TAP CHi KHOA HOC BHSP TPHCM Trdan Minh Hién va tgk

KI THUAT TiNH SO CHO CAC TENSOR GREEN
CUA HE CAU TRUC HINH TRU

TRAN MINH HIEN", NGUYEN DUNG CHINH**, HO TRUNG DUNG***

TOM TAT
Chlng t0i si dung dinh i Cauchy daé thyee hién viéc tinh tich phdn s6 cho ham Green
Ciia hé Cdu triic hinh try va chi r8 cac thong SO 101 cho dwong ldy tich phan. Két qua sé

cho thay duang Iay tich phan di qud gan ciing nhw tién qud xa khoi truc thuc ciing sé gdy
ra mot sé van dé 1am cho két qua khéng chinh xdc.

Tir khéa: tich phan theo contour, mit phang phirc, dinh Ii Cauchy.
ABSTRACT
Numerical computation for tensor Green of the cylinder-system

Using the Cauchy’s theorem to integrate the tensor Green of the cylinder system we
specifies the optimal parameters for integrating contour. It is found that if the integration
contour is too close to or too away far from the real axis the results become inaccurate.

Keywords: Integration Contour, complex plane, Cauchy’s theorem.

1. Mé diu

Trong bai toan twong tac anh sang-vat chat, ciu tric hinh hoc ctia hé anh huong
dang ké 1én qué trinh tuong tac. Tuong tac cong hudng glua truong—nguyén tir va —vat
chat bao quanh lam cho ham Green mo ta qua trlnh truyen twong tac cua hé ¢4 tinh chat
rat phuc tap; tai nhimng tan s6 cong huéng ham sb bién thién rat manh gay ra nhimng kho
khan dang ké cho viéc tinh toan s6. Nhitng bai todn dang nay thuong chira cac ham dao
dong manh va cac ham dac biét nhu cac ham Bessel, Hanken...

Ban chét vat i cia cac diém bién thién nhanh (cuc diém) 1a cac cong hudng cia
hé. Phan thuc cua cuc diém 1a vj tri cong huong, phﬁn ao l1a d¢ rong vach cong hudng.
Pé xir |i cac cyc diém ndy, ta str dung dinh Ii Cauchy va tinh giai tich cia ham Green
trong mit phang phtrc. Néu ham c6 tinh chat giai tich, ta c6 thé tu do thay d6i dang ctia
duong tich phén kin véi diéu kién 1a duong tich phan khong chira thém cuc diém méi.
Tuy nhién, tir goc do tinh sd, viéc thay doi duong ldy tich phan ¢6 thé anh huong dén
két qua. Muyc tiéu ciia bai bao nay 1a tim cac thong sé ctia duong tich phan sao cho két
qua chinh xac khi ciu trac hé c6 dbi ximg tru.

Ngay nay, trong cong nghé quang d1en tur, khi kich thudc cua hé giam Xuong o
kich thudc micro hay nano hiéu tmg vé cau tric 1a rit dang ké vi thé viéc tinh toan day
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du vé céu tric hinh hoc cta hé thuc sy can thiét. Mot trong nhirng cau trac hinh hoc rat
duoc quan tdm d6 12 cau trac hinh try nhu: éng nano carbon [1] soi quang hoc [7]. Cu
trdc hinh try cing duoc Gng dung vao viéc dan song nguyén tr trong soi quang hoc
[4,10]. Ngoai ra, cdu trac hinh try ciing ddn dén nhiéu hiéu ung vat |i thd vi khac nhu
lam ting tan xa Raman [3], mode ghép cip manh cua nhimg polariton trong khéi ban
dan tru [5] hay lam ting twong tac ludng cuc-ludng cuc giita cac nguyén tir Rydberg
[2]. Ngoai ra, qua trinh ra tu phat cia ngudn hay qua trinh truyén nang luong cong
huong gilra cac nguyén tur ciing bi anh hudng dang ké khi dat gan hay bén trong khoi
tru. Vi cac bai toan kiéu nay, tat ca thong tin vé vi tri ciia ngudn cling nhu tinh chét
cia moi truong vat chét bao quanh déu chira trong tensor Green cuia hé, van dé 1a 1am
thé nao dé tinh duoc tensor Green. Néu tinh dugc tensor Green cua hé xem nhu bai
toan d4 dugc giai quyét.

