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MODUN TUA TU DO TREN MIEN DEDEKIND
MY VINH QUANG', PHAM VIET HUY"

TOM TAT

Moédun phdn tich dirgc thanh tcfng truc tié'p cac modun cyclic dwoc goi la médun twa
tw do. Lép cac médun twa ty do la mo rong ciua lop cac médun ty do. Bai bdo nay gidi
thiéu mot so két qua vé cac modun twa tw do trén mién Dedekind. Cac két qua nay la su mo
rong mot so két qua vé nhom Abel va moédun trén mién cac ideal chinh.

Tir khéa: mién Dedekind, modun tua tu do.

ABSTRACT
Quasi-free module over the Dedekind domain

A module decomposable into direct sum of cyclic modules is called a quasi-free
module. The class of quasi-free modules is the extension of the class of free modules. This
paper introduces some results about quasi-free modules over the Dedekind domain. These
results are extensions of some results about Abelian groups and modules over a principal
ideal domain.

Keywords: Dedekind domain, quasi-free module.

1.  Mé dau

Trong li thuyét modun, cac modun tu do, dic biét 1a médun tu do trén mién cac
ideal chinh c6 vai trd quan trong. D4 c6 nhiéu két qua sau sic va thl vi vé cac modun
tu do trén mién cac ideal chinh. Chung ta nhé lai ré“mg, mot modun dugc goi 1a moédun
tw do néu né phan tich duoc thanh tong tryc tiép cac modun cyclic khong xoin. Mot
cAu hoi kha ty nhién dugc dit ra 1a: Tai sao phai 1a cac modun cyclic khong xoan? Néu
ta bo di diéu kién khong xoan thi sao?

Chung t6i goi cac médun phan tich duge thanh tong truc tiép cac modun cyclic 1a
modun tua tu do. Bai bao nay gidi thiéu mot s6 két qua vé cac modun tya ty do trén
mién Dedekind. Chu v rﬁng mién Dedekind 1& mé rong kha ty nhién vé mit sd hoc cua
mién cac ideal chinh nhung lai c6 kha nhiéu tinh chat khac la so v&i mién céc ideal
chinh.

2. Mot s6 khai niém co ban
2.1. Mién Dedekind

Mién nguyén D duogc goi 1a Mmién Dedekind néu Dla mién Noether, dong nguyén
va moi ideal nguyén t6 khac khong cua D déu 1a ideal toi dai.

Tap céc ideal ciia mién Dedekind D véi phép nhan cac ideal lam thanh ntra nhom
giao hoan, co6 don vi véi sy phan tich duy nhat thanh cac phan tir nguyén t6. Nghia la
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moi ideal khac khong va khéc D déu phan tich duge duy nhét thanh tich cac ideal
nguyén t6. Néu A, B 1a c4c ideal ciia D thi A|B khi va chi khi B < A, uéc chung Ién
nhdt ciia A, B 1a: (A, B) = A+ B, bgi chung nho nhat ciia A, B 1:; [A, B] =AnB.A B
goi 1a nguyén t6 cling nhau néu (A,B)=D. Néu P Ia ideal nguyén té cia D thi
ord, (A) 14 s ty nhién 16n nhat thoa: P |A. Cac két qua vé mién Dedekind c6 thé
tham khao trong [1],[2].

B dé sau day sé rat co ich khi 1am viéc v6i mién Dedekind.
2.2. Bédé[l,Pinhli9.3.1]

Cho D |& mién Dedekind va A, B 1a cac ideal khac khong cia D. Khi d6 ton tai
acAdé A=(a)+AB.
2.3. Médun trén mién Dedekind

Cho M 1a mddun trén mién Dedekind D vax e M . Cdp ciia X, ki hiéu |x

, duoc
dinh nghia nhu sau: |X| = {a eD,ax = O}. D& thay |X| Ia mot ideal cua D. x dugc goi la
phan ur khong xodn néu |X| =0. Trong trudng hop nguoc lai, X dugc goi 1a phan tir

x0dn. Tap cac phan tir xo4n cia M 12 mot modun con cua M, duge goi 1a médun con
Xoan cia M, va dugc ki hi¢u la M. Néu M, = M thi M duoc goi 1a médun xoan. Néu

M, =0thi M duoc goi 1a médun khéng xodn. Hién nhién, %T la modun khong
X04n.

