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LICH SU HINH THANH VA PHAT TRIEN
CUA KHAI NIEM TIEP TUYEN

Lf VAN THEN ) TRAN VT pUC

1. BAT VAN DI

Nghién ctiu khoa hoc ludn lich st v& cic d81 twonz todn hoc déng mét
vai trd quan trong trong day hoc Todn. Né 13 ¢g 88 cho viée soan thio chudng
trinh, sich pido khoa vi viée xay dung cde tinh hudng dav hoc.

Trong pham vi bai viét niiy, chiing t61 tinh bay tom i1 mot vai k&t qua
cfia phan tich lch st hinh thanh va phit &i€n cia khdi niém tEp wyén (TT),
TU 46 it ra mdt s6 ddc trung khoa hoc lulin va suf pham ve d61 twgng nay. Cy
thé, ching 61 nghién otu xem trong lich s, khai niém TT da ndy sinh vi phat

~rién nhu thé nao? N6 6 nhitng dic rung gi7 CH nhitng guan niém khéc shay
nao v& TT da xudt hién? Cdc quan niém ndy tiéd tifo ra sao qua cdc thidi ki
lich sg? '
g Y r B vy wr L e - Ly _‘9‘ . - - X ~ P 1»‘%“
2, LICH SU HINH THANH VA PHAT TRIEN CUA KHAI NIEM TIEP TUYEN

Khdi niém TT xudt hién rét s6m wong lich s& phdt tri€n cia Todn hoo
va trdi gua mot qud ifinh phdt trign khd 1y dad. N6 13 d81 wigng 161 cudn syt
guan [im nghién cifu cfia nhidu nbd todn hoc v c6 m&i quan hé mat thift vai
nhiéu khdi niém Todn hoc khidc, San ddy 13 nhitng giai dean chinh ¢da qué

5 P . '
trinh phdt trién nay.
2.1. Trude cbng nguyén

Khodng 300 nim trudc cong nguyén, trong tdc phim “Cd bin” cia
Buclide ngudi ta tm thiy dich nghia TT ciia mér dudng tron nhu sau:

Mot duiing thdng “cham” vio mdt dudng 1ron va khi duge kéo dai ra
ma khong cdt duing tron dd thi goi 1o 1igp xic vai dutmg tron 4o.

TT 1ai mat diem cia Gudng tron dfge xdc dinh bing cach ding dudng
thiing qua i€p difm va vudng gbe v8i bén kinh.

YITién o7 Trudng Bai hoe Sir pham Tp HCM,
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Con Archimede (287-212- TCNJ, khi nghi€n cifu v& cde duling xodn 8¢
thi dinh nghia;

Budng thdng 1igp xiic vdi dudmg xodn d¢ khi no chi giao vdi dudng xodn
8crai 1 diegm mo khong “di qua phic bén kia” cia duong xodn dc.

Appclontus thl quan nigm:

Tidp tuyén ciha mot conic 1o ditdng thing sac cho khong mét duding
thing nao khde o6 ihé “roi” vae gita ns va dudng conic.

Sau {6, dua vao dic tning cla tiing dudng conic, Ong tinh bay cdc
ménh d& cho phép xdc dinh TT (6 ching minh). Viéc xdc dinh TT dude qui vé
cdc¢ bai todn dung hinh.

Vidu: T cfia hyperbol ¢é thé dung nhdf vio mérh dé san diy:

Ménh dé 34: Xé: hyperbol 6 duiong kinh AB. C .\\\ /"; /
lo mét diem én hyperbol, Trén dudng thing chifa \ y /{’f’( {
duong kinh AB Idy diém E sao cho B0 _BE Khi dé EC /‘* C

DA Ed \
1o ti8p tuyln ciia hyperbol tai C. / h

Thyc i€ cho thiy, ngodi dudng rdn va céc dudng cenic, ngay cang xuit
bién nhidu foai duding cong khic nita. Nhung cdch dung TT lai thay 461 theo
mbi duting cong khdc nhau. Biéu d6 dit ra cho céc nha todn hoc vin 48 fim
mét phudng phép téng quit d€ ¢é thé dung duge TT cida mét duding cong bat
ki. Trong voug 19 thé ki sau 46, vin chua c6 mdi phudng phdp éng quét nao
difde dua ra.

