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MOT DANG DPINH Li PIEM BAT POQNG KRASNOSELSKI|
TRONG KHONG GIAN K-PINH CHUAN
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TOM TAT
Trong b&o cao nay, chung tdi c6 mét két qua mé réng dinh |i Krasnoselskii vé diém
bat dong cua tong hai toan tir trén khéng gian K-dinh chuan. Chang toi sé trinh bay mgr
ung dung cho phwong trinh vi-tich phan.
Tir khéa: diém bat dong Krasnoselskii, khdng gian K-Dinh chuan.
ABSTRACT
An extension of the Krasnoselskii fixed point Theorem in K-normed space

In this report, we obtain an extension of the Krasnoselskii fixed point theorem for
sum of two operators to the case of K-normed spaces. We apply it to the existence of
solutions of the integro-differential equation.

Keywords: Krasnoselskii fixed point, K-normed spaces.

1.  Giéi thi¢u

Li thuyét vé diém bat dong 1a mot cong cu manh va hitu hiéu dé nghién ciu sy
ton tai nghiém va céu trac tap nghiém cta phwong trinh phi tuyén tong quéat. Mot trong
nhimg két qua dwoc cic nhd Todn hoc quan tdm 1a Pinh Ii diém bat dong cua
Krasnoselskii vé su ton tai diém bat dong cua tong hai toan tir trén khong gian Banach,
va Pinh Ii ndy da duogc phat trién trén nhitng khong gian 16i dia phuong ([4],[5]), & cac
dang khac nhau theo nhitng rang budc ctia nhirng toan tir. Trong bai bao nay, chdng toi
gidi thiéu mot Kkét qua tuong tu vé su tOn tai diém bat dong cua téng hai toan tir trén
khong gian K-dinh chuén véi diéu kién bi chan boi ddy anh xa tuyén tinh va st dung
két qua d6 dé nghién ctiru mot sé phuong trinh vi-tich phan phi tuyén duoc néu trong
[4] véi cac rang budc khac. Ching toi giai quyét bai toan bang cach xay dung khong
gian K-dinh chuan véi topd thich hop.

Cho (E, K, y)la khdng gian tuyén tinh topd day du véi topd y va thir tu sinh boi
non K, mot tap con M cta E goi 1a chuan tic néu nhu véi & e K,npeM thoa & <n thi
&eM. Tap con M cua E goi 12 bi chian (gidi ndi) néu mdi 1an can V cua gde cho trude
ton tai s6 a>0 dé AcaV . Duéi day, ta ludn gia su (E K,y) la khong gian 16i dia

phuong, chudn tic, véi co sd 1an can cia gbe 1a ho o gdm cac tap 161, can d6i, hap thu
chuan tic chira it nhat mot 1an can bi chin. Thém nita, ta gia sir K 12 nén chinh quy.

"PGS TS, Trwdng Dai hoc Sw pham TPHCM
" NCS, Trwdng Dai hoc Sw pham TPHCM
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Dinh nghia 1.1 [6]
Cho X la khong gian tuyén tinh thyc. Mot anh xa p : X —> E duogc goi 1a K-
chuén trén X néu

(i) p(x)=6, vxeX va p(x)=6, néu vachinéu x=6,, & day6,, 6, lan luot 1a
phan tir khong cia E va X,

(ii) p(Ax)=|A|p(x) VAeR, ¥xeX,

(iii) P(x+y)§ p()f)+ p(y) vx,yeX. ,,

Néu p la K-chuan trén X thi cap (X,p) s€ goi 1a khdong gian K-chuan. Trén khong
gian nay chiing toi xem xét topd = nhanho 7, ={x+p* (W) : W ec},lam co s& lan
can dia phuong tai X, khong gian t6p6 nay duoc ky hiéu (X, p,7).

Dinh nghia 1.2 [6]
1) Tandi rang (X, p,7)la ddy du theo Weierstrass néu day béat ki {x,} = X ma chudi

Ms

P (X,., — X, ) hoi tu trong E thi ddy{x, } hoi tu trong (X, p,7).