Véi mdi ideal nguyén t6 khac khong P cta D, ki higu M, ={xe I\/I,|X| la lay
thira cua P}. M, 1a mot modun con cua M, dugc goi 1a médun con P-nguyén so ciia M.
M duoc goi 1a P-médun néu M, =M . Tap céac phan tir X ciia M, thoa dieu ki¢n Px =0
tao thanh mot modun con cia M va duoc ki hiéula M [P]

Modun M dugc goi 1a bi chan néu cép cua cac phén tir cua M bi chan, nghia Ia ton
tai ideal A khac khéng ctia D d¢ AM =0.
Cho M 1a P-médun. Khi d6, sé tu nhién n duge goi 1a 3o cao (hay P-do cao) cua

XxeM néu xe P"M nhung X ¢ P"™'M . Trong truong hgp X € P"M v&i moi n ta noi
X ¢6 d cao vO han.

2.4. Béde
Cho M la médun trén mién Dedekind D. Khi dé:

X
[X+(a)

i) Néu x,y e M va |x|+|y|=Dthi [x+y|=|x|y| .

i) Vi moi xe M,ae D,|ax| = ,vanéu |x|+(a)=D thi |x| =|ax].
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Chirng minh:

i) Vi b e |X| taco bae |X|

[x|+{a) x|+ (a)

|X| c|ax|. Nguoc lai, néu b(ax)=0 thi bae|x|. Do do, b <a> c

(ba)x=0.Vay

<a> c |X| Do do, b(ax)

X

[x|+(a) [X+(a) " [x|+(a)
. A (a) K A gA : (a) X A
Mat khac, vi , =D nén ton tai Ue Ve de
[+ (@) |x|+(a) x| +(a)" [x|+(a)
U+v=1.Khido, b=b(u+v)=bu +bVG%. Vay |ax| = X |:(|<a>'

Ngoai ra, néu |x|+(a)=D thi ton tai ue|x,ve(a) d& u+v=1. Khi do,
X =X(U+V)=xu+xv=xve(ax). Do do,

x| =|ax].

ii) Véi moi ae|x|,be|y|, taco ab(x+y)=abx+aby=0 nén c(x+y)=0 véi
moi CE|X||y|. Vay |x||y|c|x+ y|.Nguqc lai, vi |x|+|y|: D nén ton tai UE|X|,VE|y|
dé u+v=1. Néu ae|x+y|thi a(x+y)=0.Suyra au(x+y)=0. Do do, auy =0,

nghia 1a auely|. Do 46, a=a(u+v)=au+avely|. Tuong ty, aelx. Do do,
aelx|n|y|=[|x.|y[]=|X|y]. vi |x.|y| nguyén & cung nhau. Vay [x+y|=|x||y|.
2.5. Bodé

Cho M la médun trén mién Dedekind. Khi d6, médun con xodn M. Cia M [a
tong truec tiép cic médun con P-nguyén so ciia M. M; = (-? M;.
Chitng minh:
Pau tién, ta chimg minh M; =) M,. Gia st O0=xeM;. Khi do,
P

X|=PR"..P". Voi mdi i =1,2..m, dat A =%. Khi 46, (A,..., A,)=D nén ton tai

a €A dé a+..+a,=1.Taco, x=(a+..+a,)Xx=aX+..+a,Xx. Néu be P" thi
ba, €|x| nén bax=0. Do d¢, belax|, nghia 13, P c|ax|, suy ra axeM, va

xe> M,.Vay M; <> M,
P P
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Tiép theo, ta chung minh MPmZMQ =0. Gia su OiXeMPmZMQ. Vi

Q=P Q=P
XeM, nén [x|=P", véi m21,va xe > M, nén (|x,P)=D hay (P",P)=D()
Q=P
Mau thuan chimg t6 M, "N > M, =0. Vay M; =DM,