2.2. Nifa dbu the ki XVU

MGt loat cic phudng phdp xdc dinh TT ¢la duwding cong ra ddi. Tidu bifu
14 cdc phuong phap cia Descartes (1596-1650), Roberval (1602-1675), Fermat
(1601-16635) va Barrow (1630-1677).

< Phuong phip cia Descartes

Descartes quan niém 17 ai mot diém cita diwomg cong 16 TT ciia dutng
trén tiép xitc voi dudng cong tai difm dé. Do 49, viéc xéc dinh TT clia mbt
dudng cong dude qui vé viée xdc dinh TT céa mét dudng rdn mi 1a d3 bifl
Véan dé 13 1am thé ndo xéc dinh duge dudng tron ti€p xdc d6?

Latu ¥ riing Descartes 13 mdt trong nhifng ngudi ddv fiéo dwa ra ¥ nidng s
dung phuong trinh dai 58 d¢ midu 3 cdc dwong cong. T¥ 46, dé xdc dinh
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. N s At - - . [y N N o . A .
dudng tron ép xic, Descarles viét phuong tinh hoanh dd giao di€m cua
. . «  4lLs Ao SA T e 7 o - . s
duting tron va duling cong, r0i tim di€u Kign d€ phucng inh nay cé nghiém
kép.

Vi duy: Gid st mudn dung TT clia parabel y* =4x i dieém P(1,2).

Phudng trinh  dudng trdn A Q00 & qua P(L2) 1a
(x—x) +p'={-x)+4.

,—Ewhay }_,?. ey 4)‘: . Ia (}LT{I'C ' (‘x_._'xg}z +4x:(1 __x‘z.}l’ _}_4
iﬂa}: x4 3x(2 - x:.} + {2352 —5) =9

Phuogng trinh nay ¢ nghiém kép khi
(2-xY ~(2x,-5=0 hay x =3.

) s { {32, 0}
Puding won cé tdm (3.0) vi di qua diém \\‘\ /// _
(1,2) cita duding cong ¢6 theé v& dudc, w46 dung T

dude TT ¢in fim,

Do ding loa d6 d8 miu ti cic Qudng cong, nén v& mit 1y (huyet,
phuong phdp cla Descartes ¢d thé 4p dung cho mei loai dudng cong. Tuy
nhign trén thic &, phuong phdp niy khdng thé 4p dung cho nhin dudng cong
khéc do tinh phite tap cta phudng tinh dat dudge.

< Phwfong phap cia Reberval

Vi quan di¢m xem cdc dudng cong nhy 12 qui dao ciia mbt diém dang
chuy€n ddng lién tuc, Roberval dua ra dinh nghia sau ddy ching phudng phdp
xdc dinh TT.

Phuong chuyén dong cia diém vach nén dudng cong la TT cla dwong
cong tei mdivi tri ciia didm 4o,

Phudng phap xac dinh TT:

Bling nhiing tinh chdr ddc trung cia duong cong (dd cho trudc), xde dinh
nhitng chuy8n déng khde nhan cia diém vach nén dudng cong dé tai noi ma ta
mubn vE 1ép fuyén. Sau khi hgp 16t cd cde chuyén ding nay thank mot chuyén
déng duy nhdt, xde dinh phuong cia chuyén ddng hop, ta & duge TT cda dudng
cong.

