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TOM TAT

Cdc cong trinh truoc ddy da thanh cong trong viéc tinh nang luong exciton cho mot $6 logi
vét liéu ban dan di hudng bang phwong phdp sé. Trong cong trinh nay, ching téi tiép cdn bai todn
bang phirong phdp gidi tich véi Ii thuyét nhiéu loan cho mét loai vt liéu ban dan di hwéng la don
16p titanium trisulfide (TiSs). Do Ii thuyét nhiéu loan truyén thong khéng cho két qua chinh xdc voi
bai todn di hudng, ching téi da sir dung li thuyét nhiéu loan c6 diéu tiét. Burde dau tién | chudn héa
thang do khéng gian nham chuyén phan di hwéng trong thanh phan déng ning Hamiltonian vao
thanh phan thé Rytova-Keldysh, sau d6 dp dung phép bién doi Levi-Civita dé dwa phwong trinh
Schrédinger vé dang dao déng tir phi diéu hoa va biéu dién né dwdi dang dai sé bang cdc todn tir
sinh-huty lwong tir. Tir @6, chiing téi tinh todn dwoc cde yéu té ma trdn dwdi dang gidi tich. Sir dung
Ii thuyét nhiéu loan c6 diéu tiét, ching t6i xdy dwng biéu thire bo chinh ndng lwong dén bdc hai. Kiém
tra bang tinh s6 cho thdy dé chinh xdc ciia li thuyét nhiéu loan bdc hai rat cao véi sai s6 phan lom
dudi 1.0 meV so véi cdc s6 liéu chinh xdc cao tir phirong phdp s6. Diéu nay c6 y nghia quan trong,
goi y cho viée sir dung Ii thuyét nhiéu loan bdc hai dé xdy dung biéu thirc gidi tich cho ning hrong
exciton trong don I6p ban dan di huéng trong cdc cong trinh tiép theo.

Tir khéa: tinh toan dai so; toan tir sinh-hity twong ty; vat liéu ban dan di hudéng; don 16p
titanium trisulfide; 1i thuyét nhiéu loan c6 diéu tiét

1.  Giéi thiéu

Sy phat trién cta vat liéu hai chiéu (2D) d3 mé ra nhiéu tiém ning trong linh vuc dién
tir va cong nghé nano (Arora, 2021). Trong s d6, cac ban dan thudc ho kim loai chuyén tiép
hai chalcogen (Transition Metal Dichalcogenides — TMDCs) da thu hut su quan tim dang
ké nho cac tinh chat quang dién tir dic biét (Berkelbach et al., 2013; Chernikov et al., 2014).
Mot trong nhiing dic trung quan trong ctia cac hé nay 1a ph6 nang luong bi chi phdi manh
boi cac gia hat exciton voi nang lugng lién két 16n do hiéu tmg giam chiéu.

Cite this article as: Nguyen, Q. K., Truong, T. H., Le, H. V., & Le, D. D. K. (2026). Exciton energies in titanium
trisulfide monolayers: A second-order perturbation theory approach. Ho Chi Minh City University of Education
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Bén canh TMDCs, nghién ctru cac vat liéu di hudng nhu phosphorene va cac hop chit
trisulfide (TiSs, ZrSs...) cling cho thdy phd ning lugng bi anh hudng manh boi exciton
(Alidoust et al., 2020; Kezerashvili et al., 2022). Do céu tric tinh thé dic thu, cac hé nay thé
hién tinh di hudng ro rét trong hép thu quang hoc va khdi luong hi¢u dung cua hat tai.
Diéu nay dit ra yéu cau nghién ctru lai cau trac va phd ning lugng exciton trong cac 16p vat
liéu trén.

Nhiéu phuong phép sb da duoc sir dung dé khao sat bai toan (Prada et al., 2015; Wu,
2022), tuy nhién chung thudng tip trung vao tinh toan ning luong hodc khé cung cép cai
nhin giai tich vé su phu thu¢c vao tham sb vat liéu. Li thuyét nhiéu loan 1a mot huéng tiép
can tiém nang, dd c6 nhidu nhém van dung dé giai quyét nhirng bai toan dang hudng (Ly et
al., 2022; MacDonald & Ritchie, 1986; Nguyen et al., 2019). Bén canh dd, c6 nhitng cong
trinh ap dung li thuyét ndy cho cac hé bat dang hudng (Kezerashvili et al., 2022), ciing nhu
xdy dung thanh cong biéu thic ning luong theo tham sb vat liéu d6i véi cac hé dang hudng
(Dinh et al., 2025). Tuy nhién, han ché cua li thuyét nhidu loan truyén thong 1a toc d6 hoi tu
thép va kho dat @6 chinh xac cao.

