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TOM TAT

Gan ddy, bai todn MICZ-Kepler chin chiéu duwoc thiét ldp dé mé ta chuyén dong ciia
dién tir trong thé Coulomb vdi sw c6 mat cuia don cuc SO(8). Mot dieu rat thu vi [a bai toan
nay twong dwong vdi bai toan dao dong tir diéu hda muwoi sau chiéu. Trong cong trinh nay,
chiing toi dwa ra loi giai gidi tich chinh xdc cho bai toan trong hé toa dé cau chin chiéu.

Tar khéa: don cyc-SO(8), bai todn MICZ-Kepler, phwong trinh Schrodinger.

ABSTRACT
Exact analitical solutions of the nine-dimensional MICZ-Kepler problem

Recentli, the nine-dimensional MICZ-Kepler problem has been established as a
system which describes the motion of a nine-dimensional charged particle in the Coulomb
potential with the presence of the SO(8) monopole. Interestingli, this system is equivalent
to the sixteen-dimensional harmonic oscillator. In this research, the accurate analitical
solutions of the Schrodinger equation of the nine-dimensional MICZ-Kepler problem are
built in spherical coordinates

Keywords: SO(8)-monopole, MICZ-Kepler problem, Schrodinger equation.

1. Gidi thiéu

Bai toan MICZ-Kepler dugc Zwanziger, Mc Intosh va Cisneros xay dung tir
nhitng nam 60 [7,16], bang cach mé rong bai toan Kepler khi thém vao hé nay truong
don cuc tir Dirac. Pay 12 mot bai toan quan trong dugc khao sat nhiéu bang cac phwong
phap khac nhau trong vai thap nién qua va dén bay gid van con dugc quan tim. M&
rong bai toan nay cho khdng gian nhiéu chiéu 1a viéc rat tw nhién va dugc dua ra trong
nhiéu cong trinh [5-6]. Tuy nhién, ddng cha y nhét 1a cac truong hop khong gian 2
chiéu, 3 chiéu, 5 chiéu va 9 chiéu. Bai todn MICZ-Kepler trong céc khdng gian nay c6
mot vi tri rat dic biét, do no6 lan luot tuong duong voi bai toan dao dong tir diéu hoa 2
chiéu, 4 chiéu, 8 chiéu va 16 chiéu [12-15]. M6t diéu tha vi 1a céc phép bién ddi két ndi
c4c bai toan nay lién quan dén dinh Ii Hurwitz 1, 2, 4, 8 [1] dwoc dua ra tir cudi thé ki

" ThS, Pai hoc Kién tric TPHCM

" ThS, Trwong THPT Nang khiéu TPHCM

™ Sinh vién, Trwdng Pai hoc Sw pham TPHCM
" PGS TSKH, Trwong Dai hoc Sw pham TPHCM
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XIX cho viéc xay dung cac dai s6 chia chuan hoa lién quan dén sb thuc, sb phuc, sb
quaternion va sé octonion [1,3]. Pinh Ii ndy cho thay chi ton tai mdi lién két giita bai
toan Coulomb Vi bai toan dao dong tir diéu hoa cho 4 truong hop néu trén. Sau bai
toan MICZ-Kepler 3 chiéu, bai toan MICZ-Kepler 5 chiéu duoc xay dung tir cac cong
trinh va nghién ctu rat ki trong cac cong trinh [4,9]. Riéng bai toan MICZ-Kepler 9
chiéu, treong hop cubi cling trong cac bai toan MICZ-Kepler néu trén, dugc dua ra va
nghién ciru gan day [12,14,15].

Bai toan MICZ-Kepler chin chiéu duoc dua ra [12,14,15] m6 ta chuyén dong cia
hat mang dién trong truong Coulomb va truong don cuc-SO(8). Viéc xay dung bai toan
nay xuét phat tir viéc tim ra phép bién doi binh phuong song tuyén két nbi bai toan
Coulomb chin chiéu véi dao dong tir diéu hoa 16 chidu. Mot truong don cuc dugc xay
dung sao cho khi két hop bai toan Coulomb véi né s& twong dwong véi dao dong tir
diéu hoa 16 chiéu. Két qua cho thdy do 1a truong don cuc SO(8) [14]. M6t diéu rat thu
vi 14 tir huéng tiép can khac, phan thé Hopf [9] va mé rong phan thé nay cho truong
hop S,, —=—S, ciing dd dwa ra khai niém don cuc SO(8) [3].

