;
Bartkowski & Gorka, 2008; Chen et al., 2015; Kafini & Messaoudi, 2020). Su dan xen gitta
tinh ngau nhién, cau trac phi dia phuong loai Kirchhoff va thanh phan phi tuyén logarithm tao
nén mot khung Iy thuyét quan trong dé giai quyét cac bai toan bién hién dai trong khoa hoc va
ky thuat. Tiép ndi nhitng cong trinh trén, bai bao nay tap trung nghién ctu tinh chat nghiém
ctia phuong trinh song ngau nhién loai Kirchhoff, nhét dan hdi va ngudn dang logarithm.

1.2. Mgt sé ki higu va dinh nghia
Chung t6i ki hiéu H = L*(D) va V = Hy(D) va |- ||p 1a chuén trén khong gian L°(D).

Xét khong gian xéc suat day du (Q,P,§) voi {§}_, 1a o - dai s6 concia § va E(-) laki
vong lién quan dén do do xac suit P. Gia sir {W (X, t)}tZO la qua trinh Wiener lién tuc gia tri
V' voi toan tir phuong sai R théa manTr(R) <o . Ngoai ra R(e ) = 4e, (k>1), trong d6

e, la vecto riéng véi C,=sup,,

ek||m <o va A la gia tri riéng cia R thoa man

Tr(R)=>" 4 <oo. Ki hieu W(xt)=>" J4 B (t)e,(x), voi {B, (1)}, la day cic

chuyén dong Brownian tiéu chuan gia trj thuc va doc 14p trén khong gian xac suit trén. Véi
mdi qua trinh ¢(s) € L3(V) = L*(R¥™,V), tich phan ngiu nhién lién quan dén qua trinh R -
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Wiener la J; #(s)dW (s) ciing 1a mot qua trinh martingale. Hang s6 ¢ >0 trong phuong trinh
(1.1) dé do cuong d6 nhidu, o(x,t) nhan gia tri L?(D) théa man
E j j o2 (x,t)dxdt < oo, (1.3)
0D

Dinh nghia 1.1. (Nghiém yéu) Mét ham u duwroc goi & nghiém cua (1.1) néu u théa (1.1),
uel?(Q L ([0, T HA (D) N H(D))) A L (2:C([0.T]: Hy (D))

va
u € LZ(Q; L*([0.71; Hg(D)))m LZ(Q;C([O,T]; LZ(D))).

Dinh nghia 1.2. (Phiém ham ning lwong) Phiém ham nang lwong cho nghiém cua (1.1) 1a

1 1 ‘ 1
F(t) = E||u[ li +E(‘§° - j h(A)dAj"Vu"i +%”Vu"2 +> j (hoVu)(s)ds
0 0
2l = Tl infuf o 4)
p Py

trong d6 (hoy)(A) = [h(A—8)[y (- A) (-, s)[ds.

Ta viét lai phuwong trinh (1.1) dudi dang hé phuong trinh Ité mot cach twong duong

du = vdt
t - ) (1.5)
dv=| N (u,t)Au—[h(t—A)Au(A)dA +[uf"“ulnfu[* |dt+ o (x,t)dW,,
0
hoac dudi dang tich phan
u(t) =u(0) + j v(t)dt
0 (1.6)

0

t S t
v(t) =V(0)+J.[N(U,S)AU—J.h(S—A)AU(A)dA-FUp_zu Inuk}ds+gj‘o-(x,s)dws,
0 0
Dé thuan tién cho viéc trinh bay két qua chinh va chang minh ¢ dudi, ching toi viét

2 » t 2 0
G(t) :%ZE [ [ 2487000 (x,s)dxds va limG(t) s%Tr(R)COZ E[ [ o (x,s)dxds = E, <0
0D

=l oD
Vi G'(t)>0 (t>0) nén

0<G(t)<E, t>0. (1.7)

1.3. Két qud chinh
DPinh Ii 1.3. Gid sir rang cdc diéu kién (G1), (G2) va (G3) théa man. Gid si (u,v) 1a nghiém

cua hé phuong trinh (1.6) véi dik liéu (u,,v,) € Hy(D)x L*(D) théa man
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E(F(O))S—(1+,B)Elﬁ—1, (1.8)
trong d6 B la hang so khéng am va E, dwoc cho o trén. Khi do nghiém U cua (1.1) bung
né tai thoi diém hivu han.