Ap dung phirdng phip nay, Roberval da xdc dinh dudce ti€p myé&n cia 13
loai Qudng cong khdc nhau (conie, xoldn 8¢, xycloic, ...). |

Vidu: Xac dinh TT cha parabol.
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ha e t n - . 2 - [y - 5 A -
Ong dinh nghia parabol 14 qui dao cfia nhitng di€m M cdch déu mdt
- A TS o~ 3. an <1 - : - -3 P o g A - o -
- diém Fva mbt duding thing (D) cho trude. F goi [a tiéu diem. (D) goi 1a dudng
chudn cha parabol.

Goi H 12 chiin duding vubng gdc ha 1 M xudng
(D}, 1a fudn ¢d MF = MH.

Chuyén dong cia diém M vi the dude coi nhu
hop thanh i hai chuyén dang: mét wén dudng thang
HM, mét trén duding thing FM, Khi diém M di chuyéa
teén dudng cong thi HM va FM cing ting (hode cling
giam} mdt lugng nhu nhaw.

Do a6 chuyén déng cia di€m vach nén duting cong parabol 1 hdp cha
“hai chuyén dong thing biing nhau”. Vi vdy, theo qui tic hinh binh hanh,
phudng cla chuy€n déng hop 13 phudng cla JLIURE chéo mink thoi ¢d hai canb
ké 1a MF va MH, uic phan gidc cia gdc FMH 12 TT tai di¢m M clia parabol.

Tuy nhién, trén thye &, vide xdc dinh cde chuyén ddng think phin 12
khong he dé dang dot vai nhitng dudng cong c6 tinh chét phic tap. Vi vy
phu’f‘mg phdp ctia Roberval vin khéng duge xem 14 mdt phudng phdp mang tinh
Iimg GQuat,

Sau ddy la hai “sthd*)c phép tim L€p luycn cia Fermal va Barrow ma vé
quan ni&m va ¥ tadng la holdn todn khdc véi edc phuong phdp trude d6. C4 hai
phwdng phap d8u sif dung d€n cde dai lugng v6 ciing nhd va chiing dude xem
nhut 14 ti€n thin cila phép tinh vi phin.

% Phuong phip cua Fermat

Piu tién, qua mdHL bai todn, Fermat dua ra mdt quy e dm cée aid tri
I6n nhdt va bé nhat. Sau d6, fing khing dinh o quy tic nay c6 thé gidi quyét
bal todn im TT cla mét dudng cong bat ki. Quy tdc ndy cé thé dude t6m it
nhi sau: '

P& tim gid tr] 4, mA tai 46 bidu thite f(4) cb gi4 i Won nhit hay bé
nhit, trude tién Fermat viéi cac bidu thic “gin ddng”

fALE =18 hy  f(A+E)~f(4H=0.

Chia cho F ta duge: [JArE- /K4 o

Trong déng thiic cudi ciing dng bd di nhitng s6 hang con chita E, e 13
dat £ =0 (tudng dudng vdi viée chuyén gqua gidi han khi £ - 0). Khi 36 s8
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duge ding thite “ding”:
[ f4+E)- f(A)‘l

L E dE=0
Tir diy xdc dinh dugc gid i cin im A
G phudgug phip wén, £ déng vai rd & gia vo chng bé. Ding thic xult
phit f(A4+ Ey= f(4) biéu thi nguyén Ii: Tai thai didm ma dai dgng daf gid i
I6n nhét hay bé nhit, iwgng d6 hdu nhu dirng lai trong qud tinh bi&a thién,

Ap dung quy tdc nay, Fermat dua ra vi dy v& tim TT tai difm M cla

}J

Goi O ta dinh clia parabol, M’ 13 diém /%E/:/_:/,fﬂ"

khdc M ndm trén parabol. X, X’ lan lugt i3 Py
N .o o o . a2 o /-—-‘"‘ N
hinh chi€éu cua M, M xubng tryc cua parabol. i

Gid st TT tgi diém M mé a cin xdc dinh cdt true parabol i T. C4t
toyén MM cat ruc parabol @i T7. 3C M edt tidp tuyén MT @i N, BE xde dinh
tép tuyén MT, Fermat tim doan thing TX.