Q=P

3. Co sé chinh tic ciia médun twa tw do
3.1. Médun twa tw do

Cho M la mot médun trén mién Dedekind D. Tép con khac rong S cua M duoc
goi la tdp doc ldp tuyen tinh hoac don gian 1a doc lgp, néu 0¢ S va voi moi S ,...,S,
d6i mot khac nhau cua S, véi mei a,,...,a € D néu a5, +...+a,5, =0 thi as, =0 voi
moi i. Néu S khong doc lap, ta noi S 1a tap phu thudc. Mot tap sinh cia M ma doc 1ap
dugc goi 1a co so cua M. Modun M dugc goi la médun tua tw do neu no co the phan
tich dugc thanh tong truc ti€p cua cac mddun cyclic. T cac dinh nghia, ta c6 ngay
modun 1a tuya tu do khi va chi khi n6 ¢6 co s¢. Mot modun 1a tu do khi va chi khi né 1a
modun tya ty do khong xoan. Nhu vay, 16p modun tya ty do 1a mo rong thuc su cua
16p cac modun tu do.

B6 dé dudi day mé ta mot 16p cac modun tya ty do nhung khong 1a modun ty do.
3.2. Bodeé

Cho M la médun trén mién Dedekind D. Néu ton tai ideal nguyén 6 khdc khéng
P ciia D @é PM = {O} thi M la mbdun twa tr do.
Ching minh:

Vi D la mién Dedekind nén P 1 ideal ti dai cua D, do do, % la truong. Do
PM = {0} nén trong tmg:

D
DAxM > M

(5, m) a am
1a phép nhan ngoai. D& thiy M vé&i phép nhén trén tré thanh mot khong gian vécto trén
truong % Néu S I1a mot co sé cla I:%,-khéng gian vecto M thi S ciling chinh 1a
mot co s¢ cua D-modun M. Vay M 1a modun tya tu do.

3.3. Nhdn xét

Hai co s bat ki cia mddun ty do trén vanh giao hoan, c6 don vi déu ¢6 ciing huec
lugng va luc luong d6 duogc goi 1a hang ciia modun ty do. Van dé duoc dit ra 1a liéu
nhan xét trén c6 con dang d6i véi moédun tya ty do? Ching ta co cau tra 161 phu dinh
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ngay ca dbi véi médun tya tw do trén mién cac ideal chinh bang phan vi du sau: %Z
1a Z-modun tya ty do véi 2 co s¢ cb s phan tir khac nhau 1a {i} va {E, 1_%} .

D¢ khic phuc tinh trang nay, ching toi dua ra mot khai niém méi, goi 1a co sé
chinh tac cia modun tua ty do nhu sau.
3.4. Dinh nghia

Mot co s S cua mot modun tya ty do dugce goi 1a co so chinh tdc néu mdi phﬁn
tor X € S hodc 1a khdng xoan hodc cé cap 1a liy thira cua mot ideal nguyén to.
3.5. Binh |i (co s& chinh tic cia modun tya ti do)

Mbdun tua tw do M trén mién Dedekind D Iuén ¢6 co sé chinh tic. Hai co sé
chinh tac bat ki cia M c6 cung luc luong, luc lwong nay duoc goi la hang cia médun
twa tw do M.

Chitng minh:

Ching minh sy ton tai co s¢ chinh tac cua M. Trudc hét, ta ¢6 nhan xét: néu
xeM c6 cap AB véi (A B)=D thi (x)=(y)+(z) trong d6y co cap A, z ¢6 cip B.
Thét vy, theo B6 dé 2.2, ton tai be B dé B=(b)+ AB. Khi d6, theo B6 dé 2.4,

AB
b (b)+ AB
2.4,‘(a+b)x‘ - AB va <(a+b)x> =(x). Mt khéc, <(a+b)x>c (bx)+{ax) = (x).
Do d6, (x) = (bx)+(ax) =(y)+(z).

Bay gio, gia st S 1a mét co s& cua M. Khi d6, néu x € S,|x|=P%..P/ thi theo

= A. Tuong tu, ton tai ae A dé |ax|: B. Khi d6, theo B6 dé

chimg minh trén <X> = <X1> @...@(Xm> véi ‘xj‘ = ijj . Nhu véy, bang cach giit nguyén
x néu x khdng xoin va thay X bing {Xl,...,Xm} néu X ¢6 cap hiru han. Ta nhan dugc
co s& chinh tac cua M.