Mic dU vé6i cong cu rat manh 12 Ii thuyét nhom duogc st dung trong cac cong trinh
[3] da dwa ra mdt loat cac ket qua quan trong trong khéo sat hi¢u tmg Hall lugng tir khi
hat chuyén dong trong trudng dinh chuin SO(8), bai toan MICZ-Kepler 9 chiéu duoc
khéo sat sau d6 bang phuong phép giai tich twong minh [12,14,15] Van c6 nhiéu vat i
mai. Trong cong trinh [14], ching t6i d@ chimg minh chuyén dong cua hat mang dién
trong truong Coulomb va truong don cuc SO(8) (bai toan MICZ-Kepler 9 chicu) la
tuong duong véi bai toan dao dong tur dieu hoa 16 chieu. Tiep theo d6 chung t6i tim ra
d6i ximg 4n cia bai toan MICZ-Kepler 9 chiéu 1a véc-to Runge-Lenz mé rong [12] tir
day xay dung nhom doi xting cua bai toan 1a SO(10) va nhém do6i xung dong luc cia
bai toan la SO(10,2) [15]. Nhu vay, c6 thé néi nghién ciu bai todn MICZ-Kepler 9
chiéu 1a ¢6 y nghia va trong cong trinh nay ching tdi s& xdy dung ham soéng tudng
minh va nang lugng twong tng cho bai toan nay trong hé toa do cau.
2. Baitoan MICZ-Kepler chin chiéu

Bai toan MICZ-Kepler chin chiéu la mot hé bao gdbm chuyén dong cua hat mang
dién va c6 isospin chuyén dong trong truong Coulomb va truong don cuc theo mo hinh
SO(8) véi cac toan tir dong luong c6 dang sau:

- . 0 A - . 0

ﬂjj:_lgj—i_Akaj’ Tty =—|£ (1)
v6i chi s6 (j=1,2,...8). Khi can ki hiéu ca 9 thanh phan xung lugng ta sir dung chi sé
la ki tw Hi Lap c6 giatri tr 1 d&én 9: 7,, A1=1,2,..,9. Tu day tr& vé sau sy 1ap lai cac
chi s6 Latinh c6 nghia lay tong theo chi s6 d6 tir 1 dén 8, trong khi su lap lai chi sb Hi
Lap c6 nghia la lay tong theo chi s0 d6 tir 1 dén 9.
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Trong biéu thire (1) taco thanh phan trong tic AQ, V6i:

Xk
= k=1.,8 2
A r(r+x) ( ) (2)
va he 56 toan tir Q,; phan dbi xtimg Q, =-Q,, tao thanh mat dai s6 kin SO(8):
|:QAjk ) émn:| = i5ijAkn + i5anAjm - i5jn(§km - i5km(§jn (3)

trong d6 &, la ki hi¢u Kronecker. Do cac toan tir nay la phan d6i ximg cho nén ta c6
tat ca 28 toan tir doc 1ap. Trong cong trinh [13], ching t6i d4 dua ra dang tuong minh
cia hé toan tir Q, thong qua 7 tham sb 13 bién s géc (4.4, b, .00, 0, 2,). Ty
nhién, dé khao sat bai toan ching ta c6 thé chon dang trong minh cua cac toan tir ij
bat ki thoa man céc tinh chét giao hoan (3).

Bay gio ta viét phuwong trinh Schrodinger cho bai toan MICZ-Kepler chin chiéu
[6-8] trong hé don vi nguyén tir nhu sau:

[%ﬁer;Q—rz—%J‘P(r):E‘P(r) 4)
trong d6, Z , E lan luot 14 dién tich hat nhan va ning luong cia hat; 7° = 7,7, V&itoén
tor xung luong dugc dinh nghia ¢ cong thirc (1); toan t&r binh phuong Q’ :(jjk(jjk;
r= \/E la khoang cach trong khong gian 9 chiéu.

