Tap chi KHOA HQC DHSP TP.HCM Lé Hoan Hée - Lé Thi Phuang Ngoe

MOT GHI CHU VE TINH COMPACT, LIEN THONG
CUA TAP HOP NGHIEM CUA BAT TOAN TIEN HOA

LE HOAN HOAY, LE TH] PHUONG NGOC?

1. CI0I THIEU

Trong bdi bdo [3] mdi diy, chdng 161 da dua ra cdc diéu kién cho todn
6f A v toan @t { d€ ¢6 duge tinh khac réng, compact, lién thong clia idp hop
nghiém ctia hai bai todn (1}, (2), U bai bdo ndy, chiing 151 dua ra mit di€u kién
méi, 16t hon cho cdc todn 1Y A va £d€ cd dude k€t qui wong w.

Bai bdo gdm ¢é 4 mue. Trong muc 2, chiing 8i trinh by cdc gia thify,
cdc b6 d& va nhic lai cdc dinh 1y d€ st dung trong ching minh cac dinh 1y
chinh & muc 3. Trong muc 4, chiing 8i dua ra hai vi du d€ minh hoa cdc k€t
qua dat dudc.

2. Céc gid thi€t, bd 6¢ va dinh Iy
Gid «if H 12 khong gian Hilbert, chudn dugde sinh ra béi tich v0 hudng
(...} trong H duge ky hiu 13 “ X = C({0,1}; H) 13 khoéng gian Banach gdm tAt

¢ cdc ham lidn tuc u: [0, 17> H, v6i chufin thong thuding b = sep |15}

=<l

Chuén cda cdc todn tf tuy€n tinh bi chin ciing dwgc ky hidu 1a].
Chiing 81 ¢6 cdc gid thiét nhu sau:
(A). A H— H 13 todn tf tuyén tinh &y 1i€n hdp, khdng phu thudet.
(A2). £ H — H 13 hoan todn lién tuc vi thda didu kiém:
6 cdcsé khéng d6i a» 0,6 >0, 0< @< 1saocho

lixil< a+blxi®, vxe H

' PGS-TS Trugng DHSP Tp. HCM.
* Thac s Truding CBSP Nha Trang.
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Ching tdi ¢6 cdc b8 dé saw
B& a8 2.1, Gid sit A thda médn gid thi€t (A). Khi d6 A la todn 6F tuyén tini bi
chan.
Chitng mink:  Athda {4,), vith€ A1 H > H1 odn & fuyén tinh ¢6 tuh chil
(A, v)={u, Av), Yu, v e H.
Jai (f} D= { e |ui
Véimoiu e B, gia st 7, H-> K duge xde dinh nh sau:
Ty = (Au, v), Vve H
RO rang T, 1a todn nf tuyén tinh va [ < [Aul.

Au

Khéng mat tinh 1dng quat, ta 6 thE gid st Au#0.Dat v= -i-—— X
rlhf|

Khi dé lv =1 vat, (vy={An, -f;)_lﬁzal.

-ig
Suy ra 174 = Aul, YueB.
Vi Aty lién hop, nén véimoi u € &
7. o0} = 14w, i = Al < lavl, v ve A

DG d6 sup {7, (v < 1Av], Wve H.
nell

Theo nguyé&n 1y bi chin déu cla Ranach, t6n tai M >0 saocho:

[h] = M, Vues.
Nén lAul = 0] s MY ucB.
Vay A bi chin. BE d¢ 2.1 dutge chitng minh.

B6 48 2.2, Gid sit A thda gid 1hift (A} va todn rz? U X = X dupe ding nghin nh
sau!

ult) = - |Auis) ds, Yt € {0,1].
0
Khi do U 10 todn 6t tuyén tink bi chdin va ¢6 tinh chdt:
: 1AL
ﬂf;’”ﬁ < ti—“—, vii e N.
I ri

Chitng minh: RS rang U 1 todn tif tuy&n tinh, Theo b8 dé 2.1, ta ¢6 A bi chin,
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Biing phudng phdp chitng minh quy nap, ta cé thé k&t kudn ring: YueX, Vie [0.1],

Lo < 150 |1=”I VYrne N,
N P
Suy ra ﬂb—”’(n)n = I | hll, Ve € N
o as TR ¥
Tir dé | | < Bl v =N
1 n

oy,
O,
s
T

2.2 dyge chiing minh.