1

>
Il

2) Tandi rang (X, p,7)1a day dii theo Kantorovich néu mot ddy bat ki {x } thoa

p(x —x)<a, Vk,Ixn, {a,}c K,an—y>6?E 1)
thi {x,} hoi tu trong (X, p,7).

Ta ciing d& dang kiém tra duoc rang ddy day du theo Kantorovich thi né day du
theo Weierstrass.

2. Pinhli diém bét dong
Dinh 1i 2.1.
Cho(X, p,7)la day i theo Weierstrass (hodc Kantorovich), C 1a tdp déng trong

X vaanhxa T : C— X . Gid sir véi méi zeC cde diéu kién sau duwoc théa:
(1) T,(x)=T(x)+zeC vxeC.

(2) Ton tai day cac anh Xa tuyén tinh, dwong, lién tuc {Q, : E — E} . thoa cac
tinh chdt:

. Y
(Za) 5 eK th‘l Ilmnaoo Qn(g)zeE ( Qn (5)_)9E )’
(2b) V eo thiton tai W eo va reN dé cho QW+V)cV,

(2¢) p(T)(x)-T,(y))<Q, e p(x—-Yy)Véimoi neN va x,y eC.
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Khi d6: anhxa (1-T)" : C—C la xdc dinh va lién tuc.
Chitng minh. Buéc 1: Ching minh su ton tai cia anh xa (1-T )_1.
Vé6i zeC, cb dinh, Véi V' eo cho trude, chon V e théa V +V V', theo gia
thiét (2b) tachon W e o vasd re N dé cho W cV vaQ, (W +V)cV. (2)
Vé6iz, e Cbatki, tadit z, =T, (z,,), n=1.2,..., va bang quy nap theo n ta co
2,=T"(2): 2,,, =T," (2,).
Do d6
P(z,-2,,)= p(TZnr (z9)-T" (21)) <Q, °p(z,—2) véimoi neN.
Mt khac, theo gia thiét (2a) thi ton tai N e N dé
Q. °oP(z,-7)eW, VnxN. (3)
Dt X, =T,"(z,),%, =T, (X,4), n=12,... (ddy {x,}1a tinh tién cua ddy {z,}).
Theo (3) clng Vvéi tinh chuén tic cua tap W va bt dang thic

p(Ter (Zo)' Ter (21))£ Qur 0 p(ZO— Zl)

thi ta co
&=p(%=%)=p(T" (2,)-T," (z))ew. (@)
Bing quy nap theo n=0,1 2,... ta chimg t6 duoc tong riéng
$.(Q)(&)=2Q (&) eW +V. (5)
k=0

That vay, hién nhién theo (4) thi (5) ding véi n=0, gia sir (5) ding véi n=Kk,
khi d6

5. Q)0 T W+V,
theo (2) suy ra Q, (S, (Q,)(&))eV vadodo

Sia (Q)(%) =& +Q: (8 (Q)(&)) €W +V,
nghia la (5) dtng véi n=k +1.

Voine N taco p(%, —%.,)=p(T, (%) =T, (%)) <Q o p(Xy—%,) SQ (&),
suy ra

n n

P(X — %) S D Q (&) eW +V cV +V V", (6)

k=0 k=0
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Vi V' 12 1an cé4n bi chin cua gbe cho trude trong (E,K,y), tir tinh chinh quy cua

non K thi 3 QF (&) <oo. Theo tinh chét ddy du theo Weierstrass ctia (X, p,7) thi ton
k=0
tai x, €C dé x, —>x,. Mit khéc, ta co

Y
P(X =T, (%)) = P(X =% ) +Qr 0 P(X, = %) =6,

suy ra X~ 1a diém bét dong cua T,. Giastt aeC, T, (a)=a, khi d6

Y
p(x ~a)=p(T," (x)-T." (a)) £ Qu e p(x. ~2) >0 (khin— )

suy ra a=a,. Nhu vay T, ¢6 diém bat dong duy nhét, tir dang thire T, (x,)=X,, suyra
T,(x,) ciing la diém bat dong ciia T, va do tinh duy nhét vira chimg minh trén thi x- 1
diém bt dong duy nhét ctia T,. Nhu vy anh xa ¢ : C>C, z—>¢(z) véi ¢(z) 1a
diém bit dong ctia T, va nhu vay ¢=(1-T )_1 la x4c dinh. Hon nita, theo trong chirng
minh trén thi TZ”(ZO)—r>¢(z), Véi z, € C bat ki.