Hai co s& chinh tic ciia M ¢6 cting lyc lugng s& dugc thdy 16 qua 2 bd dé sau:
Bodé 1.

Luee heong ciia cdc phan tir khéng xodn trong hai co sé chinh tic cia médun M Ia
nhuw nhau.
Chirng minh:

Gia st SUT la mot co s¢ chinh tac cua M trong do S la tétp’tét ca cac phan tir
khong xoan trong co so chinh tac va T la tap tat ca cac phan tir ¢6 cap la [y thira ideal
nguyén t5. Khi d6,M = @ <X> @ <y> va mo dun con xoan ciaM 1a M, = @ <y>

XeS yeT yeT
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: M ~ oA M A . 3 A
Ta co, AAT = XE(JBS<X> Boi vay, AAT la médun tu do cé hang bang |S| Vay
lyc lwong cta céc phan tir khong xodn trong co s chinh tic cia M bang hang cia
modun tu do % khdéng phu thudc vao céach chon co so.
T

Bo dé 2.

Véi méi s6 tw nhién m va méi deal nguyén t6 P ciia D cho truée, luc luong cia
cac phan tir c6 cap P™ trong hai co s chinh tdc ciia médun M la nhiw nhau.
Chirng minh:

Vi méi phﬁp tir cAp liiy thira ctia P chi c6 thé nam trong thanh phan P-nguyén so
M, nén taco th¢ xem M la P-médun. Gia st SURUT la mot co sé chinh tac ctiia M,
trong d6 S 12 tap cac phan tir ctia co s& c6 cap 12 P™, R 1a tap cic phén tir clia co s& ¢6
cap 1a P", v6i r>m, T la tap cac phan tr cta co so ¢ cap 1a P', véi t<m. Dit
H=@(y),K=@(z). Taco M = @ (x) OH OK..

yeR

Do d6 P™M = @ (P"™x)®P™*H va (P"™*M)[P]= @ (P"x)®H [P],

XeS XeS
P"™™ =P"H va (P"M)[P]=H[P].
Boi vay,

(P™M)[P] (P™M)[P]

(P )[P] @ (P""x). Theo B4 dé 3.2,

(P"M)[P]

m-1
la khéng gian vecto trén truong % va |S| = dim{(P M )[P]( khong

P"M )| P]J
phu thudc vao cach chon co s& chinh tic.

Nhu vay, B6 dé& 2 da duogc chimg minh va Dinh li 3.5 dugc chirng minh hoan
toan.

3.6. Nhdn xét

Hai médup tu gio ¢6 cung hang thi ludn déng cAu. Vay, hai médun tya ty do co
cung hang c6 dang cau véi nhau khong?

Mot 1an nita, chung ta c6 cau tra 161 phu dinh thong qua vi dy sau: Z la Z-médun
tua tu do véi co so chinh tic 1& {1} : %Z ciing 1a Z-modun tya ty do véi co s& chinh

tic 12 {i} Ca hai modun tua tu do ndy c6 cing hang bang 1, tuy nhién, ching khong

dang cau. B¢ khac phuc dieu nay, chiing t6i dua ra khai niém co so chinh tac cung kiéu
nhu sau:

10
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3.7. Dinh nghia

Hai co s¢ chinh tac duoc goi 1a cung kleu néu luc lugng cac phan tir khong xo04n
trong mdi co s& 1a nhu nhau va voi moi sb tu nhién m, mdi ideal nguyén t6 P, luc

lwong cua cac phan tir ¢ cap P™ trong mdi co so 1a nhu nhau.
Nhur 14 hé qua ctia Dinh Ii 3.5, ta ¢ két qua sau:
3.8. Hé qud

Hai co so chinh tc?:c cuia mot modun twa tw do rén mién Dedekind 6 cuing kiéu.
Hai méduno twa ty do dang cau vdi nhau khi va chi khi cdc co so chinh tac cia ching
c6 cung kiéu.