Trong cong trinh ndy, ching toi phat trién mot nén tang tinh toan cho phép str dung
phuong phap 1i thuyét nhidu loan c6 diéu tiét théng qua tham sb ty do @ nham cai thién sy
héi tu. Bang cach chuin hoa khong gian va 4p dung bién doi Levi-Civita, bai toan duoc dua
vé dang dao dong tir phi diéu hoa, cho phép st dung biéu dién toan tir dé tinh toan hiéu qua.
Tinh toan cu thé duge tién hanh cho hé ban dan di hudng titanium trisulfide (TiSs) va cho
phép xay dung cac biéu thirc giai tich mé ta phd ning luong exciton v6i d6 chinh xéac cao.
2. Lithuyét nhiéu loan c6 diéu tiét
2.1. Phwong trinh Schridinger cho exciton trong don l6p di huéng

Dau tién, xét hé exciton trung hoa trong don 16p di hudng bao gdm mat electron va
mot 16 tréng tuong tac voi nhau, ta dugc Hamiltonian cua hé nhu sau:

~ P2 P2 pz P2
H= P +—2+ P +—2 4V, (1)
2m, 2m, 2m, 2m,

A ~ A A A

trong do P, P, ,P,.B,,m,,m,,m_.m \V . lan luot 1 toan tir dong lugng, khéi luong cua

ex? ey? hy 1 M Hexr ey s Ty Ty s Ve
electron, 15 trong trén hai phuong X,y va thé twong tac giita electron va 13 tréng.
Xét don 16p di hudng, thé Coulomb khong di tot dé mo ta tuong tac giita electron va 16
trong nén chiing toi sir dung thé tuong tic giita ching 1a thé Rytova-Keldysh (Keldysh, 1979)

ozl

VGi « 1a hang sb dién méi trung binh, r, 1a d dai chan c6 lién quan téi do phan cuc 2D cia

vt liéu don 16p (Cudazzo et al., 2011), &, la hang s6 dién mdi chan khong, e 1a dién tich

nguyén t6, H, va Y, lan luot la ham Struve va Bessel bac khong.
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Tiép tuc, ta dua Hamiltonian vé hé quy chiéu khdi tam br:ing cach xac lap céc toa do
khéi tAm va toa do chuyén dong twong doi:

mexXe + mh><Xh

X = , X=X, —X,, M, =m_ +m,,,

X
meyye + I,‘nhyh
M y
Trong d6 X,Y,x,y cac vector chuyén dong khdi tim va chuyén dong twong ddi cua

Y = 1y:ye_yh’My:mey+mhy' (3)

hé. Sau qué trinh bién doi giai tich thong thuong, ta tich dwoc Hamiltonian 1am hai thanh
phan — khéi tim va tuong d6i. V6i chuyén dong khéi tAm co thé duoc giai tach bién mot
cach truc tiép, voi nghiém dang song phang tuwong tu bai toan hat tu do. Con thanh phan
tuong ddi, ta duoc:

- (1064 1 6° -
Au=-T] e 220 |, @)
2\ py X7, 0y
m,_m \ ,
VO p, = Mex My T 9" _ 1an luot 1a khéi lugng hiéu dung rit gon ciia exciton theo
m,, +m, mey + mhy

truc X,y . Dé thuan tién cho viéc tinh toan, ta dwa Hamiltonian twrong di vé dang khong thir

drne i’ - w8

nguyén béng cach dat a; = >Ry = Y, lan luot 1a don vi d6 dai va don vi nang
e 167°¢ih
luong. Vay Hamiltonian twong dbi dang khong thir nguyén sé& nhu sau:
2 2
HreI: 1 a +&a_ +VK' (5)
2| ox® 4y oy?

T&i day, Hamiltonian xuat hién tham s6 di huéng s, / w1, trong thanh phan dong ning.