Buéc 2. Chung minh ¢ =(1-T )_1
khi d6 x =T (x)voi moi neN. St dung gia thiét ctia dinh Ii (v6i z = y), khi d6 ton tai

|3 lién tuc. Véi y e C, ¢6 dinh, dit x=¢(y),

ddy 4nh Xa tuyén tinh, duong, lién tuc {Q, : E—E} c6 céc tinh chit néu ¢ (2a,
2b,2c) cua dinh Ii.

Gid st V'eo tasé ching t ton tai tap V, e o dénéu y'eC théa p(y-y')eV,
thi p(x—x)eV’, & day x'=¢(y'). That vay, theo tinh chit ciia ho lan cén cua gdc
trong khong gian (E,K,y) ta chon dugc V e o thoa V +V V', sir dung gid thiét (2b)
tatim dugc W e vasd re N* déco W+W <V vaQ, (W +V)cV.(7)

Tap V, duoc xay dung nhu sau: Pat Wy =W chon W, e o théa W, +W, cW,, Str
dung tinh lién tuc cua Q ftai gbc voi lan can W, ta tim dugc W, ec dé
choW, cW, va @, (W,) =W, . Do tinh chuan tic ciia W, va

p(T(a)-T(b))=p(T,(a)-T,(b)) <Qop(a-b), abeC
thi ta c6 ménh dé sau dung p(a—b)eW, = p(T(a)-T(b))eW, (abeC)

Chon W, e o sao cho W, +W, cW,, lai tiép tuc sir dung tinh lién tuc ctia Q tai
6. tatim dugc W, e o dé c6 W, =W, va ménh dé sau dung
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p(a-b)eW,= p(T(a)-T(b))eW, (abeC).
Tiép tuc qua trinh trén ta tim duoc cac ddy l1an cin cua gboc Wit o, ,,Vva

{w} . c6cactinhchat W, cW[,, va W] +W, cW, va ménh dé sau ding
1=0,1,..., r—

p(a-b)eW,; = p(T(a)-T(b))eW,, (abeC), (8)
Véimoi j=1,2,.,r-1.DatV,=W_,, truéc hét ta s& chirng minh céc Kkét qua sau:
(i) V6i y'eC thoa p(y-y')eV, thi p(T;(z)-T,(z))eW, vzeC. (9)
(ii) p(T,"(a)-T," (a))eW +V, vaeCvavne N’ (10)

Chuing minh (i). Taco T7 (z)-T}(2)=T(T,(2))-T(T,(z))+y-y',suyra

p(T7(2)-T}(2)) < p(T(a)-T b))+ p(y-V), (11)
voi a=T (z), b=T,(z). St dung (8), chu y p(a—b)=p(y-y)eW,,cW,
thi ta c6 p(T (a)-T (b ))+ (y-y)eW, ,+W, ,cW_,. Tir (11) va tinh chuan tic cia

tap W, suyra
p(Tyz(z)—Tyz,(Z))eWr_z, vzeC. 12)
Lap ludn twong tw ¢6 p(T; (2)-T,(2)) €W, 5. P(T, (2)-T,(2))eW,, VzeC.