Do ATXM vi ATX'N déng dang va bat ding thic XM <X'N,
phuong trinh clia parabol suy ra:

OxX _xM’  xM'  TX* (1)
XM XN X
PBMOXN=x, OX' =x-ITx=TX =t-h

Ehi h kha nho (08¢ M’ didn dén M, X’M’ gan bing X'N), @Y (1) Fermat
vi€t bidu thite “gdn diing”: _X__ £ hay  —2xth+ xh% =~}

ik (t—h)

Chia bigu thiic che &, ta duge : 2xr— xh =42

BS di nhilng s6 bang con chidta /1, titc 1 dit A=0, ta duge ding thic
ding:

Dt =gt hav f=2x

Nhu viy 1a ta da xdc dinh duge TT ciia parabol tai di€ém M.

RS rang Fermat 48 xem TT ciig didng cong nhw I vi tri gidi han cia
cds tuyén, TGc 14, khi M’ dan d&€n vi of cfia M thi cdt tuyén MT’ ddn dén vi o
clia ti€p tuyén MT. Tuy nhién phudng phip cla Fermat vaAn ¢6 mdt han ché
6n. B6 14 quy tic mi dng dua ra “khéng ¢d mét cd s& nao”, t¥c chua ¢6 mot
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cd 8 1§ thuy&t no dé ching mink dude tinh ding ddn cba quy tic &6,

< Phuong phip ctu Barrow

Phuong phap niy vé ban chit1a gidng phuong phép trén clia Fermat, chi
khic v& cach dién dat. Ca thé difn t4 1Ap luén clia Barrow ohy saw:

Gid st ta 6 dudng cong 5. DUWdng thing ndm ngang AP cit duling cong
tai A , duding thang dbng PM cit dudng cong tai M,

Gid s MT 13 G€p wyén cin xdc dinh ciia duding cong tai M, cit AP
tai T

¥Xé&t cung MN vo cling nhé 13 phén tring nhay
ola duding thing MT vi dudng cong s. VE NQ // MP,
NR /AP .

PatMP=m Pl=1MR=a; NR=¢

DE xdc dinh 1i€p tuyén MT fa cin tinh Iwdng A TR
PT=t BT

Vi M, N cling nim trén dudng cong nén clng
nghiém dang tinh chil dic trung cta dudng cong d6. Tu tinh chit ndy, ta tim
duge mdi lién hé gitta cde dal higng a, e va m qua mot ding thiic I ndo do.
Trong dang thic nay, ta s€ b6 di cdc s& hang 6 dang 1a Ly thita cla a va e
(chc & hang nay duge xem nh ¢d gid i khong ddng k& hay vd ciing bé trong

e

; . A N 3 ’ PR 4
phép tinh), Dya vao dinh i Thalesta ¢d —= =
I

m

Thay vao I, ta s¢ tinh duge & Nhu vy € tuy&n MT hodn todn duge
xdc¢ dinh.

N vay, phudng phdap cia Barrow da vio ¥ wing xem TT tai mft
diém ciia duing cong nhu 1o dudmg thing riong vei mor phin vé cing nhd
ciia duong cong taf diém dé. N6i cdch khdc, theo ngbn nglf hign dai, frong idn
¢l clia tiep diém, ¢6 the “xap xi "dwong cong boi TT tgi digm do.

Ciing nhv phudng phdp clia Fermat, phudng phip nay 1a chwa c6 ¢ st
iy thuy€trb rang.

2.3. Nita cudi th& ki XVII d&n nay

N&y phudng phip cda Fermat v Barrow chua ¢6 ¢d sd 10 rang thi nay
dude Newton vi Leibaitz tdng hep va hoan thién hon biang cdch dua vio cdc
khdi niém dao ham va vi phin.

