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BONG KHUYET CUA MOT POAN
TRONG POSET CAC VECTO BOOLE

NGUYEN HOANG HUY’, TRAN HUYEN"™

TOM TAT
Poset B céc vecto Boole bao gom cdc vecto X = XX,...X,, N€ ¥, X. =0,1 véi thir twr

bo phdn 1a thir tu tw nhién va thir o tuyen tinh [a V-thit tue. Bai bdo nay dé cdp dén béng
khuyét ciia cdc doan trong poset B va cac két qua dat dwge lién quan téi cdc diéu kién can

va di dé bong khuyet cuia cdc doan trong murc (n, k) cia poset B lai [a mot doan trong
muc B(n -1k —l).

Tir khéa: bong khuyét cia mot doan, poset, vecto Boole.
ABSTRACT
The defected shadow of a segment in poset of Boolean vectors

We consider poset of Boolean vectors B ={x=xX,..X,:ne¥, x, =0,1} whose

component order is natural order and linear order is V-order. This article discusses the
motion of defected shadow of a segment and also achieved results relating to the necessary

and sufficient conditions for the full shadow of a segment in level B(n, k) to be a segment
in level B(n—-1,k-1).

Keywords: the defected shadow of a segment, poset, Boolean vecto.

1.  Piatvindé

Poset B cac vecto Boole bao gom tat ca cac vecto X =X X,..X ,Ne¥, x =0,1
voi thir ty ty nhién X =X X,..X, < Y,Y,...Y, =Y Néu n<m va X c6 thé nhan dugc tir
y sau khi bo di mot s6 nao d6 cac toa d y;. Hang clia vecto X, ki hiéu r(x), 1a s cac
toa do cua X; tap cac vecto cung hang n dugc ki hiéu 1a B(n). Trong luong cua vecto
X 12 s6 cac toa do khac O ciia X Vva ciing la a)(X): X +X, +...+X,. Tap cac vecto
cung hang n va trong lugng k , ki hiéu 1a B(n,k).

(x):k}.

Viy B(n,k)= {x = X X,...X,

:*HVCH, Trwdng Dai hoc Sw pham TPHCM
TS, Trwdng Pai hoc Sw pham TPHCM
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Néu X =XX,...X, € B(n,k) thi bong khuyét ciia X 1a tap con cia B(n-1,k-1)

Ki hiéu A, x = {y =Y.Y5-You
bong ddy cia X la  tdp con cua B(n-1, k) ki hiéu

o(y)=o(x)-1 va y<x trong thi t ty nhién } con

Afx:{z =2,2,..2,,]| ®(z)=w(x), va Z<X trong thtr ty tw nhién }. BOng cua X,
Ki higula Ax =A,xUA,X.

Néu A c B thi ta lan luot co:

A A=U{Ax| xe A},

AgA=U{A.X| xe A},

A= U{Ax| xe Al =AAUAA.

xeA
_Vao nhiing nam cudi cua thé ki trudce, nha toan hoc Anh la Daykin cung hoc tr0

Tran Ngoc Danh d& xac 1ap trong poset B mot thir tu tuyén tinh goi 1a V-thtr tu nhu
sau: X <y khi va chi khi hodc r(x)<r(y) hoic r(x)=r(y) va o(x)<w(y) hodc
X,y € B(n,k) va ton tai chi sd t sao cho x, =, khi i<t con x =1y, =0. Xét riéng
trong B(n,k) thir tr tuyén tinh ndy tua nhu thtr tu tir dién. Vi thir t tuyén tinh nay
cac tac gia dd chimg minh dugc poset B 1a mot K- poset, noi riéng bong cua mot doan
dau trong B lai 12 mdt doan dau. M¢& rong két qua nay, trong [2] ching t6i da dua ra
mot sé diéu kién can va du dé béng cua mdt doan trong B(n) lai 1a doan trong
B(n —l); va trong [3] chung i tiép tuc chi ra cac diéu kién dé bong day ciia mot doan
trong B(n, k) lai 1a mot doan trong B(n -1 k). Bai viét nay tiép tuc 1am sau sic thém
cac két qua do, cu thé dudi day chung ta s& xem xét cac diéu kién dé bong khuyét cua
mot doan trong B(n,k) lai 12 mot doan trong B(n—l,k —l). Va vi vay, luu ¥ ring &
day va ca sudt trong bai viét nay thir ty ma ching ta quan tam 1a tha ty tuyén tinh twa
tur dién.
2. Cac két qua chinh