Chirng minh:

That vy, § dau cua h¢ qua suy ra ngay tir Bo dé 1, Bo dé 2 cua Pinh Ii 3.5. B¢
chimg minh y sau, ta c6 nhan xétnéu f :M — N la dang cau thi x va f(x) c6 cung cap.
Do d6, néu S 1a co sé chinh tic caa M thi {f (x),xe S} 1a co s& chinh tic caa N co
cung kiéu véi S . Nguoc lai, néu S va T lan luot 13 co so chinh tic cia M va N ¢6
ciing kiéu. Khi d6 ton tai song anh f:S —T sao cho |f(x)|=|x|,¥xeS. D& thay
song anh ¢6 thé mé rong thanh dang cau f:M—>N.

4. PDiéu kién can va di dé médun xodn 13 médun tua tw do
4.1. Pinhli

P-médun M trén mién Dedekind D la médun twa tw do khi va chi khi ton tai day
chuyén ting cac médun con{M }:M; <M, <..<M_ <.. va day cac so nguyén
khong amk(n) sao cho ~ M, =M va dé cao ciia cic phan tir khéac khéng ciia M, déu
khong vuot qua k(n).

Chitng minh:

Gia st M I3 P-mddun tya tu do véi co s¢ S . Ta dinh nghia M, = <x es,/x[P" >
Khi d6, mdi phan tir khac khong cia M ¢6 do cao khong vuot quan—1. Do d6{M }
la day chuyén can tim.

Nguoc lai, gia st M 12 P-modun c¢6 day chuyén {M n} thoa cac diéu kién cia dinh
li. Bing cach bd sung thém hitu han cac médun khong & dau day chuyén, lip lai M .
hitu han 1an (néu can) va danh sé lai, ta c6 thé xem k(n)=n—1. Khi do, tir cac dinh
nghia ta c6 ngay P"M nM_ =0vsi n=1,2,...

Trong tap tat ca cac day chuyén {K }thoa M <K, va P"M nK, =0 véi
n=12,..., tadinh nghia quan h¢ tha tl_J:{Kn} S{Hn} néu va chi néu K, < H, v6i moi
n. Theo B6 dé Zom, ton tai ddy chuyén { H n} la phan tir t6i dai cua tap trén.

11
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Theo B6 dé 3.2, P"'"M nH,[P] 1a mddun tya ty do. Ki hi¢uS,1a co s¢ cia
P™M nH, [P]. Néu i< j vaxe$ NS, thixeH,[P]cH,,[P] va xeP'M
nén xe PI?M mHH[P]=0 nén x=0(!). Do do, cac tapS,,S,,... roi nhau. Hon

n
nira, tapS =uUS la tap doc lap. That vay, néu Z:aisi =0 voi a,eD,s €S, thi
n i=1

s,eH[P]JleH,4[P] v i=12.,n-1 va s eP™M, do d6
n-1 n-1

a.s, :—Za,.si eP"™M N Hn_l[P] =0.Suyra a s, = Z:aisi =0. Bang quy nap, ta c6
i=1 i=1

a;S, =0 voimoiivas latap doc lap.
Tiép theo, v6i mdi SeS, gia s h(s) 1a d6 cao cua s. Ta s& chiung minh s viét

dugc dudi dang s = p(s)"x(s), trong d6 p(s) € P,x(s) e M va [x(s)|= P"®*.

That vay, viseP"M nén s=>px voi p eP"™ x eM,|x|=P". Dit
hh

k =max{h(s),n;}, theo B6 d& 2.2 ton tai p(s)ePthoa P=(p(s))+P*. Do do,

P'® < (p(s)"®)+ P Vip, e P" nén p =ap(s)™+u; véi g eD,u eP .

Tacos= (ap(s)"™ +u,)s, = p(s)"™x(s) trong d6 X(s) =D as €M . Mt khic,

ta c6 1=ord,P=min{ord,(p(s)),k} va k>1 nén ord,(p(s))=1, nghia la

(p(s))="PI véil laideal cia D va (P,1)=D. it |x(s)|=P', theo B6 d¢ 2.4, ta ¢6
X(9)| =} P!