46



Tap chi KHOA HOC DHSP TPHOM Lé Van Tién - Trdn Vi Bc

A 4 x A ] S s o »
» {J Newton, vin ¢ 1 mdt khéi niém cd ban v Gua n6 dao him dude
dinh nghia 14 vin tOc ting hay gidm cla cdc lugng bién thién theo hii gian.
Newton ki hi¢u dao ham clia céc lugng bifn thién u,y.z,x,... cing la nhitug

chit c&i d6 nhung thém dlu chdm nhit o, y, 2, ¥,
- - ~ -~ 2 - # . A . . - - Ty
Sau dé Ong néu 1€n gui tic (¢6 chidng minh) 4€ xdc dinh ke thifc gita
cde dao hdm néu bict duge hé thite di cho gitta cdc lugng bi€n thién. Tic 13,
néu cho bi€n thite iién hé gifta hai lugng bi€n thién 13 v vi x, ta ¢6 thé xde

dinh dugc k¢ thiic Hén hé gilta cdc dao ham y,x. (Qui tic nay v& ban chat la
gidng qui tic mi Fermat da dua ra).

Lién hé vOi bai tedn dung TT, khi cho tre ti€p phudng tinh gitta céc
toa d§ dfcac x,y cla difm bi€u thién cda duding cong. Newion H luin nhu

Barrow va tinh dude (1s8 PM TP =y x

ki

Trong dg, 1 ¢ cla cdc dac him duge xdc dinh theo qui e mi Newton
da néu.

Ngay nay, phudng phdp cda Fermat duge hidu 13 ding dao ham 48
tinh hé s6 géc cua tiep tuyén.

» Vi Leibnitz khdi niém ddo Gén 1 TT.

Gid st YY 12 du¥ng cong thy ¢, Y 1a din bi€n thién
trén do voi hodnh d0 AX = x va g 46 YX =y,

Leibnitz ki hi¢u dx don gidn 1a doan thing dwgc 18y
Wy ¥. Néu YD Ja TT vdi dudng cong tai didm Y doan
thing ma  1& véi dx ciing nhu fa wng d§ v o 1& vdi XD
{(1i€p &nh}, duge goi la dy.

Sau d¢, &ng dua ra cde qui tc 1y vi phin cda hiing
50, 10ng, higu, tich, thudng, cin s&. Cin o vio phudag trinh dudng cong, béing

o - i3 - ~ - F o~ d 1y - £ £ =T P s K
cdc qui tic 46, ong tinh duge 11 s6 »f—, W do xéc dinh duge X, tite tim duge
X

TT.

Viée dua vao cdc khdi ni€ém vi phin, dao ham cling vdi cdc qui tic tinh
da gilip cho vige xde dinh TT cia ede duding cong 1wd nén d8 diing hon shidu,
Bén ddy, bai todn xdc dinh TT ca dudng cong tdng quat xem nhwf duge giadi
quyét.
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’ Neoay nay. dé& thufdn én cho viée nghién cia va giang day, oAt hién
nhidu dinh nghia khdc nhau vé& TT cha mdt dudng cong {8ng quat. Nhung cdc
dinh nghia nay thudng duge xiy dung theo mdl trang hai quan diém: hoidc xem
HEp tuy€n nhi v rf gids han cda cat ayén, hodc xem T nht duting thing x4p
«} vi duding cong wong lan cin tiep dim.

3. MOT VAT KET LUAN Vi PRUCNG DIEN KHOA HOC LUAN VA SU
PHAM

TT i dSi ndong nghién cfu cla shidu Tinh vue khde nbau nhu Hinh 80
cip, Hinh giai tich, Gidi tich, vatli.

e Khal niém TT xufit hién va duge nghién cin wudc hé&t trong pham vi
hinh hoc so cip vdi cdc dc rung: ¢6 duy nhat mot di€m chung, {ep xic véi
dudng cong. N6 duge dinh nghita theo 101 md 14, st dung cdc thudt ngi md o
nhat “pham?, “di qua phia ben kig”, “roi, ...Cic dinh nghia mo th ndy khong cho
phép difa ra MOt phudig phép tGng quit 4€ xéc dinh TT

C4ch dung 1D wyén déy dude tinh bay thdng gua vige dung hinh va

-

phy thude Ahida vio hink v&, tinh chét cha duding cong. Vi€c xem TT 15 doi
gng cla ninh so cap chi cho phép nghién ciu TT & mdt s hinh hinb hec don
gidin.