Qua nhiéu cong trinh (Le et al., 2024; Prada et al., 2015; Wu, 2022), ching t6i nhan thay
rang viéc chuyén tinh di “huéng vao thé tuong tac thi viéc giai phuong trinh s& tro nén dé
dang hon. Khong 1am mat tinh tong quat, ching t6i thuc hién phép chuan hoa thang khdng

gian X > X,y = /ﬂy (Le et al., 2024). Khi do, toan tir Hamilton tro thanh:
Hy

R 2 2 N
Hrel = _i 8_2_,_8_2 +VK' (6)
2\ ox° oy

Nhu vay, bai toan duge dua vé dang trong d6 thanh phan dong ning ding hudng va
thé Rytova-Keldysh hiéu dung di huéng (Le et al., 2024). Tiép tuc, dé thuén tién cho viéc
tinh toan, ching toi str dung thé Rytova-Keldysh dudi dang Fourier (Nguyen et al., 2019)
sau khi thyrc hién phép chuan hoa thang khong gian. Thé Rytova-Keldysh di huéng thu dugc
nhu sau:
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exp(itx+it,y)
r(l+ar)

Vi (xy)= 7

ZM g j jdth

voi 7= [t2+ 'uytzz, =1,/ xa,.
\j 4,

Nhu d3 dé cap & trén, dé tinh ning luong exciton trong cong trinh ndy, chung toi ap
dung 1i thuyét nhidu loan c6 diéu tiét cho phuong trinh Schrodinger. Va dé thuan tién hon
trong viéc tinh toan bang phuong phéap dai sd, chung toi stir dung phép bién ddi Levi-Civita
(Levi-Civita, 1956) dé dua vé dang dao dong tir phi diéu hoa hai chiéu:

=u’ -V, y=uw (8)
Tur @6, ching t6i thu dugc phuong trinh Schrodinger c¢6 dang
1 82 82 2 .2

trong d6 thé Rytova—KeIdysh khi chuyén sang khdng gian u,v c6 dang

Ve (u,v) :(u2 +v2)V "

@ oo eXp|:it1(U2—V2)+ 2it2uv]

r(1+ar)
2.2. Biéu dién dai sé thong qua cac toan tiz sinh-hiiy

Bay gio chlng t6i sir dung tinh toan dai s6 théng qua céc toan tir sinh hay nhu trinh
bay trong chuyén khao (Feranchuk et al., 2015) cho phuong trinh

I:|z//(u,v):EF§x//(u,v), (11)
voi R =u?+Vv2. Trong bai ndy ching tdi nghién ciru don 16p di hudng twong tw TMDC va
tham khao cach dat toan tir sinh hay trong cong trinh (Nguyen et al., 2019) nhu sau

(u?+v?). (10)

1 R A A oA r A
u2+v2:—(aTa+bTb+1+ab+aTbT),
[0}

uv :_i(az ~b7-a" b7 - 28'h + 280",

diw
2 2 ~ ~ PN
1=+ O —o(ab+a' -8'a-b'-1),
ou’ 6v
u? —v2 :i(é” +8%+b™ +b? +2§T6+256*), (12)
20

trong d6 &,a",b,b" 1 cac toan tir sinh hity théa hé thuc giao hoan: [aa'] =1,[6, 6*} =11a

co 86 cho cac tinh toan dai so.
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Vin dé then chét ma tinh toan can giai quyét 1a xu i toan tir dang mi trong thé Rytova-

Keldysh dang O = exp[itl(u2 -v?)+ 2it2uv]. Trong biéu di&n dai s6, ta c6 thé viét lai toan
tir O nhu sau:

O= exp{i(éT2 +8%+b+b%+2ab" + 2&6)
20

+t—2(—é12 +b%+4"—p'? + 24— 24b" )}. (13)
200 ,, ,, ]

Khi khai trién cac toan tir mi, biéu thirc thu dugc chira cic tong v6 han lam cho qua
trinh tinh toén tro nén dic biét phic tap. BE giai quyét vin dé nay, chdng toi tai ciu tric toan
tir O dudi dang tich cua cac toan tir co s&, mdi toan tir trong sé do déu cé yéu té ma tran xac
dinh dugc mot cach tuong minh. Qué trinh nay khong tim thuong va duoc trinh bay riéng
trong muc tiép theo.

2.3. Tinh toan thanh phdn thé Rytova-Keldysh

Viéc ap dung bién doi khdng gian trong bai nghién ctu nay gitp ching ta dé dang
khtr thanh phan di huéng trong toén tir dong ning. Nhung diéu d6 1am cho thanh phan thé
Rytova—KeIdysh tré nén di hudéng va phﬁ:c tap hon trong tinh toan. Xét

V, = ch el j Jdtldt )(u +v2). (14)

ta can phai xi Ii hai van dé, tha nhat |4 tai cAu triic phan toan tir O, thir hai 12 tinh tich phan
s6 phat sinh trong cac biéu thirc yéu té ma tran. Céc tich phan phét sinh ¢ chung dang cho
cac van dé exciton trong don 16p ban dan di huéng va di dugc khao sat ki trong céng trinh
(Le et al., 2026a). O day ta s& ban vé toan t O nhu dudi day.