2. Swbung né cia nghiém phwong trinh ngiu nhién

2.1. Mgt sé bé dé can thiét

Bé dé 2.1. Néu (u,v) 1a nghigm cua (1.6) véi gia thiét (u,,v,) € Hi(D)x L*(D). Khi do
phiém ham néng heong (1.4) théa man

F(t) = F(0)— j( ||Vu(s)||jds+ j (ho Vu)(s)ds——j h(s)[Vu(s)[; ds

+j v(s), e (s)dW, ds+—z_[ [ 2,675 (x, s)dxds . (2.1)

oo

Chizng minh. Ap dung cong thire 1td cho (1.6), ta dugc

ME =IO + o)

ig ds+ 2j<v(s), £a(s)dW, )

t S
+2]<v(s),/\/(u, s)Au(s) —J'h(s—A)Au(A)dA+|u|p_2 u ln|u|k>ds : (2.2)
0 0
Ta xtr If ting s6 hang c6 trong (2.2). PAu tién, ta xt Ii s6 hang

j||ga(s)||fg ds = gszU(S)Q“ZHiz ds = gzji\
O .

12

2
i des

= gzz_[ua(

Tiép theo, ta xtr Ii s6 hang cudi cuing cua (2.2) bang cach xem xét ba bién d6i. Bién ddi 1:

ds = ZZ j j A€l (o’ (x,s)dxds.  (2.3)

=lop

J i

2_t[<V(S),N(U, s)Au(s))ds = —Zj/\/(u, s)(Vv(s),Vu(s))ds
t 2 2 d 2\1d 2
2] & &IV + v [ oo

F d 1 2 2 2t d 2 2
:_QE[(@+%||w<s>nzj||vu<s>||z}ds—%J(gnwnzj ds

0

| 2 2 1 2 2 zt d a
| (5o vl e (o v o] |- o)

(i _||WO||§)_%(||Vu||‘21 - [Vul;)- % [ (—”VU(S)” j (2.4)

0
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Bién doi 2:

—2't[<v(s), _s[ h(s - A)Au(A)dA>ds = —Zﬁ h(s—A){Au(A),v(s))dAds

=2ﬁh(s A){VU(A),Vu,(s))dAds.

D& dang thiy duoc
2(VU(A),Vu(s)) =-2(Vu(s) = Vu(A), Vu(s))+2(Vu(s), Vu(s))

d > d 2
9 o -wu+ S

kéo theo
t
-2f <v(s)
0

h(s— A)—”Vu(s) Vu(A)|; dAds + j j h(s— A)—||Vu(s)|| dAds

O'—.w

h(s— A)Au(A)dA>ds

o'-—.-—v o'-—..'-’

(h(s A)[Vu(s) - Vu)[f )dAds

o
&=

e O

+

O ey

(s — A) [Vu(s) - Vu(A)[} dA ds +jih(A)dA%IIVU<S)II§ ds

VR

h(A)dA||Vu(s)||§]ds ~[(hoVu)(s)ds

3|

Il
[ SE——

+

Ot~ Sy O—

(h o Vu)(s)ds —j h(s) ||Vu(s)||§ ds. (2.5)
Bién doi 3:

2j<v(s),|u|p2uln|u|k>ds = .t[
l

Thay cac bién doi (2.3)-(2.6) vao (2.2), sau d6 nhan hai vé cho 1/2, cing véi dinh nghia ctia

F & (1.4), ta thu duoc (2.1). Chang minh bo dé hoan tat. o
Bé dé 2.2. Néu (u,v) la nghi¢m cia (1.6) véi gia thiét (u,,v,) € Hi(D)x L2(D). Khi do
d

1 , 2 d V1 2 &
4 B(F®)=180 oVu)(t)—%E(E”Vu(t)nzj IhoEuol+S 60, @)

()" u(s)Infu(s)[* u, (s)dxds

De—

Q_|Q_

t
( J.|U|P|n|u|kdx}ds—i—l§ %”u(s)”ids. (2.6)
D

0
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S B (uv) (1) =BV _E(N(u,t)||w(t)||§)

t
+E[h(t-A)(Vu(t), Vu(A))dA + JE<u,|u|"‘2 u ln|u|k>. 2.8)
0
Chirng minh. Dao ham hai vé (2.1) trong B6 dé 2.1 va lay ki vong ta dugc (2.7). Ngoai ra