Chitng minh (ii). Ta s& quy nap theo n. Hién nhién theo phat biéu (i) voi cha y
W, cW thi ménh dé (10) dang cho n=1. Gia sit ménh dé (10) dung cho n=k, khi d6

p(Ty(k”) (a)-T,* (a)) = p(Tyr (T/@@)-T/ (T, (a))
< p(Ty (T, @) =T, (T5@))+ p(T, (T @) - T3 (T,* ().
suy ra
p(T," (a)-T, (a )) Qo p(T (@) -T* @)+ p(T, (2))-T; (2)) (13)
(6 ddy z=T;"(a) ), sir dung gia thiét quy nap p(T,*(a)-T; (a))eW +V, quan h¢
bao ham (7) va két qua phat biéu (9) thi ta cé
Q o p(T,“(@)-T,5 @)+ p(T, (2))-T; (2)) eV +W,,

tir (13) cling Véi tinh chudn tic cia tap V +W va chd y W, W thi ta c6 ménh dé (10)
dung v6i n=k +1. Bay gio ta ching t6 ring

y'eC,p(y-y)eVy,x=0(y), X=¢(y') thip(x—x)eV".
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That vay,
p(x-x)< p(Tynr (x)-T," (x))+ p(Ty”,r (x)—x’) vne N
Theo gia thiét (2a) cling v6i tinh chat T)" (x);go(y’): x' (khi n—o0) nén ton

tai n, e N dé cho p(T,"" (x)- x’) eW va khi dé, cing véi vide sir dung két qua (10) ta

co
p(x—-x)<p (Ty”Y'r (x)-T," (x)) + p(Ty",y'r (x)- x’).
Do d6 str dung phét biéu (ii) da chimg minh, ta c6
p(X—X') eW+V +W cV +V V',

Dinh 1i 2.2.

Cho (X, p,7) la ddy dii theo Weierstrass (hodc Kantorovich), C 14 tap 16i, dong
trong X, cAc &nh xa¢ T, S : C — X . Gid sit véi méi 7 eC cdc diéu kién sau day dwge
thoa:

(1) T,(x)=T(x)+zeC vxeC.
(2) Ton tai ddy cac anh Xa tuyén tinh, dwong, lién tuc {Qn E—> E}neN,, thoa cac
tinh chat:

N - y
(2a) £eK thillim  Q,(&)=60. (Q,(&)—6:),
(2b) V e o thiton tai W e va re N dé cho QW+V)cVv,

(2¢) p(T)(x)-T)(y))<Q,op(x—y) Véimoi neN va x,yeC,

(3) Sliéntuc, S(C)=C va S(C) la compact twong doi.

Khi d@6: Todn tir T+S ¢6 diém bat dong trong C
Chuing minh. Theo két qua dinh 1{ 2.1 thi énh xa (1-T)" : C - C la xac dinh va lién
tuc, ap dung dinh Ii Tychonoff cho anh xa (I —T)'1 oSV6Gi chu y tap (| —T)'lo S(C)
chira trong tap compact (1-T )_1 oﬁ thi dnh xa (1-T )_1 oS ¢6 diém bat dong, va
né ciing 1a diém bat dong cua anh xa T+S.
3. Ung dung cho phwong trinh tich phan trong khéng gian Banach.
3.1. Baitoan [2]

Cho F la khong gian Banach véi chuan |, xét sy ton tai nghiém phuong trinh
tich phén:

10
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x(t) =j; f (s, x(s))ds+j;g (t.s, x(s))ds+go(t),t >0 (14)

Trong d6 ¢ : [0,00) > F la ham lién tuc, f va g 1a cac ham nhén gia trj trong F va
thoa cac diéu kién sau:
(i) f :[0,00)xF —F lién tuc va ton tai s6 k>0dé:
"x,yI F

[ (sx)=F (s.y) <K=l

(i) g : [0,0)x[0,00)x F — F la anh xa va thu hep cua g trén 1xJxF la &nh xa
compact, véi 1,J 1a cac doan b chan bat ki trong [0,00).
3.2. M@t so két qui chudn bi
E= {(x(l),x(z),...., x(k),...) - x) g R,Vje N*}, V&i cac phép toan cdng, nhan théng
thuong 12 khéng gian tuyén tinh, trén E ta xét topd y 16i dia phuong xac dinh béi ho
céc phép chiéu

r={h: E>Rh(x)=x"}

! i=1,2,..
thir ty sinh boi non K 14 tap cac ddy sé thuc khong am. X =C([O,oo), F) chi tap cac
anh xa lién tuc tir [O,oo) vao F, 1a khong gian tuyén tinh voi cac phép toan cong, nhan

quen thudc, ta stir dung khong gian K-dinh chuan (X,p,7), p : X - E, dinh boi

p(x)=({sup||x(t)|| : te[O,n]}) .

neN”
Ta str dung mot s6 ky hiéu sau: voi mdi ae N, dat X, =C([O,a], F), (X,.0,)
la khéng gian Banach v&i chuan
qa(x)z{sup”x(t)” : te[O,a]}.