Ta khai trién phuong trinh (4) thu dugc dang sau:

1 QL Q’ Z

[_EAJF2r(r+x9)+4r(r+x9)_?_E}P(r):O ©

trong d6, toan tir Laplace trong khong gian 9 chiéu va cac toan tir I:kj duoc dinh nghia:

2 ~
AR U A N GO 6)
oX,0x, o ) T ox

Ta dé dang kiém chimg cac toén tir 12 toén tir L; phan xting voi cac chi s j, k va

thoa man hé thirc giao hoan cua dai s SO(8) nhu sau:
[ Ly Con | =160 Ly +6, Ly =i Ly =168, - (7)
3. Baitoan MICZ-Kepler trong hé toa d cau

Ta s& giai phwong trinh (5) trong toa d6 cau 9 chiéu, duoc dinh nghia qua phép
bién doi sau:
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Xg = C0S 6O

Xg = I'Sin 6 Cos ¢,

X, = rsin@sin ¢, cos ¢,

Xs = rsin@sin ¢, sin @, cos ¢,

X = I sin@sin g, sin g, sin g, COS @, (8)
X, = rsin@sin ¢, sin g, sin @, sin g, cos g,

X; = r'sin@sin g sin ¢, sin @, sin ¢, sin ¢, Cos ¢,

X, = rsin@sin g, sin ¢ sin g, sin @, sin @, sin ¢, Cos @,

X, = rsin@sin g, sin ¢, sin g, sin @, sin g, sin g, sin g,

Céc bién so trong toa d cau c6 mién gia tri sau:

r: 0— +oo; 0,0, 05,05, Py, 05,05 - 0> 715 @,: 021, 9)
Toan tir Laplace trong khong gian 9 chiéu trong toa do cau c6 dang sau:
2 ~,
0 1a(r aj L a(ln giJ_z_A'z L2 (10)
ox,ox, r®or\" or) r’sin’ 606 00) r°sin“@

~

trong d6 %= I:kJ I:kJ (k>j); cac toan tuw L, chi phu thuc vao 7 goc
Por P12 Py Pss Pas Ps P - DE thudn loi tinh toan chiing ta chon dang twdng minh cac toan
tu ij ¢6 dang tudng minh gidng ij V61 viée thay cac goc ¢y, 0, @,,0;,0,, 05, ¢; bang
Cac goc @,, @y, P, @,,@,, P, @, . Ta thdy cac toan tir ij va ij 14 ham cua cac bién sb
khac nhau cho nén:
|:ij ’an:| = O
VGi cac chi s bat Ki. Ta dinh nghia cac toan tir mdi nhur sau:
L, + ij (11)

va d& dang kiém ching cac toan tir ndy ciing thoa man diéu kién quan hé giao hoan cua
nhom SO(8):
(3.3 | =163y #1830 =163 16,3, (12)

km*“ jn kn* jm jm

Ta c6 thé viét lai phuong trinh (5) trong toa d6 cau nhu sau:

1 6 a 1 of( . ,,.0
re = |SIn"0—
2r 6r ar 2resin’ 0 00 00

2 J?
+ +
8r’sin’0/2 8r’cos?6/2

(13)

—%— E}‘P(r,@,qp) =0
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Voi toan tr binh phuong J? =5kjjjk (k> j). O day ki higu ¢ c6 nghia 1a 7 goc
Dor i Pyr @5, 04, 05, @ NOU trong bién ddi (8). Thong thudng, néu ta sir dung biéu dién
cac toan tur ij la cdc ma tran bac 8 thi ham séng W (r,0,¢) sé 1a cac spinor co 8 thanh
phan. Tuy nhién ¢ day chiing ta str dung céc toan tir SO(8) 14 céc toan tir vi phan duoc
tham so hda qua 7 bién so goc @,,d,,0,,0;,@,,P;, P, . LUC nay ham song ¥(r,0,¢)
ngoai 9 bién s6 khong gian con phu thudc vao 7 tham sb cua dai sé SO(8) chira trong
c4c toan tir Q, () . Tasé ki hiu ham séng 1a ¥(r,6,¢,%).
bat toan tir
JJ— i(sim eij+ I (14)
sin” @ 00 00) 4sin“0/2 4cos"0/2
la toan tir mo-men dong lwong toan phan mé rong, ta viét lai phuong trinh Schrodinger:
10 A Z

g 0 .
Sl I B D =0. 15
{ 2r8 6r(r ar)JFZr2 r E}‘P(I’,Q,qo,qo) 0 (15)