Véi toan ter O, n6 12 todn tor mil ctia mot t6ng cac toan tir con trong d6. Vi tinh toan
thong thuong ta cé thé sir dung cdng thirc Baker—Campbell-Hausdorff

X 4Y +E[ XY ]Jri[x [Xx.Y ]]—il:Y [X.Y ]:|+

e¥ef =" 2712 12 (15)

Bang truc quan ta cd thé thay, néu khdng tai cau trac lai, ta can tinh mot luong 16n cac
téng, tham chi 12 v han. Chinh vi vdy, ta can tim mét bo toan tir ¢6 giao hoan vong quanh
(dai s6 kin) dé téng co thé ngat tai mot vi tri nao d6. Va bo toan tir {A, A'M,MT, l\],ik}
trong cong trinh (Nguyen et al., 2019) lam duoc diéu d6

Aodizb g ittt o AT g il oo

\/g +t? \/tf+t22 JE+2 2+t

w/t1 +t§ 2+t
"—ah', N=4a'a+b'b+1, M =ab . (16)
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Str dung quy trinh dua ra trong (Feranchuk et al., 2015) va ap dung thanh cong trong
(Nguyen et al., 2019), ta viét lai toan tir O thanh dang

G = g (AZEA) _ (OB oM’ go(UR goftN guit ¥ (A (17)
Voi t = ZL t? +t2 . Twong ty nhu trong cong trinh (Nguyen et al., 2019) dang mii chira cac
o

A~

toan tir iK, N c6 thé tach thém qua cac toan tir

A= —t, +it, 4 &b 1@ -, —|t1
2+t w/t +t
A=a'a-b'b. (18)

Sau qua trinh tinh todn, chiing t61 thu duoc

R t - 4t N
= -~ AT -~ M’ 2trn’
eXp( 42 +1 jeXp( 42 +1 ]ex'o( ')
. 4> - t .
exp( (n N)In(4t +1)Jexp(—2tm)exp(—4t2+lMjexp[4t2+1Aj. (19)

Pay 1a dang chuan caa toan tir khi cac toan tir hity & bén phai va dang sinh ¢ bén trai.
Bay gio cac tinh toan yéu té ma tran tré nén dé dang hon qua céac bién d6i dai s6. Chi tiét vé
ki thuat tinh toan c6 thé tham khao trong (Feranchuk et al., 2015).
2.4. Ap dung li thuyét nhiéu loan c6 diéu tiét

Chung t6i str dung phuong phép li thuyét nhidu loan c6 diéu tiét dé giai s6 cho phuong
trinh (10). Trudc tién chiing t6i tdich Hamiltonian thanh hai thanh phan:

QA+ o, R=R+ S (20)
Trong d6, thanh phdn H, va R, chi chira nhitng toan tir trung hoa, thanh phdn V va § xem
la phan nhiu loan. Hé s6 A 1a hé sé nhidu loan. Dé tiép tuc, ching tdi khai trién ning luong
va ham soéng theo dang chudi nhu sau:

o ko (21)

voi (nm)=(k, u).

Trong cong trinh ndy, chung t6i da xay dung bo chinh ham séng va bd chinh ning
luong cho bac hai va thu duoc két qua

S _ EnmS _kanm 22
nmnm ;;k( nmk u nm nmk,u) Rk#kﬂ(Ekﬂ—Enm) . ( )

knm
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Cacyéutdbmatran R R .S S _ trong cic biéu thuc trén duoc tinh co két

nmnm? " YKkt Skpnm? S nmk g
qua nhu sau:
2k +1 2n+1
Rkyky = ! annm = !
[0 0]
1 2 2 2 2
Snmk;z :5 k —H 5n—m,k—y—15n+m,k+y—1+ (k+1) —H é‘n—m,|<—y+15n+m,k+,u+1 )

1 [.2 2 2 2
sk/mm :5 n-—m 5k—,u,n—m—15k+,u,n+m—1+ (n+1) —-m 5ky,n—m+15k,u,n+m+l :

Va thanh phan c6 chtra thé Rytova-Keldysh, ta tinh toan dya trén yéu t5 ma tran sau:
On'm’nm = <n +s,m "é

