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TOM TAT

Trong bai bao nay, chiing t6i md ti nhém déi dong diéu H?(g,£ ) va tinh toan so
chiéu ciia né doi voi cac dai s6 Lie toan phirong co ban da dugc phan logi trong [5]. Cong
viéc nay dwoc tien hanh theo hai cach: tinh toan toan tw doi bo va md ta khong gian cac
dao ham phan xiing.
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ABSTRACT
The second cohomology group H? (g,£ ) of the elementary quadratic Lie algebras

In this paper, we describe the second cohomology group H? (g,£ ) and calculate its

dimensions for the elementary quadratic Lie algebras which were classified in [5]. Our
work is done in two methods: calculating the coboundary operator and describing the
space of skew-symmetric derivations.
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1.  Giéi thiéu
Céc khong gian vecto dugc xét trén trudong s6 phirc£ va hiru han chiéu.

, Trong Li thuyét Lie, s hieu biét ve doi dong dicu cta dai s Lie van con khé han
che. Ban thén bai toan mo ta cac nhom doi dong difu cua mot dai sO Lie cho truge
ciing chi giai quyét dugc trén mot sb it cac dai s6 Lie hodc chi dimg lai & viéc md ta s6
chiéu cta cac nhom doi dong diéu. Ngay trong trudng h0’p don g1an nhat 1a cac nhém
d6i ddng diéu H*(g,£) va s chiéu cuia chiing (tirc 12 cic s6 Betti) van ton tai rat nhiéu
cAu hoi. Mot két qua ndi tiéng trong trudng hop nay 1a Dinh Ii ddi ngau Poincaré néi
rang néu g la unimodular, tirc 1a tr(ad(X)) =0 véi moi X thuoc g (vi du cac dai so
Lie [ty linh) thi H*(g,£)=H__ (9,£).

Trong truong hop g la mot dai s6 Lie toan phuong, tirc mot dai s6 Lie duoc trang
bi mot dang song tuyén tinh ddi ximg, bat bién va khong suy bién, thi viéc tinh toan
nhém H2(g,£) va sb chiéu cta nod sé& tré nén dé dang hon nho cac két qua duoc duara
trong [4] va [5]. Cu thé hon, ta s& thu dugc nhém H?(g,£) va sb chiéu cua né théng
qua hai cach: hoac 1a md ta khong gian cac dao ham phan xtng ciia g hodc tinh toan
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truc tiép nhom H2(g,£) nho toan tir d6i bo & bay gio chi don gian 12 § = —{I ,.} Véi
| 1a 3-dang lién két v6i g va { ,.} Ia tich super-Poisson dugc dinh nghia trén khong
gian A(g*) chira cac dang da tuyén tinh phan xtmg trén g. Trong bai bao, chling toi s&

trinh bay chi tiét hai phuong phép nay trén cac vi du cu thé 1a cac dai s6 Lie toan
phuong co ban dugc phan loai trong [5].

Bai bdo dugc trinh bay thanh ba chuong. Chuong dau tién nhic lai mot s6 khai
niém va vi du co ban vé doi dong dicu cua dai so Lie; cac dai so Lie lé}m vi du chu yeu
dugc chung téi chon ¢ chiéu thap va quen thudc dé nguoi doc dé dang tiep can.
Chuong 2 trinh bay lai két qua trong [4] va [5] dung dé suy ra nhém H?(g,£) va chiéu
cua nd dbi véi cac dai sb Lie toan phuong; ching t0i cling mo td khong gian cac dao
ham phan xing cta cac dai so Lie toan phuong co ban giai dugc dé thu dugc so chicu
cia nhom H?(g,£) tuwong tng. Chuong cudi trinh bay chi tiét cic nhom H?(g,£)
bél}g cach sir dung phuong phép thtr hai nhu d4 néi ¢ trén. Phan két luan cha yéu dé
Xuat mot vai bai toan mo.