V&i cac dinh nghia trén, ta d& dang kiém tra két qua sau:
Ménh dé 3.1.

Méi aeN*, xe X, dat pa(x)z{sup”x(t)” : te[O,a]}, khi @6 heéi {x,} hoi tu vé
xtrong (X, p,7) khi va chi ki (VaeN' lim _, p,(x,~x)=0). Do do topo z tring

v6i top0 sinh boi ho nira chuan {p,:ae N*} nén kha métric.
Ménh dé 3.2.

(X, p,7) nhu d& dinh nghia trén la day dii theo Kantorovich.

Chitng minh. Gia st {x,} 1a ddy trong X, va ton tai ddy {a,} <K, a, ;OE thoa

11
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p(x —x,)<a, Véi cdc s6 nguyén duong I,k,n thoa | >k >n. Tachimgtd {x,} hoitu

trong (X, p,7). Véimdi ae N,

qa(x, lo.a] |[0va]) =p, (% —%)<h,(a,) >0,

X, la khong gian Banach nén {xn |[0va]}h©i tu vé& vy, trong (X,.0,).Voi
a,a’eN’,a<a’,vavdite[0,a] taco
Ya @) Ve Y. @) % O+ [% € v.. )]

<0 (Ya =% loy )+ G (% o) Vet o) = O Khi 0 >0,

Suyra y,(t)=y,(t) V(aa)eN? a'>a>t>0.

Bay gio, ta xc dinh ham x : [0,00) > F, dinh b&i x(t) =y, (t) véi m>t.

V6i t, €[0,0) bang cach chon a>t; va xét khdng gian (X,,d,) thita co x lién tuc
tai to, nhw viy xe X. Ta st dung ménh d& 3.1 dé ching to x, —>x. That vay, voi
aeN’, taco p,(x,—x)=q, (xn lo.a =X |[0va]) =q, (xn 0.0 —ya) — 0.

Ménh dé 3.3.

ChoC : X — X, la mét toan nr trén X, Véi moi ae N ta dinh nghia dnh xa
o, - (X,p,7)>(X,,0q,), vdi ¢,(x)=C(x) oo (12 thu hep ciia C(x) trén doan [0,a]).
Khi d6 néu voi moi ae N°, ¢, laanh xa compact thi C la anh xa compact.

Chitng minh.
Ta d& dang nhan thay C lién tuc, ta s& chimg minh tap C(X) la compact twong

ddi trong (X, p,7). Do ¢ kha métric nén chi can chimg to néu {x,}, laday trong X, thi
day {C(xn)}n chaa ddy con hoi tu. Gia st {C(xn)}n la vo han phan tir, ta s& chi ra
X, € X sao cho moi l4n can cuia X~ déu chira vo sb phan tir cua ddy {C (X, )}n . That vay,
bang cach quy nap theo a=1,2,... ta s& chi ra day Con{C (x(a)n)}n cua day {C(xn)}n
€O céc tinh chat sau:

(i) C(x(a),)loq= Ya trong X,

(ii) {C(x(a)n)}n D{C(X(a+1)n)}n véimoi a=12,..

(iii) y(a)|[0'a,]=ya, vGimoi a'eN théa a'<a.