{n—m {n+mJ{ n+s—m'J{n+s+m’Jmin(n+m'* P+ —0-p
2 2 2 2 ,N+m-2p) n-m-2qg-h 1

2 2

q=0 p=0 =0 p,=0 h=g;+p—q—p—s  l=m'-m+p—p,—q+¢, q' p'hll ! Py !ql!

n,mj=

2m—m’+25—3q1+3q— p+p+4h+2l (_l)m*m'+5*2(11+2(1+h+| t2(s—ql+ p+q+2h)
X

n+2m+2q-2 p+2|+%—ql+ p+m’

(1+4t%)

(n+m—2p—h+I)!\/(n—m)!(n+m)!(n+s+m’)!(n+s—m’)!
(n-m-2gq-h-1)(n—-m-2p—h)!(n+m'—p,+¢,—q—p—h)!
1
(s—g,—p,+p+q+h)(m—m'—p+p,+q—q +1)
3. Kétqua vathao luan

Ap dung céc cong thirc (22) cua Ii thuyét nhidu loan véi céc biéu thirc twong minh cua
céc yéu té ma tran, ching toi lap trinh Python cho ning luong exciton.

Trong nghién ctru ndy, ching tdi tap trung khai thac wu thé caa Ii thuyét nhiéu loan c6
diéu tiét thong qua viéc sir dung tham sb tu do @ . Tir d6 xac dinh gia trj toi vu cia @ va tao
tién dé cho cac nghién ciru trong tuong lai. Trén 1i thuyét tham sé @ bac s chinh la nghiém
=S

X

X

cua phuong trinh =0. Tuy vay, viéc sir dung tham sb @ nhu trén c6 téc do hoi tu

thay doi khong dang ké ma lai 1am phuc tap hoa bai toan. Vi vay, ching tdi st dung o 1a
nghiém ctua phuong trinh:

o
=0, 23
. (23)
voi
R 8 2n+1

va VX 13 thanh phan tinh toan dua trén yéu té ma tran cua thé Rytova-Keldysh.

nmnm
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Qua do, tinh toan cho cac két qua ning luong exciton tién nhanh vé gia tri chinh xéc
thu duoc tir giai s6 sir dung chuong trinh trong cong trinh (Le et al., 2026¢). Duy nhat c6
trang thai 2s, ham song bi nhidu dong rat Ion, cho thdy giatri @ & gan mién phan ki caa
thanh phan nao do trong biéu thirc bd chinh bac hai. Bé vuot qua diém nay, ta can hiéu chinh
tham sé tu do 1% gia tri.

Ching  t6i 4  dung cho  TiSs  véi  cac  thong  sb:
r, =4,434nm; u, =0,251; x =4,5; f=1,135. Céc thong s6 vat li¢u nay duoc lay tir cong
trinh (Van der Donck & Peeters, 2018). Két qua tinh toan phd ning lwong cho cic trang thai
1s dén 5s duogc tong hop trong bang dudi day:

Trang thai 1s 2s 3s 4s 5s
Giatri @ t6i wu 0,317 0,206 0,146 0,111 0,09
E©) -182,9 —48,00 -21,23 ~11,82 —7,508
E®@ -186,4 —44,25 -20,05 -11,31 ~7,202
Chinh xé4c -187,2 —46,67 -20,65 -11,55 —7,358

Qua bang dit liéu, ta co thé thdy gia tri ning lwong thu duoc & bac bd chinh thir hai di
tiém can rat sat véi gia tri chinh xac cua bai toan. Pac biét, ngay ca ¢ gén ding bac khong,
két qua ciing da kha tét.

Khi di chiéu véi cac gia tri giai sé trong cong trinh Le et al. (2026b), tng véi bo thdng
sovatlieu (r, = 4,434 nm; u, =0,251; k= 4,9; S=1,135), két qua cho thiy su phu hop tét.
Cu thé, nang luong 1s 2s 3s lan luot 12 —172,534 51,964 —22,882.

Trong trudmg hop E®, khi 4p dung li thuyét nhidu loan c6 diéu tiét, két qua tinh toan
cho thy bd chinh ning luong bac nhat (AE®) bang khong. Két qua nay ciing phu hop véi
tinh chat ctia phuong phap, do phan nhiéu loan da dugc xay dung sao cho phan niang lugng
b6 chinh bac nhét triét tiéu (phan nhidu loan khong chira cic toan tir trung hoa nén

\Y

AEW = R”ﬂ =0). Bdi v6i cac bd chinh bac cao hon, viée tinh toan dugc tiép tuc thuc hién

nmnm
bang chuong trinh s6, chung toi da tién hanh tinh todn dén bac bd chinh thir 20. Két qua thu
dugc cho thdy chudi bo chinh hoi tu rat tét, gia tri nang luong sau khi cong cac bo chinh gan
nhu trung khép véi gia tri chinh xéc.