Dé thuan tién cho viéc trinh bay cac két qua, trudc hét ching ta dua ra mot vai
quy ude vé ki hiéu. Néu vecto X c0 toa d¢ thur i 1a O taviét x=u0,v; trongdé u, v la
cac day toa do lién tiép co thé xem nhu cac vecto hang bé hon X. Mot ddy toa do 1 lién
tiép nhau ta ki hiéu 1a g, con ddy toa do O lién tiép nhau ta ki hi¢u 12 z.

V&i mot doan [a;b] < B(n, k), vecto mit phai b =hb,..h, cé hai kha nang xay
ra: hoac b, =0 hoac b =1.
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Xét truong hop b, =1, khi d6 b=g0,v va do b>a nén cd 3 kha nang xay ra
cho a nhu sau: hodc a=g0.u hoac a =90, ,u hoac a=90,v voi t >i+1.

V¢ kha ning dau tién cho a ta co:

Ménh dé 1.

Trong B(n, k) cho a=g0,u<g0,v=b.Khidé A,[a;b] 1a doan khi va chi khi
v=wg véi o(w)=1vau=gz.
Chirng minh:

Vi b =1, dé thdy ring A,[a;b] =[minA,a;maxA b] véi a'=minAa=go,u’
(u" duoc tao thanh tir u bang cach bo di toa d6 1 & cudi), b’ = maxA,b=g0, ,v.
Chon y'=g0,zg e[a’;b'], cac vecto y<b ma y’ €A,y phai c6 dang y = 90,59 Véi
w(s)=1, diéu d6 budc b=gO,wg véi w(w)=1. Chon tiép X' =g0,,gze[a’;b],
ton tai duy nhat x=g0,gz<b ma X' eA;x. Muén X eA,[a;b] cin phai c6
a=0g0,u<g0,0z=x,dodd u=9gz nghiala a=g0,09z.

Vay diéu kién trong ménh dé 1a can, bay gio ta chi ra rang diéu kién do ciing 1a
du: tirc 1a chimg minh rang [minAda;maXAdb]cAO| [a;b]. Trong truong hop nay
minA,a=a'=g0,9z va maxAb=b"=g0_,wg. Lay bat ki x'e[a’;b’]. C6 2 kha
nang cho X':

Hodc x'=g0,,d véi d <wg. Khi d6 chon x=g0,d thi hién nhién x &[a;b]
va X' e A X.

Hoac x'=g0,c, bé sung vao X' toa do 1 tuong tng toa d6 1 cua vecto W trong
b taduge x e[a;b] ma x' e A x.

Vay trong moi truong hop ta luon co X' €A, [a;b] nén
[minA,a;maxA b]= A, [a;b] hay A,[a;b] 1a doan.
Vé kha nang tiép theo khi a=g0,,uva b=g0,v, trudc hét ta co vai két qua
hién nhién sau:
Ménh dé 2.
Trong B(n, k) cho a=g0
mot trong hai dicu kién sau:
(i) a=90;,,0z
(i) b=g0,zg

u<g0yv=b.Khi d6 As[a;b] 1a doan néu thoa

i+1
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Khi a va b khong thoa cac diéu kién ciia ménh dé 2, ta co mot vai két qua phuc
tap hon sau day:

Ménh dé 3.
Trong B(n, k) cho a=g0
A, [a;b] 1a doan.