Ta thay phuong trinh (15) ¢6 su phan li bién sb giira r,0 va nhom cac goc (¢, ).
Piéu ndy cho phép ta tim nghiém giai tich chinh xac cho bai toan MICZ-Kepler 9
chiéu.
4. Thanh phan ham song theo nhém céac goc (¢, @)

Theo phép bién dbi (8), dang twdng minh cua todn tr L2 dwoc viét nhu sau

~ Uy g 1 1 o [ . 0
—LP=A = sin" o ——
I P

) 1
m=1 j:m+lSln (Dj nm P 6qom

Dang tudng minh cia toan tir Q? ¢6 thé lay tir biéu thirc trén bang viéc thay
© — @. Vi vay, chi can tim ham riéng va trj riéng cua 2 ta c6 thé suy ra nghiém cuia
Q? va nguoc lai. Mot didu dé dang nhan thay & cac cac s hang trong toan tir L” 1a cac

dao ham theo céc bién sb goc & cac s6 hang 1a doc 1ap nhau nén ham riéng caa L2 13

6
tich cac ham theo céac goc doc lap D((o) = Hd)j (qoj )
j=0

Tac dong L% 1én D(go) va tién hanh tach bién ta duoc 7 phwong trinh vi phan bac
hai theo goc ¢, (j =1,..,7), trong do6 phuong trinh ham séng @, (%) 14 khac dang so
V6i cac ham séng @ (qoj) (j=1..6).
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0 i . s A A
ﬁ_gozq)o (goo) =-I2®, (qoo),Vm nghiém @, (qoo)= eXp(I|0(DO), [, 1a s6 nguyeén.

0

o o b+ i-9 :
- — jeotp, — + 2212 D (p)=1( + D (o 16
( 507 jcoty, 50, sin g, (@) =10+ );(e)) (16)

V6i j=1,..,6 va |, lasd bat ki. Cac phuong trinh (16) c6 cling dang:

%i[sin“”@ij—a(a+d)—b(b+d)(D:—c(c+2d+1)(l) )
Sin“““ @ oo op COSZ% sin2?
véia=b=1_/2.d=(j-1)/2,a=b=1_/2,c=I,

Giai phuong trinh (17), ta dugc phuong trinh siéu boi co nghiém la da thuce
Gegenbauer hoac da Legendre lién ket loai 1 [14]

cI)]_((Dj):\/(CJFd)(chzaJFZd)Si ~di2 ) p-2adi2

n .
(C_za)! ] c+d/2

v6i didu kién cac chi s6 lwong tr I, phai 1a cac s6 nguyén thoa man

(cosg;)

<< .. <l=L.

Két hop lai ta co ham riéng cua toan tor L* 13 ham cau bay chiéu suy rong:

Dlll_,'.ﬁl,ll5 ((0) = %exp(imﬁ% )Hq)j ((0]' ) (18)
j=1

tmg véi tri riéng 13 L(L+6) (L=0,1.2,...). O day, chi sb luong tir |, khac chi sb
luong tir khac, né 12 s6 nguyén va la nghiém riéng caa toan tir I:lz, ta c6 thé xem nd
nhu sb lugng tir tir. TUr day dé phan biét ta ki higu |, =m,: -1, <m, <I,.