2. Tensor Green cia hé tru voé han

Tensor Green tan xa G (r T ¢) cho hé tru v6 han nhiéu 16p cho béi [6]
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trong d6: ki hiéu H,v tuong ung la sy biéu thi song phén cuc TE (Transverse Electric)
va TM (Transverse Magnetic). f va s biéu thi cho 16p thir f (truong) va thir s (noi
dit ngudn). Chi sd N cua delta Kronecker 5SN biéu dién s6 16p cua céu trac hinh try. O
day chiing t6i s& xem xét cau trac khoi try dién méi hai 16p dai v han, trong d6 lop thur

nhét (lop bén ngoai bao quanh khéi tru) 1a chan khong. Chung toi xem xét ngudn diém
va diém truong clng ndm & 16p thar nhat, tic bén ngoai khéi tru. Ham Green tan xa

GP (r Ny ¢) biéu dién boi phuong trinh (1) tmg voi truong hop f = 1 va's = 1 ¢6 dang
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Vi HY 1aham hankel tru loai mot cip n, nva 5, la cac tri riéng.

Thé cac phwong trinh (3) va (4) vao (2) chung ta thu dugc biéu thirc cho tensor
Green cho truong hgp dipole moment nguyén tur dinh hudng theo phuong f
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Luu y ring ham dudi déu tich phan 12 ham chin theo k,va do cic hé sb

C:,.C5,,.C2,C2 chi phu thudc vao cac thong sb ciia moi truong nén trong moi

IH?~2H

truong hop dinh hudéng ciia moment ludng cuc nguyén tir, cac hé s6 1a nhu nhau. Ta 6

thé viét lai (5) nhu sau:
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trong d6: R 1a ban kinh ciia khéi try, J, 12 ham bessel loai mot, e, = m = m, = 1,
&, =¢ 1ahé s6 dién moi clia khéi try, k? = k?- h? k, = k, Je,m (voi f = 1,2).
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O day, ching t6i s& thuc hién tinh sb cho phuong trinh (6).
3. Cac mode cong huong

Khi thyc hién tich phan theo k,, ching ta can chon duong 1y tich phan sao cho
diéu kién burc xa Sommerfeld duoc thoa, tirc 1 ham lay tich phan phai triét tiéu & vo
cung. Do d6 duong lay tich phan phai chay bén dudi truc thuc. Ham Green biéu dién
boi phuong trinh (6) chira cac diém Ki di 1a nghiém phirc ciia phuong trinh D=0. D
dugc bicu dién béi phuong trinh (10) va 1a mau s6 cua céc hé s6 phan xa Cy,y,,Cyy -
Cac diém ki di nay lién quan dén cac mode cong hudng cua khdi tru. Doc theo truc
thuc cua k,, cac vach cong hudng xuat hién trong ving 1< k, Tk, < Re[\/ﬂ. Trong
khoang nay gia tri cia ham dudi dau tich phan f thay doi rat manh, voi cac gia tri
k, 1k, > Re[\/z] ham f tré nén tron hon, gia tri cia ham 6n dinh hon. Khi ting gia
tri cua héng s6 dién moi, sb luong cac vach cong hudng ciling tang va mac do bién
thién cua ham f cang dir doi hon (hinh 1a); cac vach cong huéng tap trung nhiéu &
ving 1<Kk, /k, < Re[\/g] chinh la dong gop cua cac guided mode. Ngoai ra, ta con
thay xuat hién thém cac vach & vung k, /k, <1; cac vach cong hudng nay 1a do dong
gop cua cac whispering galelery mode [8]. O day, k,don gian 13 hang sb truyén theo
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phuong z, nén khi phan thuc ctia né Re[k,|<k,=w,/cC, & xuét hién mode truyén di
vong trong khoi try trén mat phang vudéng goc véi phuong Oz. Cac mode truyén nay
duoc goi 1a whispering gallery mode.
3.1. Céc cwe diém ciia ham Green

D¢ thay r0 tinh chat bién thién ciia ham can 4y tich phan, trén hinh 1 chdng t6i vé
ham f nhu mot ham cia k, theo don vi cua k, trong ving cong hudng dé thay rd muc
dd bién thién cua ham.
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Hinh 1. Ham duwéi déu tich phdn trong phirong trinh (6) dugc vé nhw mét ham cia K, theo
don vi cua K,, Véi bdn kinh cia khéi tru R= 205, €=15+ i1078, r, =2.011, (a),

£=1.01+i107,r, =2.011, (b). Moment diploe nguyén ti dinh hieong theo phirong ¢

Trén hinh 1, ching t6i v& ham dudi dau tich phan trong phurong trinh (6). Hinh vé
cho thay tai mot sb gia tri cia k, (cac vi tri cong huong), ham s6 bién thién dot ngot
voi nhitng dinh rét sic, dén ¢ 4x10° tng v6i R=24,,6=15+i107,r, =2.014,
(hinh 1a).