P= |S| = ‘ p(s)h(s)x(s)‘ = (|X(S)|,< p(S)h(S)>) = (P' P h(s)) = prin(inG)}

Do dé, min{l,h(s)} =1 -1 nén h(s) =1-1va I =h(s)+1 hay |x(s)| = P""*.

Ngoai ra, chli ¥ rang néu a(s) € P"® thi a(s).x(s) = b(s).s véi b(s) e D.
That vay,
vi P"®) < (p(s)" )+ P nén a(s) = p(s)"b(s) + u(s) véi b(s) e D,u(s) & P+

Do d6 a(s)x(s) = p(s)"b(s) +u(s) ) x(s) = p(s)"b(s)x(s) =b(s) s

Bay gio, ta ching minh {X(S),S € S} la tap doc 1ap. Gia sir nguoc lai, khi d6 ton
tai a(s) e D dé D a(s)x(s) =0 vaco it nhata(s)x(s) # 0. Goi d la s6 tw nhién bé nhat

seS
dé P%a(s)x(s)=0 véi moi seS. Néu d=1 thi Pa(s)x(s)=0véi moi Se€S.Vi
X(s)|=P"" nén Pa(s)c P"" hay a(s)eP". Do d6, theo chu y trén,

12



Tap chi KHOA HOC DHSP TPHCM My, Vinh Quang va tgk

a(s).x(s)=b(s).s. Bsi vay, » b(s)s=> a(s)x(s)=0 nén b(s)s=0 do dé
a(s).x(s) =0vaimoi se S ().

Néu d>1, do PYa(s)x(s)=0 va |x(s)|=P"®" nén P"a(s)cP"®* hay
P?a(s) « P"®, theo chu y trén véi moi p e P tacd pa(s)x(s) =b(s).s. Boi vay,
D b(s).s = pD_a(s)x(s) =0 nén b(s).s =0 véimoi SeS nghiala pa(s)x(s) = 0 véi
moi se€S (vi S doc 1ap). Suy ra P%Ma(s)x(s) =0 (!), trai véi cach chon d. Vay
{x(s), seS} latap doc lap.

Cubi cling ta chirg minh {X(S), Se S} lacosocuaM. bat T :<X(S), Se S>.
ta ching minh M =T .

Déu tién, ta ching minh M[P]<T. That vay, néu seS;thi h(s)=0 do d6
s=X(s)eT boi vay Hl[P]: P°M N Hl[P]:<Sl>CT . Bay gio, gia su nguoc lai
M [P] khong 1a modun con cia T. Vi M [P] =UH, [P] nén ton tai sé tu nhién r bé
nhat @& H,[P] khong nim trong T va tit nhién r>1 vi H/[P]cT.
LayxeH [P]\T, khi d6 xgH,, do tinh bé nhit cua r. Khi dé, ta
c6 P"M m<X, H,_l> #0 vi néu nguoc lai, ta co thé thay thé H, , boi <X,HH> ta
dugc day chuyén méi 16n hon day chuyén {H,_ }, mau thudn véi tinh t6i dai cua {H,}.

Ldy 0#yeP™*M n(xH, ), taco y=ax+h_ véi aeD,h_ eH, ;. Do
PMH,_, =0 nén ax=0 va ax=y-h_e(x)n(P™M+H,,). Mat khic,
X =P nénagP dodé ((a),P)=D,nghialatdn tai be D,peP dé ab+p=1.Do
46  x=(ab+p)x=b(@x)eP™*M+H,, nghia 1a x=x+h  voi
x, eP™M,heH, ,.Suyra x, =x—heP™M nH,. Béi vy, véi moi p P taco
px, e P'M nH, ={0} hay x, e H [P]. Do d6, x, e P"*"M nH [P]=(S,)=T. Mat
khéc, voi moipe P, ph=px—px,=0 nén heH, ,[P]<T(do cich chon r). Bsi
vay, talai c6 X = X, +h e T (!). Mau thuan nay chimg t6 M [P] cT.