¢ Khi TT 13 461 wigng cta hinh hoc gidi tich, do chua thodt khoi 4nh
hadng cha hinb hoc 80 cip nén cic tnh chit chia ti€p wyén khong duge md
rdng, irong khi phuong phap bi han ché bdi tinh phifc tap cla phép tinh dai 8.
R& rang quan niém v TT cha Descartes van chin dnh hudag tif quan nigm cia
Buclide. Viec ddng nht quan hg {iép xtc voi dicu kign dé phuong tinh hoanh
dé giao diém o6 nghiém kép khéng cho phép Descartes @i xa hon trong vi€c
gidi quy€t bai wan ve TT.

(“I}}»

s T theo goan ngm ddng hoe chi ¢6 ¥ nghia v8& mat lich sy vi d@ d
cip &n ¥ widng v& phudng tic thai ¢hz chuyén dong, tic 13 v& vin d& gidi
han, vin ¢é danh &y sy phat vifn cha pham vi gidi tich. Phudng phép nay
cling khong gidi quy&1 durde mdt céch trigt d€ baitodn m TT.

o ¥ii TT 13 ddi tigng cha gidi tich: vige s dung cac dal lugng vO cung
phé dé gidi quy€t bai todn 1i&p myén d4 md ra con dutng phét tri€n cho gidi
Gch todn hoc. Bai wdn 1T a8 duge pidi quy€t nhd vao cac khai niém dao ham
3 vi phan. Cdc W wdng quan Gong nhi
la:

{ b€ hién trong phudng phép tm TT
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- Tigp tuyén 13 vi tri gidi han cia cdt tuyén,

- Tiép tuyén ciia duong cong tai mdt diém la duong thdng“xdp xi” 161
nhdt voi dudng cong trong ldn cén ciia diégm do.

Tu tudng ndy d4 the hién ban chit cda ki thudt gidi tich (Khic vai ki
thudt dai s@). P26 1a KT thufit s4p x1.

Bang phuong phdp gidi tich, TT duge md rdéng cho nhi€u loai dudng
cong khdc nhau, nhigu tinh chit cha ti&p tuy€n ciing duge nghién ciu siu hon.
Ching han, déc wung x4p xi cda khai nigm 1&p tuyén san nay duge Newton
nghién cifu va Ung dung trong viéc tinh xap xd ¢id i ¢da him 8,

Nhitng y€u t0 khoa hoc ludn néu uén ggi ra nhifng v wing vé cich &
chidc tién winh dua khdi niém T'T vas day hoc todn xuvén sudt v THCS dén
THPT. Biac bigt, 4€ hicu Ay di nghia cta khéi nigm TT ddi hdi cin ¢ nhitng
ki€n thic cling nbiy cdch 1 duy mang ban chit cha gidi tich (tham kbdo [4)).
Difu nay din i vide ti€p cin khdi niém TT nén tinh d€n ¢4 hai quan nigm:
TT nhe vi of gidi han cha cdt uyén va TT ol 14 dudng thing xdp xf 5t nhdt
dudng cong trong ¥in cin clia ti&p didm,
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Abstract:
History of formation and development of the concept of tungent

The study of historic epistomelogy on mathematic objects has an nmporiant role in
teachinp nathemalics. {1 s the basis of the curriculum development and texi-book compilation
and of the contruction of teaching situations,

In this paper, we prosent some results gotten from the historic analysis of the formation
and the development of the concept of tangent, hereby, we diaw scme characizristics in aspect
of epistomology and pedagogy. Specifically, we study how the concept of tangent appeared and
grew in the history. What its characteristics are theve were any other concepts of tangent. How
these concepts evolved in history.