&
ez
=
f’;).-

2.3, Gid siz fthia gia thié: P{Ava todn td Fr X - X dige dinh nghia nhi sau.
FL(r) = sy ds, Vi e [0,1],

i3

Khi do F hoan toan lién tuc va  iim -—'l——“- ={}
R T

Ching minh » Trade hétta chitng minh F lidn tuc.

Véimelug € X, gid s {(u,), 13 mdtdiy trong X sac cho lim i, = Y,

Nyt
Piat 8, ={u{):r el 1ineZ} Khidd 5, la tip compact trong H.
V& mod e 0, 1 tinh Hén tue déa cda f trén i p compact By, thn tai & > 0 sao cho
Yy ze B, ly-zl<d= fy)-Ral< e

Vi limow, = ug, c6 80 10 nhién ng sao cho vai moi n 2 Ay,

n—lo

L0 - w0 < 8, Vi € 10, 11,

Suy ra vdi mol a2 ag, ta ¢6:
LEu, X6 - Flugi(h! < I"(u”\c))-- Flug(s)fds < 5/2, Viel0, 1]

= IF () - Flugl|s e/ < ¢
Viy F hén tuc.
Ti&p theo, ia gid st Q14 tip con bi chiin cda X.

Bat By = {u(th w e £, 1 € [0, 1]}, thl B; bichdn trong . Vi f hoan toin lién tue, nén
f(B2) 13 tAp compact twgng 481 Thanh thit AB,) bi chin. Do d6 (8n tai M > 0, sao cho:

1ol <« M, ¥y e B,
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Khi dé, véimoiu e Q va 1y, £ « {0, 1], ta co:

LEan) - Fanml < !"? Falsndd <Ml - .
#

Pidu niy ching 18 F(()) ding lién tye.

Mitkhic, Vuef2vavie (0, 1], tacd

L FGan i< ; (1.(1))'41’3 <M,

.

nén F(€)) bi chin déu.

Ap dung dinh I§ Ascoli - Arzela, iz ¢d F(£2) compact nrong dsi rong X.
Ta k&t lufin ring F hodn lodn lién we.
Ngodira, ¥ ueX va vreld, 1], 12 <0

LR < a+ blulni®,

nén Faom < Srasias < fa+bu()*)ds 5 a+ bl .
0 0
Suyra ¥ ueX, |F@) < a+ bl %,

EF im A
Yiy llm TR

84 a8 2.3 dugc chiing mninh.
Chiing 161 nhic lai cdc dinh 1 sau € s dung cho cdc chiing minb & muyc ti€p theo.
Binh 1512«4.

Gid st (B, 1) la Rhm*g gian Banach, D I tdp con mé vi bi chdn cia £ vdi bién D
va bao déng D, T: D— E la todn tik compact. Gid sit T thod man cdc didu kién saw:
() T khéng co diém bar dong trén D va deg (I-T, D, 0) = 0.
(i) Voi moi £> 0, ¢6 todn tt compact Ty sao cho Vxe D,

| 7o) - Tl <,
val sao cho vidi moi b md %h' < & phuong trinh x =T (x+ h c6 nhidu nhdt mot nghiém
trénd . :
Khi d6 1ép hop cée diém bt ddng ciie T khdc réng, compact va lién théng.
Chufng minh ciita dinh 19 2.4 ¢d thé tm thdy § {4, p. 312, theorem 482},
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Bink 1y 2.5,

Gié sit B, F I cde khéng gian Banoch, D Ié tdp con md& cita E va f1 D~» F iign tuc.