12
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Véi a=1, theo gia thiét @ (X) latap compact tuong d6i nén day {gol(xn)}n co
chtra ddy con {qol(x(l)n)}n hoi tu vé y; trong X; . Chon day {C (X(l)n)}n c6 tinh chét (i).
Gia st dé chi ra duoc ddy con {c (x(a)n)}n cia day {C(x,)} c6 cac tinh chét (i), (i),
(i) dd néu. Do ¢,,(X) la tap compact tuwong dbi trong X,, nén ddy
{C(x(a)n)|[ova+1]}n E{%ﬂ(x(a)n)}n c6 chira déy con {¢a+1(x(a +1), )} hoi tu vé .,
ta chon day {C(x(a+1)n)}n la ddy con cua {C(x(a)n)}n thoa tinh chit (i)
va (ii), ta chimg minh tinh chét (iii). Voi a’ < a+1 ta co:

{C (X(a+1)n)|[0va']}n < {C (X(a,)n) |[O,a’]}n '

{C(x(aﬁtl)n)hova,]}n —y(a+1)|y, trong X,

trong X

a+l?

va
{C(x(a') o, a’]}n —y, trong X,
do d6 Y, 1= Yar két thuc quy nap.

lo.a

a+l)
Bay gio, voi mSi te[0,00)voimoi a,a’ e Nthoa a>t, a'>t thi y,(t)=y, (t) do

d6 lim, .y, (t) 12 ton tai, ta dat x, (t)=lim,__ y,(t)=y,(t) (Vi b>t)vacd x eX.

Giastr x, +W lalan can cua x, trong (X, p,7), W=p™*(V) voi

hl(y)‘<e},
6 ddy meN",i=12,..,m, k eN'va h el DBat a=max{k :i=12,.,m}, xét ddy
con {C(x(a)n)} cua ddy {C(x,)} , voi te[O,a],

HC t X, H HC H va do do

)(t)-
pa(( ),)=%)=a.(C(x( ))I[Oa]—ya),

mat khac, do C(x a)_ ) —>ya nénton tai N e N dé cho

(
0. (C(X(), ) ~Ya) <& VN2 N,
(€(x(a),)-x)|=P, (c(x(a),)-x.). khido
(c(x(a),)-x)|< p.(C(x(a),)-x) <e,

{yeE max

1<i<m

13
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v6i moii=1,2,..,mvan=N.Suy ra p(C(x(a)n)—x*)eV hay C(x(a)n)ex,,= +W  V6i
moi n > N.
3.3. Gidi quyét bai toan

Vi cac khong gian (E,K,y) va (X, p,7) nhu da trinh bay, dat T,S : X — X,

T(x)(t):if( ())ds S(x Ig (t.s.x(s ))ds+go(t), t>0,xe X,

Khi d6 x, € X la nghiém cua (14) khi va chi khi x, 1a diém bat dong cua toan tir

T+S. Ta s& ching to véi cac gia thiét ciia bai todn, ham T, S thoa cac gia thiét cua dinh
li2.2.
Ménh dé 3.4.

Véi aeN", va ze X cho trude, voi T,(x) =T (x)+z thi

P (Tz"(X)—TZ”(y))S% P, (x—y), ¥x,ye X,vneN. (17)

Chitng minh. Truée hét, véi X,y e X , bing quy nap theo n ta chimg minh:

10007 )01 p, () te[02). 1)

That vay, vai n=1,

T.()O)-T.(n ()] <k

Gia sur (18) dung cho n=i,

[x(s)=y(s)] < (kt) P, (x~¥)

[SY S——

T ()T () (1) < IH (T (¥)())- T (5T (y)(s))s <
Hds<j; _i X— yds<((l+):)l!Pa(X—Y)dS,

vay ménh dé (18) dung v6i n=i+1va do d6 ménh dé dugc ching minh.
Ménh dé 3.5.

Anhxa S : X — X, da dinh nghia 14 compact.
Chitng minh. Theo ménh dé (3.3) thi ta chung minh rang: véi aeN*, anh xa
@, © X = X,, dinh b6i ¢, (x)=S(x)|,, & compact.
1) Chtirng minh ¢, lién tuc.

Gia st {x,} <X, X >x ,dit A ={x,(s) : neN,s<[0,a]}. Gia sir {xnk (sk)}
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la day trong A, {s,}, =[0,a] chira ddy con hoi ty, ta gia st s, > se[0,a], {xnk }k hoi tu

Ve X, tir

v (30 =x(3)] =[x, (s) = x(s)]+ (50 x(s)]

< P, (X, —X)+[x(s) - x(s)| =0,

tic 1a X, (s,)—> X(s) trong F, vay A 1a compact twong dbi trong F va do d6

B :=[O,a]2><{xn(s) ‘ne N,SG[O,&]} la compact trong R? x F.