2. Pb6i dong diéu caa dai so Lie

Cho g la mot dai sb Lie, V 1a mot khong gian vecto va p:g — End(V) 1a mot
biéu dién cua g trong V , tic 12

p([X.Y])=[p(X).p(M)], ¥X.Y €g.

NGi mot cach khac, p 1a mot dong cu dai s6 Lie tir g vao dai s6 End(V) chua
cac dong céu trén V. Trong truong hop ndy, V dugc goi 1a mot g-module. Véi mbi sb
nguyén k>0, ki hiéu C*(g,V) 1a khdng gian cac &4nh xa k-tuyén tinh phan xtng tir
gxgx.xg vao V néu k>1 va C°%gV)=V. Pinh nghia toan to doéi bo
5, :C*(g,V) »C**(g,V) nhu sau:

5, f (xo,...,xk)=_§k0:(—1)ip(xi)(f(xo,..., % %))
et (DX %] X T M X

i<
véimoi feCX V), X,...,X, €0, & day ki hicu X. dé chi X, khong cd trong cong
thuc.

Ta co thé kiém tra duoc rang &, 05, , = 0. Thong thudng ta ki hidu & = 5, néu
khong quan tdm dén chi s6. Khi d6 & thoa mén tinh chat 52 =0.

Tandi rang f eC*(gV) 1a mot k-doi chu trinh néu 5f =0 va f la mot k-doi
bo néu co g eC*(gV) sao cho f =5g.
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Ki hiéu Z*(g,V) la tap hop cac k -d6i chu trinh va B*(g,V) la tap hop cac k -dbi
by, tac 1a Z*(gV)=Kers, va B*(gV)=Ims,,. Cong thac 5°=0 ching to
B*(gV) = Z"(g,V) va do dé ta c6 khong gian thuong Z*(g,V)/B*(g,V). Khdng gian
thwong nay thudng dugc ki hiéu 1a H*(g,V) va duoc goi 1 nhém doi dong diéu thir K
cia g voi hé s6 trong V . Mdi phan tir thuge H*(g,V) ciing duge goi 1a mot K -doi chu
trinh.

Hién nay, sy hiéu biét vé nhom doi dong diéu cua céc dai sb Lie van kha han ché.
Bai toan dugc dat ra ¢ day 1a tim cdch mo ta tuong minh cac nhém doi dong diéu cua
mot dai sb Lie g cho trudc hodc it nhat 1a tinh duoc chidu cia H*(g,V). Mot cong
thirc thuong dugc sir dung dé tinh s6 chiéu dimH*(g,V) nhu sau :

dimH*(g,V) = dim(Kerék_l)erim(Kerék)—m[kn J

. AAe o [ N} _n(n-1..(n-k+2)
odayn_dlm(g),m_dlm(V)va[k_J_ TR

Vi dy 2.1. Truong hop don gian nhat X eC°(g,V) =V thi 5X(Y)=p(Y)(X). Néu
feCl(gV)={f:g->V}th
S (Xe0 Xy) = p(Xo) (F(X1)=p(X) (f(Xo))— f ([ X0, X1])-
Vidu 2.2. Gia sit 8 eC?(g,V) 1a mot 2-ddi chu trinh. Khi dé 0:g x g—V 1a mot anh
Xa song tuyén tinh phan ximg, déng thoi voi X, X;, X, €9:
50(Xg0 X1 X, ) = p (X )(6(X1, X))+ 2 (X1)(0( X2 Xo))+ 2 (X,)(6(Xo, X))
—0([ %o, X1], X5)=0([ X1, X, ], X )=0([ X2 %], X;) = 0.

Mot cach tuong tu, ta co:
80X, X3, Xy, X35) = p(Xo)(0(X1 X0 X5)) = 2 (X)) (0( X0 X0 X5))
+0(X)(0( X0, Xy X5)) = p (X5 )(0(Xor Xy X,)) =0 ([ X0 Xy ] X5 X5 ) +0([ Xo0 X, ] X1 Xs)
—0([ X, X5 ] X0 X, ) =0 ([ X0s X, ], X0 X3 )+ 0 ([ X0s X5 ] Xg, X, ) =0 ([ X4, X5 ], X, Xy).
2.1. Truwong hopV =g va p=ad.