Céc vach cong hudng nay chinh 12 nguyén nhan gay khé khan trong viéc tinh sb
cho phuong trinh (6), do ham l4y tich phan f bién thién dot ngot trong viing nay, dan
dén viéc lay tich phan sb cho phuong trinh (6) gap tré ngai rat 1on. Bé tranh nhirng khé
khan nay ching t6i thyc hién viéc lay tich phan theo dinh li Cauchy, thay vi lay tich
phan tryc tiép theo truc thuc K, , ching t6i chuyén sang lay tich phan trong mit phang
phirc K, ; theo contour doc theo nira duéng elip mo vé phia bén duéi truc thuc trong
goc phan tu thir tu (hinh 2) dé tranh xa cac cuc diém nay.
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4. Thue hién giai s6

V&i su phtic tap va cong kénh cua tensor Green do cdu tric hinh hoc gay ra, ddi
véi hé try, cAu trac cia tensor Green phuc tap hon so voi hé phéng va hé cau. O day,
c4c tinh toan khong thé thuc hién giai tich dugec ma ching ta phai thuc hién giai so.
Nhu d4 d& cap & trén, dé tranh cac cyc diém, tich phan phai duoc thuc hién theo
contour chay trong goc phan tu thir tw ciia mit phang phuc k, nhu duoc biéu dién trén
hinh 2. Theo Marocico, duong 14y tich phan duoc chia thanh ba doan [8]. O day dé don
gian, ching t6i l4y tich phan theo mét nira duong elip vong xudng phia bén dudi cua
truc thuc bat dau tir k,thoa diéu kién sao cho dudng l4y tich phan 6m tron cac cong
huong, vai ban truc chinh 14 a va ban truc phu 1a b (hinh 2).

[k, /k,]
T Rez+o Relk. /K]

T

A AL

Hinh 2. Puong ldy tich phdn trong mat phdng phirc K,

Puong nhién 14 ching ta phai ddm bao ring a dugc chon du 16n dé duong liy
tich phén bao tron cac ki di nhu dd thao luan ¢ trén; chdng tdi chon gid tri

= %Re[8]+5—0.5, véi & 1a hing sb cong thém dé dam bao dwong 14y tich phan
C

bao tron ving cong huong. Chung t6i s& khao sat thay doi cac gia tri ciia ban truc bé b
va ban tryc 16n a dé thdy dugc trong khoang gia tri ndo cua ching két qua tinh s s&
khong gy ra sai khac dang ké; tir d6 chi rd gidi han ciia cac tham sé nay sao cho két
qua thu dugc 1a tét nhat. a duoc chon sao cho cic vach cong hudng ciia ham Green
nam trong gidi han cua elip. Vé nguyén tic, cung duong cong ndy c6 thé mo rong tuy
y, két qua tinh toan ciing s€ khong thay d6i. Thé nhung vé mat ki thuat d6i voi mot sd
ham s cu thé, do tinh chit cua ham Bessel viéc mo rong vé phia tién xa truc thuc 58
gap phai nhwng tré ngai dang ké, do do cung ehp & day ciing s& chi duoc mé rong vé
nira mit phang phirc bén duoi du 16n dé c6 thé tranh du xa cac cuc diém, mic khac
ciing khong mé qué sau vé phia dudi. Piéu ndy ciing d4 dugc Paulus dé cép dén trong
truong hop hé phang. [9]

Nhu mét vi du ching t6i st dung Ki thuat nay dé tinh sb cho tensor Green cho hé
tru cho bai biéu thuc (6). Viéc thuc hién nhiéu tinh toan cho céc thong sO khac nhau
cho phép chling t6i hiéu rd hon phuong phap lay tich phan theo dinh Ii Cauchy.

5. Thao luin két qua
O day, ching t0i s& stir dung cac ki hiéu @ va b 1a cac ban truc bé khong thir
nguyén cua elip. Ung voi khéi tru c6 ban kinh R =24, hé s6 dién moi & =1.1+i10°%,
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két qua tinh s6 cho thay khi thay d6i gid tri ciia ban truc bé trong khoang
0<b <5x107%a va Re+/e /2-0.499<a < Reve /2, dudng cong thu duge cb gia
tri thay doi phu thudc vao gia tri caa b. Pé minh hoa cho diéu nay ching tdi V& cac
duong cong tuong Ung voi tham s b lan lugt bang 0.01& -mau dé va 0.02a-mau
xanh l4. Tuy nhién, néu ting b 1én thuéc mién gia tri b >5x1077, cac duong cong
thu dugc trung khdp 18n nhau téi mirc kho c6 thé phan biét ching bang mat thuong-
duong mau xanh duong [hinh 3a].
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Hinh 3. Phan do ciia ham Green tinh theo don vi ciia ky dwoc vé nhw mét ham Cua
toa dj nguyln tir ry /A, twong tng véi cdc hé s6 R=22,,6=11+i10"C, b ldn heot bang
0.01a, & =0.001-mau dé va 0.02a, §=0.001-mau xanh & Vva tit cd cdc dwong cong véi
cac thong sé twong img b =0.05a,2a,3a Véi clng tham s65 =0.001 va b =0.053,3a Vdi
5=0.5 déu nhdp 1AM mét thanh dwong cong mau xanh dirong (a) VA ¢ =1.5+i10°, b lan
liwot bang 0.01a, 5=0.1-mau xanh va 0.02a, & =0.1-mdu dé va cdc duong cong 1ng voi
cac thdng s6 b =0.04a,0.05a,0.1a,0.5a,3a Vi cUng & =0.1 va cdc duwong véi b =0.04a,3a
Vi §=05 déu nhdp 1am mot thanh duwong mau cam (b). Moment diploe nguyén tiz dink
hwong theo phwong ¢ .