,u<g0v=b va a"=g0ul. Néu b>a’ thi
Chirng minh:
Lay bat ki X' e[minAja;maxAhb]. Ta ¢ a'=minA,a=g0,,u" va

b’=maxA,b =90, ,v . Do d6 c6 ba kha nang xay racho X' nhu sau:

(i) xX'=g0,,w<b' =maxA,b=g0,,v(w<v). Chon x=g0O,w<g0,v=>b. Hién
nhién x >a vado do X' e A;x < A, [a;b].

(i) x'=9g0.,8'>a' =minA,;a=g0,,u’ (s'>u’). Chon x=g0,,
duge tir X' khi b6 sung thém toa do 1 tai vi tri toa do 1 cia a bi bo di dé c6 minA a.

S trong d6 X cO

Hién nhién khi d6 a<x<b va x' e A;x < A, [a;b].

(iii) X' =g0,wW', c6 hai truong hgp xay ra sau day:

+Ton tai Xx=g0,w<b va X' e A;xc A [a;b].

+Voi  moi  Xx=gO0w ma x'eA,x thi  x>b. N6 riéng
x=g0,wl>b>a"=g0ul. Khi d6 <chon x=g0
X' e Agx < Ag[a;b].

W >g0 u=a thi

Vay véi moi X' €[minA,a;maxA,b] ta ludn cé X' € A [a;b] hay néi cach khac
A,[a;b]=[minA,a;maxA b]. Do do A,[a;b] 1a doan.

Con néu a,b nhu ménh dé 3 md b<a® thi ton tai chi s6 j ma
b=g0,wL;h < g0,w0;m=a". Khidé ta co cac két qua:
Ménh dé 4.

Cho a,beB(n, k) ma b=g0,wl;h<g0,w0,m=a". Khi d6 A,[a;b] 1a doan
néu @(w)<r(w) hoge w(w)=r(w) vab=g0,91,ng véi w(n)=1.
Chitng minh:

Lay bat ki X e[minAja;maxA,b], ta cn chi ra sy ton tai cua X [a;b] ma
X" € A,X. Thét vay:
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Truong hop b= g0,wl;h véi w(w)<r(w); goi t lachisé bé nhat ma i<t < j
dé a, = 0. Néu x’ c0 cac thanh phan tir i+1 dén t—1 déu bang 1 thi ta b6 sung vao X’
toa do 1 tai chi sd t déduoc X €[a;b] va hién nhién x € Ajx. Vanéu X' c6 mot thanh
phan bang 0 trong khoang tir i+1 dén t —1 thi tachon X bang cach b sung toa do 1
true i (x=9g0,,W) thi xe[a;b] va x' e A x.

Truong hop (W) =r(w); tc a =1 véi i <t< j.Khi dé néu X' c6 toa do 0
nam gitra hai chi s i; j thi x=1x' e[a;b] va X' e A x. Con néu cac toa do cia X'
nim gitra hai chi $O i j déu béng 1 thi b sung thém toa d6 1 vao X' tai chi $6 t > j
dé c6 X mong muon.

Véi kha ning a=g0,u<g0,v=b véi t >i+1; xem nhu 1 hé qua tryc tiép cia
ménh dé 2, ta co két luan sau:
Ménh d@é 5.

Trong B(n, k) néu a=g0,u<g0,v=b véi t>i+1 thi A [a;b] ludn luon la
doan.
Chirng minh:

Vit>i+1nén t:i+m(m22,me¥). Ta chung minh quy nap theo m.

Truong hop t=i+2, chon ¢=g0,,zg va d=g0,0z. Khi do
A, [a;b] =A, [a;c] UA, [d;b] Va Vi [a;c] va [d;b] thoa man cac diéu kién cia ménh
dé 2 nén ta co A, [a;c] va A, [d;b] la cac doan. Hon nira, theo cach chon nay thi rd
rang A, [a;c]l Ay [d;b]= @ dodo A,[a;b] 1a doan.