Dang tuong minh cua toan tu QA2 tuong tu nhu 2 bang viéc thay ¢ — @. Giai
tuong tu ta c6 dugc ham riéng
6
(% (9)= g5 exnima[ [, () as)
Véi tri riéng Q(Q+6). O day ta ki hiéu g, =Q, g, =m, véi mién bién doi ciia céc chi sb
luong tir 1a: Q=0,1,2,...;0,,G,,...0, 1 cAc s6 nguyén khdng am thoa diéu kién
0<0,<0,<0,<q,<¢, <Q; m, 1asbnguyén thoa diéu kién —g, <m, <q,.
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Xay dyng ham riéng cua toan tir J2 va 512 trong d6 khong c6 sy tach bién giita
hai nhém bién s {p} va {@}. Viéc xay dung ham song thé nay hoan toan twong tu nhu

d4 lam cho viéc cong mo-men quy dao trong cac khong gian thap chiéu hon. Ta viét
ham song dudi dang t6 hop cua tich ciia ham song (18) véi ham séng (19):

~ 0\ — Jis ja Ja 12 hm; Lm, ( ) Qm, (~ )

QJj5j4j3j2j1mj (CDS’CDS)_ IZI CL|5|4|3|2|1m|,QQS%%QZ%mq D|5|4|3|z|1 8 DQ5Q4Q3QZQ1 ?s )
Lls...L;m,
QUs....0yMy

(20)
va tim cac hé sb CL,.S,;,S.,Z,.N.]I Sasaaan, S0 cho (20) Ia ham riéng cua J? \mg voi tri
riéng 12 J(J +6). Ta thdy véi cach xay dung nhu trén thi (25) van 12 ham riéng cua
toan to L2 va 62 tmg véi tri riéng L(L+6) va Q(Q+6) tuong ung.

Llel bl b, Q50105050 Ia h¢ so Clebsh-Gordan, quy trinh xay dung né dugc dua ra trong

[11] cho viéc cong mo-men trong khdng gian nhiéu chiéu bat ki tmg véi nhoém quay
SO(n). Ta sé& khong lap lai cac tinh toan d6 cho nhoém SO(8) cho ham ciu 7 chiéu (10)
ma chi gidi han trong viéc xac dinh cac chi ) lugng tir. Cac chi ) lugng tir thoa mén
diéu kién sau [11]:

m, =m, +m,;
=k —a L g+l —a |+ 2+ 0

Bp =[l = ) [l — |+ 2.1, =y |+ 4, L, + 0

By =l = ) [l — G|+ 2,1y — 5| + 4, 1y + (21)
B =l =)l -+ 2] -y + 4L+ 0y

is =I5 = A5 |, |l — O] + 2,[1s — qg |+ 4,... I + 0
J=|L-Q|,|L-Q|+2|L-Q|+4,...L+Q.

5. Thanh phan ham séng theo géc cue 6

Bay gid ta xét phuong trinh (13) va tinh dén sy phan li bién sb. ta thay rang cac
thanh phan dao ham theo céc bién s6 r,0 ¢ cac sd hang doc 1ap nhau nén ham song 1
tich hai ham doc lap theo r va 6. Do do, c6 thé viét
¥(r.0,0,6)=R(NZ(O)Q,,, ;... (¢) thé vao phuong trinh (13) ta c6 2 phuong
trinh sau:

(%i(sirﬂ@ﬂj— L 43 J/(f/”)sz):—mmzw) (22)
sin 6 00 00 sin“(6/2) cos“(8/2)
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[igi[rsij_“’l—z”)u[E +5DR(r)=0 (23)
r* or or r r

VGi —A(A +7) 1a hé s6 tach bién ciing 12 tri riéng cia A>
Bay gio ta tién hanh giai 1an luot cac phuong trinh (22), (23) dé tim cac ham s6ng
R(r),Z(0). Pau tién ta s€ giai phuong trinh (22) dé tim ham song Z(9). bé giai
phuong trinh ndy, ta dit mot bién sé méi y = (1—c0s0) /2 vaviét Z(0) dudi dang:
Z(0)=C,,y" (1-y)" W(y) (24)
trong d6, C,,, 1a hé s6 chuan hoa.

Thé (24) méi vao phuong trinh (22), ta duge phuong trinh siéu boi

2

W dw

(1—y) +[7—(a+ﬂ+1)y]—y—aﬁW =0 (25)
c6 nghiem 1a ham siéu boi W (y)=,F(a,B.7,y) Vi a=-a+L+J
B=A+LU+3'+7, y=2L+4.Déham W(y) 12 ham hoi ty thi

a=-A+LU+3 =-n,, n,=012..

suy ra A=n,+LU'+3" (A=U+3,U'+3 +1..). Véi diéu kién nay thi
hozic ban nguyén phu thudc vao L', J’.