Trong thyuc té, nguoi ta thuong xét cho timg truong hop cu thé cia V va p.
Chiang han, néu V=g va p=ad la biéu dién phu hop cia g trong g, tuc 1a
p(X)(Y)=[X,Y]. Theo nhu Vi du 2.1, néu D:g—> g la mdt anh xa tuyén tinh thi

8D (Xo, X, ) =[D(X), X, ]+[ X4, D(X)] =D ([ X4, X, ]).
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Do d6 D 1a mot 1-ddi chu trinh néu va chi néu
[D(X,), X, ]+[ X4, D(X)]-D ([ X,. X,]) =0,

trc D 1a mot dao ham cta g. Bay gio ta s€ xem trong truong hop nao thi D s€ 1a mot
1-d6i bd. Gia st ¢6 X eC’(g,g)=g sao cho D=5(X)=-ad(X). Diéu nay co
nghia D 1a mot 1-d6i b néu va chi néu D 1a mot dao ham trong. Do d6 nhém ddi
dong diéu H'(g,g) = Der(g)/ad(g) chinh & ding dé md ta khong gian cac dao ham
ngoai cla g.

Vi du 2.3. Ta s& xét mot truong hop cu thé tinh toan cac 1-dbi chu trinh va 1-d6i bo ctia
dai s6 Lie gidi duge 2 chiéu g=span{X,Y} véi tich Lie [X,Y]=Y, & day ta van giir
didu kién V =g va p=ad. Nhu d4 ndi & trén, tinh toan cac 1-d6i chu trinh va 1-dbi bo
tuong duong vai tinh toan cac dao ham va dao ham trong cia g. Goi D la mot dao
ham cua g. Gia st D(X)=aX +bY va D(Y)=cX +dY véi a,b,c,d e£ . Noi

] . , I \ \ a cC 2 as £
cach khéc, matran cua D d6i véicoso {X,Y} 1a D =( dj' Dé dang thay dugc ma
tran cua cac dao ham trong la

b
ad(X)=[8 gjvaad(Y) [_01 gj

Ta ¢6 D(Y)=D([X,Y])=[D(X),Y]+[X,D(Y)]. Do d6 ta thu dugc

0 0 . .
a=c=0va D:[b djzad(dx—bY).DiéunéychfmgtémoidaohémCﬁagdéu

1a ¢ao ham trong, mot cach twong dwong H*(g,g) ={0}.
Vi dy 2.4. Xét g la dai s6 sl,(£). Ta s& chimg minh H'(g,g) ={0}. That vay, goi
{e,e,6,} 1a mot co s¢ cia sl,(£) thoa man [e.e,|=e, [e,e]=—-2¢ va
[e,.€,] = 2e,. Gia st D lamot dong cau tir g vao g c6 ma tran ddi véi co s da cho:
a o, o
D=|la, a5 a
a3 aG ag
Ta c6 D(e,)=D([e,e,])=[D(e).e,|+[e.D(e,)]. Didu nay din toi
o, +20,=0, a,+20,=0 va a, —a, —a, =0. Mot cach twong tu cho D([el,e3]) va

D([e,.e,]) tathu dwoc oy =@, =a, =0 va do do
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a, 0 —2a 1
D=|0 -a -2a =aead(el)—agad(ez)+Ealad(eg).
o, o 0