Tiép theo, S 1a tap sinh, do d6 S 1a co s6 cua T [P] That vay, néu xeT [P] thi
x=>Y a(s)x(s). Vi Px=0 nén véi moi peP taco ) pa(s)x(s)=0 suy ra

seS seS
pa(s)x(s) =0 do tinh ddc lap cua {X(s),s€S}. Do @6, pa(s)<|x(s)|=P"*". suy
ra  a(s)eP"™ nén theo chd y trén  a(s).x(s)=b(s).s, boéi vay
X = Za(S)X(S) = Zb(s).s va S la tap sinh cia T[P].

seS seS
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Bay gio, ta chung minh M =T . Gia st ngugc lai, T <M . Khi do, ton tai
X, € M\T sao cho |x,| chia hét |X| véi moi xeM\T. Lai vi M[P]<T nén
[X,| = P, do d6 |x,|=P"™ vé&i n>1. Mt khdc, theo B6 d& 2.2 ton tai p e P sao cho
P =(p)+P’. Khi do, vi moi sé ty nhién htaco P" = (p")+P",

Vi p"X, € M[P]=T[P] nén theo chimg minh trén p"x ; = a5, +a,5, +...+ a5,
US,,, U...

V6i S, € S . Bang cach danh so lai, néu can, ta ¢ thé xem S, S,...,S; €S, US, ,

Va S S €5, U...US, trongdo 0< j<Kk.
Ta co:

Néu i=j+1..k this,eH [P]viS,..,S, ndm trong H,[P].

Néu i=1,2..,j thi s, € P"M nén h(s,)>n.

Laivi p(s)"® e P"® < < ph(si)>+ P ngnvéii=1,2...,j,taco
as =ap(s)" @ x(s) =ap"b(s)x(s) = p"x voi
X, =ab(s,)p""x(s,) € (x(s,)) =T . Do d6

P"(X =X —..mX;)=a,,,8,, +..+8s5, € P"MNH [P]=0.

Mat khéc, voi moi U e P™, tacoux; =ab(s,)(up"® "x(s,)) =0 véi i =1,2...,
do do u(X) —% —...—%;) =0.

Bay gio, véi moi a e P" c<p”>+ P™ tacé a=p"b+u véi be D,ueP™, khi
do, a(X, =X —...=X;) =bp" (X, =X —... = X;) +U(X, =X —...= X;) =0 nén
Xo =% —...—X; €T, docach chon X;. Vi X,....Xx; €T nén X, €T (}).

VayM =T va M la modun tya ty do. Dinh li 4.1 dugc chimg minh hoan toan.

Tt Dinh li 4.1, ta thu dugc mot sb hé qua thu vi sau day.

4.2. Hé qua (Diéu kién can va di dé mét médun xodn la médun twa tw do)

Mbdun xodn M trén mién Dedekind D la médun twa tw do khi va chi khi véi moi
ideal nguyén t6 khdc khéng P ciia D, médun con P-nguyén so M, Ciia né théa cac diéu
Kién cua Dinh i 4.1.

Chitng minh:

Gia sir M 1a mbdun xodn, twa ty do va SUT 14 co so chinh tic cia M trong d6 S
la tap tat ca cac phan tu c6 cap 1a liy thira cia P trong co s chinh tac. Khi do,
M, = @(s). Viy M, 1a modun tua ty do, do d6, M, thoa céc diéu kién cia Dinh Ii

seS
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4.1. Nguoc lai, néu M » thoa cac diéu kién cia Pinh Ii 4.1 thi M » 1a médun tya tu do,
dod6o M =@M, ciing tua tu do.
P
Két qua dudi day co thé xem nhu 1a mot mé rong cua dinh Ii ndi tiéng vé céu trac
cua nhom Abel hiru han.
43. Hé qua

Moi médun bi chdn trén mién Dedekind déu la médun twa tw do. Néi riéng,
modun xoan, hitu han sinh trén mién Dedekind la modun twa tw do.

Chirng minh:

Dua vao Hé qua 4.2, ta chi can chung minh khi M la P-m6dun 1a du. Do M bi
chan nén ton tai s6 ty nhién k & P*M = 0. Khi d6, moi phan tir khac khong cua M déu
c6 do cao khong vuot qua k. Pat M, =M va k(n) =k véimoi n=1,2,... Day chuyén
M, vaday k(n) thoa cac diéu kién caa Dinh Ii 4.1 nén M 1a méodun tua ty do.