E(u,v)(t)-E(u,v)(0) _EI u,v)(s)ds

=E|(—u,v)(s)ds+E|(u,—vVv)(s)ds=J,+J,, 2.9
£<ds >() j< ds>() 1+, (2.9)
va bién doi tung $6 hang J, va J,. bdi voi s6 hang J,, don gian ta c6 dugc
t t t
=B LY (s)ds = B[ (v,v)(s)ds = & [v(s)[; ds. (2.10)
0 dS 0 0
Véi s6 hang J,, nhan hai vé (1.6) cho u va lay tich phan trén D va ki vong, ta thu duoc

E

J, <u,/\/’(u,s)Au —J'h(s—A)Au(A)dA+|u|”72 u1n|u|k>ds

I
g

E | (u, N (u,s)Au)ds - Ejj' (u,h(s—A)Au(A))dAds + EI< o™ u1n|u|>
00

—Ej/\/(u,s) [Vues)[s ds+E j j h(s—A){Vu(s), Vu(A))dAds

+ Ej<u,|u|p2u In|u|k>ds. (2.11)
Thay (2.10) va (2.11) vao (2.9) ta thu duogc két qua
E(uv)t) = E(u,v>(0)+Ej||v(s)||§ ds + ]E_[<u,|u|p_2u In|u|k>ds
—EjN(u, s)||Vu(s)||§ ds +Ej‘j'h(s—A)(Vu(s),Vu(A))dAds .

Pao ham hai vé, ta thu duoc (2.8). Két thiic chimg minh b dé. i
Tiép theo, ta xét phiém ham thuc H (t) = G(t)—E(F(t)), theo diéu kién (G2), ta co

H'(t) = %E(%”Vu(t)”zj —%E(h’ o VU)(t) +%h(t)E||Vu(t)||§ > 0. (2.12)
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2.2. Swbuling né ciia nghigm

Gia str cac diéu kién (G1), (G2), (G3) thoa, véi (u,,V,) € Hi(D)x L2(D) va (u,v) la
nghiém cta hé phuong trinh (1.6) thoa (1.8). Chung t6i dinh nghia phiém ham

L(t) = H“(t) + SE(u,v) (t) +5%E||Vu(t)||‘2‘,
trong 36 0 <a < (p—-2)/(2p) va & la hang sé duong s& chon sau.

Buwéc 1. Chirng minh ton tai hang sé dwong v sao cho

L'(t) > y[H () + E|v[; +E[vVul} + Eu[?

t
+Ej(h c>Vu)(:=,)ds+IEI4J.|u|p In|u[* dx+E|vul; |. (2.13)
0 D
Tir dinh nghia phiém ham F |, gia thiét (2.13) va cac danh gia (2.12), (1.7), ta c6 duoc
0< @+ A)GH) <A+ B)E =H@O)<H(t) < G(t)+%j|u|p |n|u|k dx . (2.14)
D
Do d6
H(t) -Gt >-L—H@®)>0. (2.15)
p+1

Pao ham L, cung vai (2.8) trong Bb dé 2.2, ta c6
! -a [ d § d 4
L'(t) =(1-a)H“(®H (t)+5EE<u,v>(t)+5fa(E||Vu(t)||2)

=(1-a)H ™ ([t)H'(t) +5[—E(/\/’(u,t) ||Vu(t)||§)+EJt-h(t —A)(Vu(t), Vu(A))dA

2 p-2 k 5 2 d 2
+BVO + B{u " “ulnlu >(t)} +§%E||Vu(t)||2E(E”Vu(t)”z). (2.16)

Ap dung bt dang thirc Young, ta co

Ejh(t—A)(Vu(t),Vu(A)—Vu(t))dA

< %]E [h(t-A)Vu®) - vu(a); dA+%E_[h(t —A)Vu)], da

t
< BV 3 [HAOAE|Vu],
0
keo theo

Ej’h(t—A)(Vu(t),Vu(A))dA
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—

=B [h(t—A)(Vu(t), Vu(A) - Vu(t) dA+Ejh(t A)(Vu(t), Vu(t))dA

o

jh(A)dAE”Vu(t)” ——E(h Vu)(t). (2.17)