Suy ra H*(g,9) ={0}.
Vidy 2.5. Xét g=n, (£ ) la dai s6 Lie filiform 4 chiéu sinh bsi co s {e,,€,,€,,€,} sao
cho [el,ez] =6, [el,e3] =e,. Tasé mo ta chi tiét dao ham cia g nhu sau. Gia st D c6
ma tran

a, L a
D= M O M.
a, L o

Bang tinh toan twong ty nhu vi du trén ta dugc

a, O 0 0

a, o 0 0
D= o, o, a,+o; 0

a, o o, 20, +a

Diéu do chimg té khong gian cic dao ham cia g ¢6 7 chiéu va sinh boi co so

{D

(R

7
,D,}vaD=YaD,.
i=1

Chuy raing D, =ad(e,), D, =-ad(e,) va D, =-ad(e,). Do d6

H(g,g) = span{[D,],[D,].[ D;].[D; ]} ddng thsi dim H'(g,g) = 4.

O day c6 mot tinh chat Ii thi cia n,(£) rang n,(£) c6 nhing dao ham kha
nghich, chang han D, + D, hogc D, +2D;. Jacobson d& chimg minh mét két qua nhu
sau vao nam 1955.

DPinh i 2.6. Gia sir g 1a mét dai so Lie hitu han chiéu trén mét trieong cé déc trung 0.
Néu g c6 dao ham kha nghich thi g 1a mét dai sé Lie lity linh.

Ngoai ra ta c6 thém mot s6 két qua dang chi ¥ khac nhu dudi day.

Dinh |i 2.7. (Dixmier). Cho g & mét dai sé Lie liiy linh hitu han chiéu trén mét trirong
dac trung 0. Khi d6 g sé cé dao ham ngoai. Noi cach khac, H'(g,g) = {0}.

Dinh i 2.8. (Zassenhaus). Néu g & mér dai s6 Lie hitu han chiéu c6 dang Killing
khong suy bién. Khi dé moi dao hdm cia g déu la dao ham trong.

2.2. Truwong hopV =g va p=ad .

29



Tap chi KHOA HOC BHSP TPHCM Sé 47 ndm 2013

Bay gid ta xét truong hop khac khi V =g 1a khong gian d6i ngdu cua g va
p=ad” 1a biéu dién déi phu hop ctia g trong g, tirc 1a p(X)(f)=—f oad(X). Gia
st 6 C?(g,g) 1a mot 2-ddi chu trinh. Khi d6 ta c6:

0(X,, X1)0ad(X,)+6(X,, X, )0ad(X,)+6(X,, Xo)0ad(X,)+6([ X, X, ], X,)

+60([ X1 X, ], X )+0([ %50 X, ], X, ) =0

Mot ting dung truc tiép cta trudng hop nay chinh la phuong phap M¢ rong T*
dugc M. Bordemann dua ra trong Li thuyét cac dai s6 Lie toan phuong vao nam 1997

nhu sau. Cho g la mot dai sé Lie va xét anh xa song tuyén tinh 6:g x g—¢ . Pinh
nghia trén khong gian vecto T, (g) =g® g phép toan:

[X+f,Y+g]=[X,Y]+ad (X)(g)—ad (Y)(f)+6(X.,Y)

véimoi X,Y eg, f,geg . Khido taco ménh dé sau [1].
Ménh dé 2.9. T, (g) 1a mét dai s6 Lie néu va chi néu 0 1a mét 2-doi chu trinh.

Chitng minh: Két qua co thé duge suy ra tir viéc kiém tra tryc tiép tinh phan ximg
va thoa mén dong nhat thirc Jacobi cua phép toan trén.

Trong truong hop ndy T, (g) dwoc goi 1a mé réng T* cia g boi 6. Hon nita néu
0 thoa mén tinh chat 9(X,Y)Z =6(Y,Z)X,véimoi X,Y,Z g (tinh chat cyclic), thi
T, (g) tro thanh mot dai s6 Lie toan phuong voi dang song tuyén tinh B duoc xac dinh
nhu sau:

B(X+f,Y+g)=f(Y)+g(X), VX,Yeg, f,gegd .
Vi du 2.10. Xét g=span{X,Y}, dai so Lie gidi duoc 2 chiéu véi tich Lie [X,Y]=Y .
Gia str 0 1a mot 2-ddi chu trinh cyclic. Vi @ phan xtmg nén 0(X,X)=0(Y,Y)=0.Chd
y rang 6 1a mot anh xa di tir g x g vao g nén ta c6 thé gia st O(X,Y)=aX " +bY" voi
avab thugc £. Taco O(X,Y)X =0(X,X)Y =0 nén a=0. Tuong ty b=0. Do do
0(X,Y)=0. Piéu nay ching t6 rang moi 2-ddi chu trinh cyclic cia g déu tam thuong.
Vidy 2.11. Xét dai sb Lie Heisenberg 3 chiéu g,,: [X,Y]=Z . Néu 6 la mot 2-ddi chu
trinh cyclic khéng tam thuong, ta gia su:

O(X,Y)=aX"+bY +zZ" véi a,b,ze£ .

Tuo 6(X,Y)X=60(X,X)Y=0 nén a=0. Ta cing c6 b=0. Do d6 ta dugc
O(X,Y)=12Z".

Céach lam tuong tu cho ta O(Y,Z)=xX"va 6(Z,X)=yY" véi x,ye£ . Tu tinh
chat cyclic cua 6:
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0(X,Y)Z=0(Y,Z)X =0(Z, X)Y,
ta thu duoc x=y=z:=1=0 vado dd O(X,Y)=AZ", O(Y,Z)=AX" va 0(Z,X)=AY".
Dé dang kiém tra dugc rang 6 duogc xac dinh nhu thé s& 1a mot 2-ddi chu trinh.
2.3. Trwong hop V =£ .
Mot trong nhitng trudng hop dang cha ¥ nhat cua d6i ddng diéu dai sd Lie 12 khi
V mot chidu, trc 14V = £ . Khido C°(g,£)=£ va C*(g,£) 1a khong gian c4c anh xa
k-tuyén tinh phan ximg tir g x g x..x g Vao £ , tirc 1a C*(g,£) = A*(g'). Ta ciing c6
p(X)=0 véimoi X €g vado do:
k . .
Fef (Xorens X )= 2D (XX ] X M K X )
i<j
Trong truong hop ndy, viéc mo ta nhom dbi dong diéu H*(g,£) ciing nhu tinh
toan s6 chiéu dimH*(g,£) 1a mot bai toan hét st 1i tha.

Vidu 2.12. 5,=0 va 6, (X,, X, ) =—f ([X,, X,]) voimoi f eg’. Do do

H'(g.£)={fegd | f([9.9])=0}; (9/[0.q])

Vidu 2.13. 5,0(X,, X, X, ) =-0([ X, X, ], X, )= o[ X, X, ], X, )= o[ X4, X, ], X, ), it
la

*

2*(@.£)={oeg Ag |o([X, X,]. X, )+ o([Xy, X, ], Xo ) +o([ X, X, ], X, ) =0}
va Bz(g,£)={weg*Ag*|w=5lf}={weg*Ag*|w(x,Y)=—f([x,Y])} .
Dinh nghia 2.14. S6 b, (9)=dimH*(g,£) dugc goi 12 6 Betti thir k cia g.

Vi dg 2.15. Ki higu h 1a dai s6 Lie Heisenberg 2n+1 chiéu, khi d6 L.J.
Santharoubanne chitng minh duoc trong [6] rang

2n 2n
b (h)=| " |- :
Vi dy 2.16. Tré lai v6i dai s6 g=sl,(£). Ldy weC*(g.£). Néu we Z*(g,£) thi

a)([ei,ej},ek)—a)([ei,ek],ej)+a)([ej,ek],ei)=0,

& day i, j,k nhan cac gia tri 1,2 va 3 gidng Vi du 2.4. D& dang nhan ra ring chi c6
truong hop (i, j, k) =(1,2,3) 1a dang dé xem xét. Khi d6 ta co:

o([e.8].6)-o([e.e].6)+o((e,e]e)=0.
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Diéu nay din dén (e, e,)+20(e,e,)+20(e,,)=0. Vi biéu thic cudi hién
nhién ding nén ta c6 moi weC?*(g,£) déu thuoc Z°(g,£). Vi [e,e,], [e.e,] va