Tuy nhién, khi xét dén cac bac b chinh cao nhu trén thi khdi lwong tinh toan ting 1én
dang ké. Nguyén nhan 12 sb luong yéu t6 ma tran, téng theo cac trang thai trung gian va cac
phép tinh truy hdi can thuc hién déu tang nhanh theo bac nhiéu loan. Vi vay, thoi gian tinh
toan & cac bac cao c6 thé kéo dai dén vai ngay. Trong pham vi myc tiéu hién tai cia cong
trinh, két qua dén bac bo chinh thir 2 di du dé danh gia do hoi tu va do chinh xac cua phuong
phap, nén viéc mo rong tinh todn dén cac bac cao hon chua that su can thiét. Hién nay, ching
t6i van dang tiép tuc cai tién chuong trinh, tdi wu hoa thuat toan va cach luu trir dit liéu trung
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gian nham rat ngn thoi gian tinh toan. Nhimg cai tién ndy s& duoc cap nhat va trinh bay
trong cac cong bo tiép theo.
4. Kétluan

Trong cong trinh nay chung t6i da thiét 1ap thanh cong quy trinh tinh toan phd ning
luong exciton cho don 16p ban dan di hudng thong qua tiép can dai s6 két hop véi 1i thuyét
nhiu loan c6 diéu tiét, trinh bay dugc biéu thic bd chinh niang lugng bac hai. Thong qua
viéc khao sat chi tiét cho don 16p titanium trisulfide (TiSs), chiing t6i da xac dinh duoc cac
gia tri toi ru ctia tham sé diéu tiét @ cho cac trang thai tir 1s dén 5s dé thu duoc gia tri ning
luong tiém can voi gia tri chinh xac. Piéu nay khrfmg dinh tinh tin cdy va hi¢u qua cua li
thuyét nhidu loan c6 diéu tiét dén bac hai trong viéc khao sat cac hé vat lidu 2D c6 tinh di
huéng cao. Két qua cho thiy li thuyét nhidu loan bac hai cho ning luong exciton chinh xac
dén dudi 1,0 meV ddi véi cac trang thai 1s, 3s, 4s, 5s va dudi 2,5 meV d6i voi trang thai
2s . Piéu nay quan trong trong dinh hudng cho viéc xay dung biéu thic giai tich cho ning
luong exciton trong vat liéu ban dan 2D di hudéng.

% Tuyén bé vé quyén loi: Cac tac gid xac nhan hoan toan khéng c6 xung dét vé quyén loi.

% Loi cdm on: Nghién ctru ndy duoc tai tro béi Ngudn ngan sach khoa hoc va cong nghé
Truong Pai hoc Sw pham Thanh phé H6 Chi Minh trong dé tai sinh vién NCKH ndm hoc
2025-2026. Nhém nghién ctiu gi#i 161 cdm on chan thanh dén GS.TSKH. Lé Vdn Hoang da
dat bai toédn va huémg dan dé thuc hién dé tai nay.
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ABSTRACT

Numerical methods have been widely used to calculate exciton energies in anisotropic
semiconductors. This study develops an analytical framework based on perturbation theory for
monolayer titanium trisulfide (TiSs). Because conventional perturbation theory does not accurately
describe anisotropic systems, we use a regularized perturbation approach. First, a spatial scaling
transformation maps the kinetic anisotropy of the Hamiltonian onto the Rytova-Keldysh potential. A
Levi-Civita transformation then converts the Schrédinger equation into an anharmonic oscillator
representation, which is formulated algebraically using quantum creation and annihilation
operators. This framework allows the matrix elements to be derived analytically. We then construct
analytical expressions for energy corrections up to second order. Numerical tests show that most
deviations of the second-order results from high-accuracy numerical data are below 1.0 meV. These
findings support the use of second-order perturbation theory to derive analytical expressions for
exciton energies in anisotropic semiconductor monolayers.

Keywords: algebraic formulation; analogous creation and annihilation operators; anisotropic
semiconductors; monolayer titanium trisulfide; regularized perturbation theory
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