Khi d voi moi £ 0, ¢6 mét dak xq Lipschitz dia phuong fo: D— F 500 cho
if0-flce YieD,

vé fe(D) < coftDs,

& ddy cofiD) la bao 15§ ciia D).

Chitag minh cta dinh 15 2.5 cé thé tim thy trong [1, Ch. 2, p. 53}

Binh Iy 2.6. (Tietze (1915), Dugundii (1951))

Gid st M G mét 1dp con dong khdc réng cila khéng gian metric X, Y 1o khdng gian
dink chudn va 2 M-> Y [& tods 1t lién iye. Khi do o6 mét dnh xq lién ige g0 X-» ¥
sao cho:

(i) g(X) ccolfiM)), & ddy cofl M} id bao 16i ciia f{M).

(i) gix) =fix)vdimoi x € M.

Chitng minh cta dinh 1§ 2.6 ¢6 thé tim th&y trong {6, ch. 2, p49].

3. Cac k&'t qui chink

Binh 1¢ 3.1, Gid st A va f thda mdn cde gid thidt (A, (Aq), tiong dag va y 1o vectd

cho trude trong H. Khi dé 1dp hop @t ¢d cde nghi¢m cda phuong trinh (1) khdc rdng,
compuct va Hién thong.

Pinh 1§ 3.2, Gid sit A va fthda mdn cde gid thift (A)), (Ag), twong ting va y la vecta
cho trude trong H. Khi do t8p hop 6t cd cdc nghiém cia phiiong srink (2) khdc réng,
compact va lién thong.

Chi¥ng minh caa dinb 1y 3.1
Phucng tfinh {1) tvdng duong v&i phifdng trinh tich phan:

(3.1) () = - jAu)ds + 1fGnds + %, Yte [0, 11,
[ 0

Gid st cdctoan 1y U X— X, F: X - X dudc dinh nghia nhd sau;

Fult) = - §duts) ds, V1 e (0,1,
0

Fat = jfsn ds +4, V1 e[0,1],
]

Theo b8 dé 2.2, U 14 todn ¥ tuy&n tinh va ¢b tinh chat:

N T
R W v e,
i | A
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o - " —E 1 e . F 3t & e e o v F
Suy ra toan tf (/-{/y hoan todn duge xdc dinh vi tuyén tinh Eén tuc trong X, {2,
theorem 1.

e 2 oas ﬁF{H)il
Theo b d& 2.3, Fhoanedn Hén ue va ;m =
]N —)da ll!s.
Pt
(3.2} T=(f{-U]'F
Thi 7 hodn todn 1ién tue va
ilflu)i}
.|h RRCHE o |Iii|

Suy ra vai s8 p duge chon di ohé, 0 <p <1, 18n 131 B;>> 0 sao cho véi mbi ¢ € X thda
miin didu Kién hdl > Ry, ta cé:

i} < ol
Dit B0 Ry={ueX: E:fai! < Rt
Vi T compact, facd 7(B ) bi chin. o 46, ton tai M > G sao cha:
Tl < M,V &8,
Nhw the, ta ¢é:
T < M+ plu, v ueX
Chon R; > 0 sao cho Ry » Ry v Ry > M /(1-p).
Pat D={uecX: | <R} ThiDIabind cdumd trong X .
Rorang, Vu e D, tacd
ool £ M+ pld] < M+pR: < R,
Mat khic, ¥« € 0D, ndc 1a Juf = Ry Ky, ta 6
7o) < plu] < Ry,
Viythi T{pYyc D, §diyD ={u e X: [uf <K} la bao déng cla D trong X.
Suy ra 7'khéng ¢é diém bt dong trén 2D va:
(3.3) deg ({-T,D,0=1,
Talaico