Gia sir ménh dé ding v6i t=i+m-1, ta chimg minh A [a;b] 1a doan vé&i
120 va d=g0,,9z, khi d6 A, [a;b]=A,[a;c]UA,[d;b].
Vi A, [a;c] va A, [d;b] la cac doan khong roi nhau nén A [a;b] 1a doan.

t=i+m. Chon c=g0

Truong hop b=bb,..b, ma b =0, c6 hai kha nang xay ra cho a=aa,...a, la
a, =0 hay a =1.

Khi a =1, chi y rang ¢6 ¢=1zg [a;b], va vi ring A,[a;c]=A,[ab]c
[minA,a;zg] nén A, [a;b] 1a doan néu A,[a;c]=[minA a;zg]. Va déng thirc cudi
Xay ra néu A, [a; C] 1a doan, va bsi vi &, ¢ thoa mén diéu kién 1a toa d6 dau bang 1,
vay nén xem nhu 1a hé qua tryc ti€p cuia cac ménh dé 1, 2 va 5 ta co:
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Ménh dé 6.

Trong B(n, k) cho a=gu <zv="h.Khi dé A,[a;b] 1a doan néu théa mén mot

trong cac dieu kién sau:
(i) Hodc a =109z
(i) Hoac a=g0;u véii>3.

Khi a =0, khi ning dau tién xiy ra 1&: a=2zLu<z0,zv=>b. Khi d6 ton tai
¢ =201zg e[a;b] véi maxA,c=20,29. D& thiy A,[a;c]cA,[a;b]<[minA,a;maxAc].
Vi bat ki d'=z0,we[minAja;maxA,c], ta  chon d=z0lw thi
d'eA,d c A [a;c]. Vay A [a;c] 1a doan, do d6 A,[a;b] 1a doan, tirc ta co:

Ménh dé 7.

Trong B(n, k) cho a=2z1,u<z0,v=b véi j<i.Khido A,[a;b] la doan.

Kha nang xay ra tiép theo 1a a = zZLu < z0,gv =b s& cho ta két qua sau:
Ménh dé 8.

Trong B(n, k) cho a=zLu<z0,gv=b. Khi 6 A,[a;b] 1a doan néu hodc
u=0gz hodc u=gw.
Chirng minh:

Chon c=121zg €[a;b] véi maxA,c = zg . Dé thiy
As[ac]c A [a;b] = [minAga;maxA,c], vi vay  Ag[ajb] 1a doan néu
[minA,a;maxA c]c A, [a;c].

Trude hét, xét trudng hop a = z1,gw: LAy bat ki X' e[minA,a;maxA,c]. C6 hai
kha nang xay ra cho X':

Hoic toa do thir i caa x' 12 1, khi d6 tabd sung vao X' toadd 1 & vi tri toa do 1
cia a dugc bo di dé co minA,a thi dé thiy x e[a;c].

Hoic toa d6 thu i caa X' 12 0; khi d6 ta bd sung vao X' toa dd 1 & vi tri thr i
(toa d6 O duoc day 1én vi tri thir i+1) dé dugc X thi x €[a; ¢]. Vay két lugn d& 16 vei
gia thiét thir nhat.

Xét truomg hop a=z1,0gz; véi bat ki X' e[minA a;maxA,c] ciing xét hai kha
nang vé toa d thir i cia X' nhu trén, va ta cling chon X € [a; C] tuong tu nhu trén cho
timg kha nang do, va viéc chon tuong tu do 1a hop Ii.

Truong hop a=120,90;u <z0,9g0,v=b.Taco két qua sau:
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Ménh dé 9.