[62,63] tao thanh mot co sé cia g Nén véi moi w € C2(g,£) talubntimduoc f e g dé

o(e.e)= f([ei,ej]).
Diéu d6 chimg t6 B*(g,£)=2Z%(g,£) vado dé H?(g,£)={0}.
Vi du 2.17. Xét g=n,(£) la dai s6 Lie filiform 4 chiéu sinh béi co s¢ {e,,e,,€,,€,}
sao cho [e,,e,] =¢e,, [e,.€,]=¢,. Tasé chimg minh dimH?(g,£) = 2. Tir dang thirc
o([e.8].6)-o([e.e].8)+o([e,e].e)=0

ta suy ra duoc o(e,,e,)=0. Tuong tu lay (i, j,k)=(12,4) ta dugc w(e,.e,)=0. Do
do

Zz(g,£):{a)lz,a)13,a)14,a)23},
& day o, (e,e;)=-0, (e, €)=1. cic truong hop con lai bang 0. Mat khéc, néu lay

f eg =span {ef,e;,e;,e:} thi ta nhan thay

1=w,(e.e,)=¢6([e.e]) 1=0m,(e.e)=¢;([e,e])
va do d6 B*(g.£ ) ={my, @} . Didu ndy chimg t6 H*(9,£) ={[ey,].[@,]} -

3. Dbi dong diéu ciia dai s6 Lie toan phwong.
‘Trong phan nay ta s€ chi ra mot S(A)’ két qua lién quan dén tinh toan d6i dong diéu
dai so Lie toan phuong bang mdt cach tiép can khéc.

’ Cho mgf)t khong gian vecto phic V hiru han chiéu duoge trang bi mot dang song
tuyeén tinh doi xtmg B (ta con goi (V,B) 1a mot khong gian vecto toan phuwong). Nam
2007, G. Pinczon va R. Ushirobira da gidi thiéu khai niém tich super-Poisson trén
khong gian A (V*) chira cac dang da tuyén tinh phan xtmg trén V nhu sau:

0,0 = (—1)k+1_zn:zXJ Q) Ay (Q), VQeA (V) vaQeA(V)

n N A o A 5
o day {Xj}_ . la mét co s6 truc chuancua V.
J:

Vi mot dai s6 Lie toan phuwong (g,B) ta dinh nghia 3-dang lién két véi g xac
dinh baoi
1(X,Y,Z)=B([X,Y],Z2), ¥YX,Y,Z €g.
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Khi d6 ta co ddng thie {I,1} =0, hon nita 80 =—{1,Q} (xem [5]). Nhu la mét
hé qua, ta nhan duogc két qua sau.
M¢nh d@é 3.1. C6 mot dang céu gitta 2%(g,£)={Q|{1,Q} =0} va Der,(g,B) cim sinh
dang chu gitta 1,(1)={t, (1) X e g} va ad(g) . Do d6 H*(g,£); Der,(g,B)/ad(g).
Nhdn xét 3.2. Két qua H?(g,£); Der,(g,B)/ad(g) trong Ménh dé 3.1 da dugc dé cap
trong [4]. Tir két qua ndy, cho mot dai sb Lie toan phwong g, khi d6 chiéu cua
H2(g,£) c6 thé dugc suy ra tir viéc mo ta cac dao ham phan xtmg cua g.
Vi du 3.3. Xét dai s6 Lie kim cuong g=0, =span {X, P,Q,Z} vai tich Lie dugc xac
dinh bai [X,P] =P, [X,Q] =-Q va [P,Q] =7 . Pay la mot dai s6 Lie toan phuong
VGi dang song tuyén tinh ddi xtimg bat bién duoc cho boi B(X,Z) =B(P,Q) =1, céc
truong hop khac bang 0. Goi D 12 mot dao ham phan xtmg ctia g. Ta c6 thé tinh toan

truc tiép dugc rang ma tran cia D d6i voi co sé da cho c6 dang nhu sau (xem chi tiét
trong [3]):