Néu M 1a médun xoan, hitu han sinh thi M bi chin, do d6 M 1a médun tya tu do.
44. H¢ qua

Mbdun con ciia médun twa tw do, xodn trén mién Dedekind Id médun twa tw do
Chirng minh.

Gia sit M la P-mddun tua tu do va H 1a moédun con cua M. Theo Dinh li 4.1, M cé
day chuyén {Mn} va day k(n) thoa cac diéu kién cua Pinh Ii 4.1. Dat H,=HNM,.
Khi d6,H c6 day chuyén {H,} vaday k(n) thoa cac diéu kién cia Dinh li 4.1, do d6 H
la tua tu do.

Néu M 1a modun tua tu do, xodn thi M = GP-) M, trong d6 M, ciing la cac moédun
tua ty do (theo H¢ qué 4.2). Gia su H 1a mddun con cua M. Khi d6 H, 1a moédun con
cua M, nén theo chung minh trén H, 1a modun tya ty do. Do d6 H Z?HP la
modun tua tu do.

45. Nhdn xét

Hé qua 4.3 va 4.4 s& khong con ding nita néu ta bo di diéu kién “xoén”. Tham
chi, médun con caa médun‘tu do trén mién Dedekind c6 thé khong 1a modun tya ty do.
Vi du dudi day chung to diéu do.

Xét vanh D = {a+ bv=5, a,be z} , D chinh 12 vanh cac sé nguyén dai sb ciia
ma& rong Q(\/—S) trén Q nén D 1a mién Dedekind.

Trong D xét ideal | = <2,1+ \/_5>. Khong kho dé chimg minh | khong 13 ideal

chinh caa D. Mit khac, néu xét | nhu D-modun thi hai phan tir bat ki cua | déu phu
thudc. Do do, néu | 1a médun tya ty do thi co s cua | ¢ thé gom mot phan tir, suy ra |
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la ideal chinh cua D (!). Vay | khong 1a médun tua ty do. Nhu vay | 1a mddun con cua
modun tu do D nhung | khong 1a modun tua tu do. Hon thé nira, ta cé két qua sau:
46. H¢ qua

Cho D 1a mién nguyén. Khi dé, D la mién cdc ideal chinh khi va chi khi moi
modun con cua D-modun twa tw do la modun twa tw do.
Chirng minh:

Gia str D 1a mién cac ideal chinh, M 1a mot D-modun tua tw do va SUT 1a mot
co sO chinh tac ciia M trong d6 S 1a tép tat ca cac phan tir khong xoan trong co so chinh
tic. Khido M = @ <X> S) (y} Ta c6 mddun con xodn ctia M, M; = @T<y> , 1a modun

ye

XeS yeT

tua tu do va % =@ <X> 1a moédun tu do.
T xeS

Bay gio, gia st H 1a médun con cua M. Khi d6, modun con xodn cia H 1a
H, =HNM;. Vi M; la moédun tya tu do nén H, 1a médun tua tu do (H¢ qua 4.4).

it khic. taco H/ _H L(H+M)/
Mat khac, ta co /"T_%'V\MT_ MTC AAT

Vi D |4 mién céc ideal chinh va % 1a modun ty do nén % la modun tu
T T

do. Khi @6 H 14 téng truc tiép cia H; va mot mddun con tw do (dang ciu véi % )
.

nén H 1a médun tua tu do.

Nguoc lai, gia st moi modun con ctia D-modun tua ty do 1a modun tya tu do va |
Ia mot ideal khac khong cua D. Khi d6, xem | nhu 1a mot médun con ctia D-modun tya
tu do D. Theo gia thiét, | 1a modun twa ty do. Tuy nhién, hai phan tir bat ki cua | déu
phu thudc. Do d6, co s ciia | chi co thé c6 mot phan tir. Boi vay, | 12 ideal chinh cua D
va D 12 mién cac ideal chinh.
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