Lay tay y ae(0,(p—4)/p), khi dé taco

_PA-3) ;. 4 (2.18)

Ngoai ra, ta gia thiét thém
pl-a) ,
jh(A)olA<§OW £, (2.19)
2 2

Khi d6
_ p(-a) t 1
iy = T(go —!h(A)dA]—(cfo —Egh(A)dAj

o(l—a) p-a) 1 p-a) .| p-a) 17"
R i i e R

Tir dinh nghia ham H (t) va (1.4), ta nhan xét rang
E<u,|u| ulnlul > an|u| Inuf dx+ (1~ a)]EI|u| In|u[* dx

=B [juf’ Injul* de-+ p(-a) [H(O -GO]+ 2 A-a)Ev[;
+§(1— a)(go —Jt'h(A)dAjE”Vu”i +% p(L-a)E|Vul;

+§(1—a)Ej(hoVu)(s)ds+%(1—a)E||u||§. (2.21)

Thay (2.15), (2.17), (2.21) vao (2.16), cing véi cac hé sb duong co trong (2.18), (2.20) va
danh gia (2.15), (2.16), ta thu duoc
L'(t) =(1-a)H “@H'(®)+SB|v)[] +5E<u,|u|"‘2u|n|u|k>(t)
17 )
—5[@0 -3 j h(A)dA]E”Vu(t)”z ~SEE|Vu)|; - B(hevu)D)
0

>(1-a)H(t)H'(t) +Spd—a)[H (t) —G(t)]+5[@+1}1&||v(t)||j
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r 1- t 1! 2
s B : a) (50 - ! h(A)dA]—[cfo _Elh(A)dAJ }EIIVU(UHZ

" p(1-a) 1 t . p k
+5_—2 Z}El(h Vu)(s)ds+5aE£|u| In|u|" dx

k(1—a)

+5§{ 02 _1}E||Vu(t)||; RPLCLIS T

> 5p-a)—L—H (1) +5(2u4 +3) B[V} + e, E| Vo[ + 528 [|ul” In|ul* dx
D

p+1
t
+5(2/Jl +%]Ef(h oVu)(s)ds + 85, B|Vul; +5 kd-a) Eul?. (2.22)
0
Pau tién, ta chon & >0 du nho sao cho
L(0)>0, (2.23)

sau d6 ta goi y >0 1a hé s6 nho nhét trong céc hé sé cua H(t), E|v[., E|vul;, E||u||z

t
E[(hoVu)(s)ds, E [[u]” Injul* dx, E[Vul; 6 trong (2.22), thu duoc dénh gia (2.13).
0 D

Tir (2.13) tacd L'(t) >0, két hop (2.23) dan dén
L(t)>L(0)>0, t>0. (2.24)
Buwéc 2. Chitng minh ton tgi hang sé diwong K sao cho
1
[L(t)]J-= <KL'(t), t>0. (2.25)
Céc bt ding thirc Holder, Young va phép nhing trong khong gian Lebesgue chi ra rang
1 1

- '
[E YJ;uvdx]H <c(BJul} ) (BIM; ) < {nrl(mnu”i )<> ¥ nl(E”V”;)szl |

21-a) _2(1-a)

. N o s N _ e
voi (I/n)+@/n)=1.Chon n=2(1-a)>1thi n 71 2001 124 , khi do
= 1
(IEJJ.uvdx]1 < cli(E”u”i)l‘Z“ +E||v||§} < C[E”u”i/(l*za) +E||v||§} : (2.26)
D
Dit s =2/(1-2¢) thi tir gia thiét 0<a < (p-2)/(2p),tacod 2<s< p. Hon nita
Blul;, <c(B|ul? + B|vul;). (2.27)

trong d6 hang sé ¢ > 0. That vay, ta chimg minh (2.27) chia thanh hai truong hop sau.
Néu Ju], >1 héu chic chin trén © thi B|ul} <B[u]? <c(B[u]} + B|vul; ).
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Néu ||u||p <1 hau chic chéin trén Q thi E||u||sp < E||u||i . Bang céch ap dung dinh Ii phép
nhang Sobolev, theo gia thiét (1.2) thi H,(D) nhing lién tuc vao LP(D), do d6
B|uf, <BJuf} <cBVu[; <c(B[ul; +E[vuf;).
Két hop (2.26) va (2.27) ta thu dugc danh gia
1