Trong B(n, k) cho a=20,90,u<z0,g0,v=bvéi j>i+1.Khido A, [a;b] Ia
doan khi va chi khi v=wg véi o(w)=1vau=gz.
Chirng minh:

Hién nhién véi a,b nhu trén thi A, [a;b]c[minAja;maxAb]  vei
minA,a=20,g0,u" va maxA,b=12z0,g0,,v véi u'=minAa. Chon
x'=120,90,,0z €[minA;a;maxAb]. Ton tai duy nhét x=20,90,gz<b ma
x"e Agx. Tirdiéu kién X >a budc a=20,90,9z hay u=gz.

Lai chon y'=120,90,29 e[minA,a;maxA;b]. Khi d6 mudn c6 ye[a;b] ma
y' €A,y bude b=20,g0,wg véi W chira chi mot toa do 1 tire w(w)=1.

Vay diéu kién néi trong ménh d¢é 1a can.

Ta ching minh diéu kién trén ciing la du dé A, [a;b] 1a doan. Véi
a=120,90,0z<20,g0,wg=b thi A [a;b]c[minA,a;maxAb]  trong  d6
minAya =20,90,9z va maxA,b =20,g0, ,wg . Lay bat ki X' A [a;b], khi dé c6 2
kha nang xay ra cho X':

Hoac x'=20,90,€" € A, [a;b] thitachon x=20,g0;e trong dé e c6 dugc tir €’
béng cach bd sung toa d§ 1 tai vi tri toa d0 1 caa w trong b. Khi d6 x'e A x va
x e[a;b].

Hoac x'=20,90,,f €A [a;b] voi f <wg. Chon x=20,90, f thi X'eA x
va x e[a;b].

Truong hop a=20,91,u <z0;g0;v=>b. Khi do ta c6:

Ménh dé 10.

Trong B(n, k) cho a=20,g1,u<z0,g0,v=>b véi j>i+1. Khidé A [a;b] Ia
doan néu v=wg trong d6 o(w)=1.
Chitng minh:

Vi minA,a=120,91,u" va maxA,b=20,90, ,wg nén co ba kha néng xay ra cho
x"e[minA a;maxA b] nhu sau:

Hodc X' =20,91,€ € A, [a;b]. Khi do ta chon x €[a;b] bang cach bd sung vao
X' toa dd 1 tai vitri toadd 1 cua a dugce bo di dé c6 minA,a.
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Hodc X' =20,90,k" e A, [a;b]. Khi d6 ta chon X €[a;b] bang cach bo sung vao
X" toa dd 1 tai vi tri toa dd 1 cua wW.

Hoac x'=20,90,,f €A [a;b]. Khi d6 chon x=120,g0;f thi x'eA;x va
x e[a;b].

Cudi ciing dé két thiic bai viét ndy, ta xét mot truong hop dic biét khi a 1a phan
tir bé nhat va b 1a phan tir 16n nhét trong B(n, k). Ta c6 két qua sau:
Ménh dé 11.

Trong B(n,k) cho a la phén tir bé nhét va b 1a phan tir 16n nhat. Khi d6, véi bét
ki xeB(n,k), taludn co:

(i) Ay [a;x] la doan trong B(n—l,k—l).

(ii) Ay [X;b] la doan trong B(n—l,k—l).

Chirng minh:

(i) Néu X c0 toa dau 1a 0 thi theo ménh dé 6 ta c6 ngay diéu can chimg minh. Con
néu X co toa o dau 1a 1 thi A [a;x]<[minAa;maxA,x]. Khi d6 véi bét ki
y' e[minAda;maxAdx], ta bo sung vao y' toa do 1 tai vi tri toa do 1 cia X bi bo di
dé c6 maxA,x. Hién nhién ye[a;x] va y' e A y.

(ii) Hién nhién trong truong hop ndy ta co A, [x;b] =[minA,x;maxA b]. Véi bat
ki y"e[minA x;maxA,b]. Tabo sung vao y' toa dd 1 tai vi tri toa dd 1 ctia X bibo
didé co minAyx thi ye[x;b] va y'eA,y.
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