O day, ching t6i d4 khao sat cac truong hop tng véi gia tri ciia ban truc bé 1én
dén b =3a; két qua thu dugc ciing van tring khép rat tét véi truong hop
b =5x10%a. Trong khi d6 chung t6i ciing thuc hién tuong ty ddi véi trudng hop
£=15+i10"%, buc tranh ciing dién ra dung nhu vdy, véi b >4x107?a va
ReVe /2-0.4<a<Reel2, cic duong cong ciing tring khop 18n nhau khong thé
phén biét bang mét thuong dugc-dudong cong mau cam [hinh 3b]. Tham chi tng véi
cac thong sé nay, ching toi dd khao sat voi tham s6 b = 23a két qua van triing khép
rat tot; duong cong thu duoc cling trung khép rat tot 1én duong mau cam trén hinh 3b.
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Tuy nhién, khi b > 233 két qua thu dugc that sy khong 6n dinh, viéc m& rong duong
lay tich phan di qua xa truc thyc gap phai mot so van dé khong mong muon, li do la vi
cac ham Bessel, Hankel rat kho tinh dugc chinh xac khi bién s6 16n. Khé khan nay
cling d& duoc de cap 0. [3]

Ngoai ra, ching toi ciing khao sat trudng hop ung vé6i ban kinh khdi try bé hon,
R=0.14,, hinh 4. Véi £ =1.01+i10"° tét ca cac duong cong déu tring khét rét tot
Ién nhau khi chdng t6i st dung cac gia tri cua ban truc bé dao dong trong khoang
0.0005a <b <3a va Revs /2-0.49<a <Reve /2, hinh 4a.
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Hinh 4. Phan do ciia ham Green tinh theo don vi cua K, dwoc vé nhur mgt ham cua
toa do nguyén tur ry | A, twong umg voi cac hé $6 R= 0.12,4,6 =1.01+ 11078 cac dwong tuong
ung véi cdc thdng so b =0.00053,0.001a,338 Vi §=0.01 va cdc duong ing Vi
b =0.00053,3a, 5=0.5 déu nhdp thanh mét dwong khong thé phdn biét dwoc (a) Va
£=15+i10"° dwong mau do img véi b =0.001a,8 =0.2, cdc dwong img véi cac thong sé
b=0.01a,§=0.2, b=0.01a,6§=05, b=33,6=0.01 va b=33,6=05 déu nhdp lam mpt
thanh dwong mau xanh (b). Moment diploe nguyén tir dinh hudng theo phwong ¢

Tuong ing véi € =1.5+1107, véi cac gid trj cua cac tham sé 0.01a <b <3a va
Re\/g/q2—0.4é a <Ree /2 cac dudong cong thu duge ciing tring khép 18n nhau
dugc biéu dién bsi duong mau xanh trén hinh 4b. Trong khi d6 ting véi cac gia tri clia
ban truc bé nam trong khoang b <0.01a, gia tri cua cac duong cong thu dugc phu
thudc vao b, dé minh hoa cho diéu nay ching tdi vé duong cong thu dugc tng véi
b =0.001a,s = 0.2 -duong mau do trén hinh 4b. Diéu ndy d& hiéu 1a vi khi hé sb dién
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moi & cuia khéi try ting cao, tuong tic cong hudng giira truong va vat chit ciing ting;
dan dén cac dinh cong hudng xuat hién nhiéu hon va sic hon nén dudng lay tich phan
can tranh xa hon khoi truc thuec.

6. Kétluan

Trong bai bao nay, chung t6i d& khao sat viéc tinh toan ham Green md ta tuong
tac gitta nguyén tir va truO’ng khi c6 mit khi tru dién méi. Chung tOi tap trung vao Viéc
khao sat cac thong sO cua duong liy tich phan trong mit phang phtic theo dinh Ii
Cauchy. Cac két qua cho thiy, ki thuat nay cho phép tinh dwoc nhitng ham c6 tinh chat
khéng tron va dao dong rat manh trong mot khoang gii han nao do6; c6 thé dugc thuc
hién mot cach don gian va gon nhe hon ma van cé thé thu duoc két qua tdt nhu mong
muon.
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