LE Iuvdxjw <c(Bu]} +B|Vul; + BV} ). (2.28)
D
Tiép theo, ta chirmg minh
1
(BIvul; )= <c(B|vul; +B|vul}). (2.28)

Néu ||Vu||p <1 hau chic chan trén Q thi véi 1i > 4 va bét ding thic Holder, ta cd
-
1

\ig = 4
(Bl <Blvulfs <Blvul:
Néu [vul =1 hau chac chan trén Q thi 0<a <(p-2)/(2p) <1/2 kéo theo 8(1—a) > 4,
dan dén ||Vu||‘21 < ||Vu||2(17“) hau chic chin trén Q, tir day thu duoc

8(l-a)
2

=S 1 4
(BIvul, ) < (B[vul* '} <B|vufye <B|vu];,
Tur dinh nghia ham L, danh gia (2.28), bat dang thirc Holder va (2.14) ta c6

la

L@ =[Hl‘“(t)+5E<u,v>+5%E||Vu||;}

1
1-a 4 i
(o) ]

H (t)Jr]EJ'|u|ID In|u|k dx+E||u||z +E||Vu||§
D

<c|H(t)+

E I uvdx
D

<

(¢

t
+E||v||§ + EJ. (hoVu)(s)ds+E ||Vu||:/(la)} : (2.29)
0

Tur (2.13) va (2.29) thi ton tai hang s K >0 sao cho véi t >0 thi
1
L'(t) > K[L(0)]. (2.30)
Chia hai vé (2.30) cho [L(®)]"“ >0, sau d¢ Iy tich phan hai trén (0,t) ta duoc
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t LO) e j Kds = Kt . (2.31)
L(S)]la 0

Bang phép tinh tich phén co ban, ta bién d6i vé trai (2.31) nhu sau

j&ds - j[L(s)] e dL(s) ——([L(t)]‘laa —[L(O)]_laaj.

o'—.

o[L(s)]r= 0
Thay vao (2.31), bién ddi ta thu duoc
o 1
L(t)Jre > — : (2.32)
(L] [LO)] " ~(Kat)/ 1-a)
it T, = q E(_o;)i“’““) . Theo (2.32) thi L(t) bung no tai tai thoi diém T*<T, <. 0

3. Kétluan va mé rong

Bai béo da thiét 1ap cac diéu kién du cho hién tuong bung nd nghiém trong thoi gian
hitu han caa 16p phuong trinh séng nhét dan hoi ngdu nhién chira toan tir Kirchhoff va ngudn
phi tuyén logarithm trén mién bi chin. Thong qua k§ thuat phiém ham ning luong va phuong
phap ham 16m, ching t6i da xac dinh duoc cac tiéu chuan bung nd dya trén dir liéu ban dau
va tham s hé théng, gop phan 1am rd hanh vi tiém cin ctia nghiém dudi tac dong cta nhilu.
Trong tuong lai, hudng tiép can nay c6 thé md rong cho cac hé thong co s hang tré hoic
cac toan tir phi tuyén tong quat hon.

% Tuyén bé vé quyén loi: Cac tac gid xac nhan hoan toan khéng cé xung dét vé quyén loi.

% Loi cam on: Nghién ciéu nay duoc tai tro béi Truong Dai hoc FPT theo dé tai ma sé
DHFPT/2025/33.
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ABSTRACT

This paper investigates qualitative properties of solutions, with particular emphasis on finite-
time blow-up for a class of stochastic viscoelastic wave equations on a bounded domain. The model
includes a viscoelastic term, a Kirchhoff-type term, and a logarithmic source term, thereby providing
a framework that integrates nonlocal effects with random environmental noise. We construct an
appropriate energy functional and apply It6's formula to establish key technical lemmas and
differential inequalities. Using the energy method together with auxiliary inequalities and Sobolev
embedding theorems, we estimate the growth of the energy functional and prove finite-time blow-up.
The main result establishes sufficient conditions on the initial data and system parameters
guaranteeing finite-time blow-up, extending existing literature on stochastic wave equations and
offering a theoretical basis for analyzing similar models in the future.

Keywords: partial differential equations; stochastic; blow-up; viscoelastic term; logarithmic
nonlinearity; Kirchhoff equation
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