0 0 0 O
0 O
D= y X Voi X,y,Z€£ .
z 0 -x O
0 -z -y O

D& dang thdy duoc ring D=ad(xX —yP +2zQ) va do d6 D la mot dao ham
trong cua & . Tir d6 ta nhan duoc két qua H2(g,£) = {0} d6i v6i dai s6 Lie kim cuong.
Vi du 3.4. Cac dai s6 Lie toan phuwong co ban dugc liét ké trong bai bao [5] ngoai dai
sb sl, (£ ) , dai s6 Lie kim cuong g, con co dai ) gs va g, dugc xac dinh nhu sau:

e g;=span{X, X, T,Z,Z,} véi [X,X,]=T, [X,T]=-2Z, va
[X,,T]=2,. Dang song tuyén tinh B dugc xdc dinh 1a B(X;,Z,)=B(T,T)=1,
1<i<2, céc truong hop khac bang 0.

. O =Span{X1,X2, X3,Zl,ZZ,ZB} véi [Xl,XZ] =7, [XZ,XS] =7, Vva
[X,,X,]=2Z,. Dang song tuyén tinh B dugc xé4c dinh 1a B(X;,Z;)=1, 1<i<3, cic
truong hop khéc bang 0.

Déi véi dai s g= 0s, goi D la mot dao ham phan xtng cua g. Ta cd thé tinh
toan tryc tiép duoc rang ma tran cia D dbi véi co s¢ da cho c6 dang nhu sau
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-x -z 0 0 O
-y x 0 00
D=|-b —¢c 0 0 0 |[VdéiXxy,zabcef.
-a b x vy
0 ¢ z —x
0 00 00O
0 00 00O
So sanh véi  cac dao ham trong ad(X,)=/0 1 0 0 0,
0 00 00O
0 0 -1 00
0O 00 O0O 00 00O
0O 00 O0O 00 00O
ad(X,)=|-1 0 0 0 O|vaad(T)={0 0 0 0 O ta thiy rang cac dao
0O 01 0O 0 -1 00O
0O 00 O0O 1 0 00O

ham trong duoc dai dién bdi cac tham s6 a,bvac trong khi cac dao ham ngoai duogc
dai dién boi céc tham s6 X,y va z. Diéu d6 chimg t6 dim(H?(g;,£))=3.

Mot cach tuong tu ta cling tinh duoc dim(HZ(g6,£)):6. Chi tiét vé nhém
H?(g,£) cla hai dai s6 g, va g, & dugc trinh bay trong chuong tiép theo.
4. Nhém dbi dong diéu H?(g,£) cia cac dai so Lie toan phwong co ban

Trong phan ndy, bang cach ap dung céc két qua trong bai béo [5], ching t6i s&
trinh bay viéc mé ta nhom ddi dong didu H?(g,£) cua cac dai sb Lie toan phuong co
ban. Nhu da chi ra trong cac phan trudc, nhom déi dong diéu H?(g,£) cua cac dai sb
sl,(£) va g, la tam thuong nén chlng toi chi trinh bay chi tiét qua trinh tinh toan
nhém dbi dong didu H2(g,£) cia cac dai s6 g, VA g.

o Dbi voi dai sd g=0;, trr dinh nghia cua dang song tuyén tinh B, ta c6 thé
tinh dugc 3-dang | lignkét1a 1 = X; A X, AT . Vi:

Bz(g,£):{a)eAz(g*)|a)(X,Y): f(X,Y), f eg*}:{zx (1).X g}

nén ta tinh dugc B*(g,£) =span{X1*/\ X5, X AT, X;/\T*}. Trong khi do,

Zz(g,£):{a)eAz(g*)|{l,a)}:0}.
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Ap dung Cong thire (5) tinh tich super-Poisson trong [5] ta dugc:

(XA X = XA XS AT X A X =B(2,,2,) X AT AX;

“B(Z,,Z,)X; AT A X, =B(Z,,Z,) X; AT A X;

+B(Z,,Z,) X; AT A X, +B(T,Z,) X, AX53 A X5 =B(T,Z,) X, A X5 AX; =0,

Do d6 X, A X, €Z%(g,£) . Tinh todn mot cach twong tu ta thu duge:

ZX(9.E) =span{X; A X;, X; AT X AT 2] AXG, Z) A X ZUAX] =25 A XS

So sanh B?*(g,£) va Z%(g,£) tasuyra

H(g.£) =span{[ Z; A XS [ Z3 A XS [ 2 A X =25 A XS ]
va hién nhién dimH?(g,£) = 3.

o  Dbivéidaisd g=g,, 3-dang | lién két v&i g, co dang | = X, A X; A X;.
Tur d6 ta tinh duoc:

B*(9.£) ={i (1), X eg} =span{X; A X;, X; A X5, X5 A X[}

Ap dung Cong thire (5) tinh tich super-Poisson trong [5], ta ciing thu duoc

2*(@.£) =span{i (1), X AZ1i 20 AX; =25 A XS ZIAX] =25 A X5
& day 1<i,j<3.

Piéu d6 ching to

H2(g.£) =span{[ X, AZ] |, [ZI A XS =Z3n X5 [ ZIA X =25 A XS}

1<i,j<3,vadimH?*(g,£)=6.
Nhdn xét: Hai phuong phap dé cap o Chuong 2 va Chuong 3 hoan toan co thé ap dung
cho céc dai s6 Lie toan phuong giai dugc dén 6 chiéu (da duoc phan loai trong bai bao
[3]). Trong bai bao [4], sb chiéu dimH?2(g,£) cho mét 16p dai sé Lie toan phuong giai
duoc 2n+ 2 chiéu cling duoc tinh toan twong minh.
5.  Kétluan

Nghién ctu Vf:l mo ta d6i dong diéu cua cac dai sb Lie toétln phuong 1a mot hudng
nghién ctu dang rat méi mé va kha Ii thl. Ban than céc dai so Lie toan phuong ciing
chi méi dugc quan tdm nghién ctu trong thoi gian gan day. Cac két qua trong bai béo
nay chi méi 1a nhitng tinh toén cy thé dau tién gilp tac gia va ddng nghiép co nhiéu vi
du nham giai quyet nhitng vin dé sau hon, tong quat hon trong nghién ctru dbi dong

didu cia cac dai so Lie toan phuong. Dya trén nhimg két qua dat dugc, ching t6i manh
dan dé xuat mot s6 huéng nghién ciru md nhu sau:
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(i) DPuara mot sd 16p cac dai sb Lie toan phuong tong quat nao d6 c6 thé mo ta
duogc cac nhom ddi ddng diéu hodc tinh toan cac sd Betti gidng nhu A. Medina da 1am
trong [4].

(i) Nghién cuu thém tinh chat cua d6i dong diéu va vai tro cua chung doi voi
cac dai sd Lie toan phuong Chang han nhu d6i dong dleu cychc ddi véi cac mo rong
T* hodc nhom dbi dong didu H?(g,£) dbi v6i sy dang cau dang cy cia cac mo rong
kép mot chiéu.

(iii) Nghién ctru mot sb dbi twong dic biét trong 16p cac dai s6 Lie toan phuong
va vai trd ciia nhom ddi dong didu H2(g,£) trén nhimg dbi twong d6, vi du nhu dai s6
Lie toan phuong symplectic hay dai s6 Lie toan phwong ki di.

Chung t6i hi vong s& dat dugc nhiing két qua kha quan hon trong thoi gian t6i.
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