A 1a s nguyén

Tiép tuc ddt a=2J"+3,b=2L'+3 thi ham W (y) dugc viét nhu sau:

W (cos 0) = ZFl(—ng,ng +a+ b+1,a+1,1_0039j— n,!r@+1) p(ab)
2 '(n+a+1)
trong d6 P{**(cos6) la da thirc Jacobi. Pé tinh hé s6 chudn hoa, ta sir dung tinh chat
sau cua da thtrc Jacobi

(cosB)

2a+b+1

'n+a+)Ir'(n+b+1)
2n+a+b+1 n!l(n+a+b+1) ™

1
[@-y) (1+y) PP (y)PE (y)dy =
-1
v6i diéu kién chuan hoa:
[2.,(0)Z;, (0)sin” 0do = 5,,, (26)
0

ta tim dugc hé s6 chuan hoa C,,, . Cubi ciing ta c6 dugc thanh phan ham séng theo gdc
0 nhu sau:
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(60) = 20+7 (A= -IDT@A+I +L'+7)
o 23/ v2L+ r(;t+J’ ~U +4)1"(A—J’ +L +4) 27)
(23'+3,2L/ +3)
x(1-cos 0) (1+cos 0) P % ™ (cos )
6. Thanh phan ham séng theo ban kinh r va niing lweng cia bai toan
Pé giai phuong trinh (23) tim thanh phan ham séng theo ban kinh r va ning

luong cia bai todn MICZ-Kepler, ta dat bién sé moi Z = 2+/—2ETr va viét lai ham
theo ban kinh nhu sau:

R(r)=r’e " *¥ £ (r) 29)
L0c nay, phuong trinh (22) tré thanh phuong trinh siéu bdi theo f(z) nhu sau:

0% (2) ot (z) _ z
+(8+24-12 A+d—— |1 (2
oz° @+ ) 0z J-2E (2) (29)
Nghiém cua phuong trinh trén cta 1a ham siéu boi:
Z
f(2)= F(A+4—-——,8+21,z2
(z)=,F( \/E ) (30)
) Z
khi z — oo, @& ham f hgi tu thi /1+4—E=—n,, n=012,..

Ta suy ra dugc ning luong cua bai todn MICZ-Kepler chin chiéu hoan toan phu
hop véi voi cong trinh [15]:

-Z? N
E=——— wvwsi—=n+n,+3 +L'=n+1 N=012. (31
2(N/2+4) 2
Thanh phan ham séng theo ban kinh R(r) dugc viét trong minh:
Ry, (r)=C,,r'e V2" F(=N/2+2,8+24,2+-2Er)
V&i diéu kién chuan hoa ham séng

[ Rus (R, (n)rdr =5,

Ap dung tinh chat caa ham siéu béi trong [10]:

fe2a[F (e o - r(v)n! {H”1n(n—1)...(n—s)(y—v—s—l)(y—v—s)...(y—v+s)

B kvy(}/+1)...(7/+n—1)x 0 |:(S+1)!:|2 kvy(}/+1)...(j/+s)
Ta tinh duoc hé sb chuin hoa ciia ham ban kinh:
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162" N/2+A+T7)!
Cy, = - ( i3 (32)
(N/2+4) (22+7)1\ (N/2-2)!

7.  Kétluan va huéng phat trién

Bai toan MICZ-Kepler chin chiéu d4 duoc ching t6i tim 10i giai chinh xac cho
ham séng va ning lugng bang viéc tich ham séng thanh cac ham thanh phén chi theo
ban kinh r, theo goc phuong vi 6 Vva theo t6 hop ciia hai bo ham ciu suy rong bay
chiéu. Bai toan con nhiéu van dé dé khao sat nhu: giai bai toan trong cac hé truc toa do
khac, xac dinh ham song va nang lwong cta bai toan bang Ii thuyét nhom théng qua cac
toan tir Casimir, tinh chat siéu kha tich ciia bai toan. Pay chinh 1 ndi dung ching toi
s& nghién ctru trong céc cdng trinh tiép theo.
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