V&i € >0 cho trude, do g lién tuc trén tap compact B nén ton tai 6 >0 sao cho co
tinh chat: vz,z' e F,

|lz-2|<s=a(t.s.z)-g(t.s.2) <28_a (v(t,s)e[0,a]). (19)

Vi x,—>xnén p,(x,—x)—0, tn tai s& No dé khi n> N, thi p,(x, —x)<3, suy
ra

X,(s)-x(s)|<&,vse[0,a],vn= N, (20)

tur (19) va (20) co

2. (%) )(1)] < j—ds<— suy ra d, (¢, (X,) -0, (x))<e.

2) Chung minh ¢, (X) la t4p compact twong ddi trong X,. Theo dinh Ii Arzela ta s&
chimg minh c6 hai tinh chét sau day:

(i) ¢,(X) la ddng lién tuc,

(i) V&i mdi te[0,a] thitap {x(t) : xeq,(X)} latap compact twong déi trong F.

bat B =g ([O a]2 X F) , B 1a tap compact nén ton tai s6 B >0 dé cho
o (t.s,x(s))| < ﬂ,<%,Vx e X,(t,s) €[0,a]x[0,a]

a) Chimg minh f,(X) 1addng lién tuc. Voimbi (t,t)f P,af tacé
max{t,t’

. (X)( (1)< _[Hg (t,s,x(s))-g(t's,x ))Hds+ j Hg(t,s,x(s))”ds.

min{t,t'}

Vi >0 cho trude, tir tinh 1ién tuc theo bién thir nhét cua g trén tap compact
[0,a] tatim duocsd &, >0 dékhi |t—t|<d, thitaco

o (t:s.x(s))-g(t's, X(S))H<%, vse[0,a],vxe X.
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Chon 6 < min{@,%}th‘l khi [t—t|< & taco

goa(x)(t)—goa(x)(t')||<£2iads+|t—t'|ﬁ <e.
b) Chimg minh {x(t) : xe @, (X )} 12 t4p compact twong ddi trong F.

bat G :=§(g([0,a]2x F)U{OF}) Ia tdp compact, ta co

{x(t) : xeqp,(X)} =goa(X)(t)={Ig(t,s,x(s))ds+¢(t)}c aG+o(t),tef0,a],

do do {x(t) : xep,(X)} latap compact twong ddi trong F.

Bay gio ta chimg t6 phwong trinh (14) ¢6 nghiém bang cach kiém tra cac diéu
kién cua dinh i (2.2). Diéu kién (1) 12 hién nhién, diéu kién (3) dugc thoa nho Ménh
dé 3.5. Nhu vay ta con kiém tra diéu kién (2). Véi mdi ne N°, dit Q, la anh xa tuyén
tinh ma ma tran ciia né dbi véi co sé chinh tic dang:

[Qn]:dig{m” ()" (3 }

n! n!

ta kiém tra cac diéu kién (2a), (2b) va (2c)
(2a): £ K, theo Ménh d& (3.1) dé chimg minh Q, (£)—>6, ta chimg to ring véi mdi
aeN" thi lim_ h, (Q,(£))=0 (h,el’, la phép chiéu) diéu nay c6 dugc nho

ak n n—soo
h,(Qu(£))= %ha(«:) ~0.
(2b): Veo, giasu V ={X€E } max hji(x)‘<e}, 0ddy meN’, jeN", i=12,..,m,
e>0.
bat a=max{j, : i=12,..,m}, chon W =V vasd reN sao cho @<%,
r!

khi dé voi EeW,EeV, moii=12,..,m taco:

by (Q (6+¢))|= @h (6+¢) s@(\hj. (&) +[ny (£)]) <&

suyra Q (W+V)cV.
(2c): Tir Ménh dé (3.4) tasuy ra p(T," (x) =T, (y))<Q, o p(x—y),¥ne N, ¥xyeC.
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