= Tlu*y= (7-1L !(u’*‘} S - U u®= Flu¥) o ur=Ulu™ + F u®).
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Nén tip hdp cdc diém bal ddng chia T wong D ciing 1d tap hgp cdc di€m bat dong
cha U + F, &6 ciing chinh 12 t4p hop cdc nghidm clia phuong trinh (1) (xét wén D).
Whur the dinh 1§ 3.1 s& dugce chifng minh hodn todn nu ta clfng mink duge tip hdp
cic diém bt dong cda T trong D khdc réng, compact va lién thong.
Bt = fu(ty/eefn.1), we DY TH K bi chiin trong H. Nén bac dong ca K1a ¥ cling
b chan. Ta chii ¥ riing, Yue D va Vis [0, 1, u(d) € K.
Theo dinh 1y 2.6, ¢6 anb xa lién tuc £% 14 md rong cla dnh xa /K ra H, d diy ik
12 k¥ hiéu 4nh xa thu hep clia fwén K, sao cho:

f {H} cooRK).

V& mol > 0, thee dinh iy 2.5, cd dnh xa iipschitz dia phvong f. . H — H, sac cho
3.4 | 07 (x) [ S W oxef,

2!!{ Pty "
Vi FAFy = eof (HD) < co LK ).

Vi £ hodn todn lién tuc, nén f{ K ) compact wrong d61. Suy ra £.(H) compact twgng doi.
Do dé f. hodn todn hén tuc.
Binh nghia lodn tif F,: X— X nhu saw.

Fo () = 1f,(uis)ds +x, Vi€ 10, 11,
11}

Khi d6 theo bd dé 2.3, F, hoan todn lién tuc.
TE B3N tacst, Vue D,ve (1]

17, Gty - Fao] € il falals)) = Flutsdids
=
L . . £
= j]ifs{u{sj)—f*(u(.s‘)}!ds B e .

; -

nén e () - Flu LB I—mf T
-1y
S

Dat
(3.5) T.=(I-Uj'F,.
Thi T, hoan toan lién e,
Mitkhic YV u € D, tacé:
(3.6) 17 () - 760 < hu-—m ‘11 |7, () - F)< %< E.

Vi mbi b mi i < & 1a s& chifng minb phudng tinh sav ¢6 nhidu nhit mt nghiem
trén O
{3.7} =T+ h
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Gid s u, v 12 hai nghiém clia phuong tdnh (3.7). Kki 46 «, v 1 hai nghié¢m cla
phudng trinh:

W= (-0 Fw+h & (-Uju=Efu)+I-U)h
< k= + FoO0+ 8- Uk,

Can ching minh

(3.8} u{t)=v{1};, Vil 11

RO rang

(3.9) W(0) = w0 = (D).

[ SR

(3.10) b=max {0, 11/ wty=v (@), 10, al}.

Hién nhién b= 0,
(i s b <1, Vi, 14 lipschitz diz phudng, nén cé » > § sao cho f; 14 lipschitz
vdi hing s lipschitz [ mrén B, & day
B,= {zeH /lz-ubyl <),
Hai ham u, v lién e, do dd ¢6 o> Gsaocho b+a < 1 v uls), v(s) € B, VYse [b,
b+e]. Tachd ¥ ring |6, b+ol < {0,1] Vdimoi 1 €{b, b+ol, ta od:

lu@y - viols
L]

Au(s)y— Av(s)ds + fﬂfg (alayy - s € (Jaf+ =)
&
Eln(.‘;) - v(s)]ds .

Ap dung b8 dé Gronwall, ta nhén duge u(t) = v(1), ¥ ¢ € [b, b+o].
Suyra '

EREY () = w1, Viell btol

R6 rang (3.11) hodn toan mau thudn v6i (3.10). Nhir th€ (3.8) diing.

K&t hop (3.2), (3.3), (3.5)-(3.7) va dp dung dinh 1Y 2.4, ta c6 tdp hdp che difm bt
déng cia T rong D khdc rdng, compact va li€n thong.

Pinh iy 3.1 dwoc chifng minh.

Chitng mink dinh Iy 3.2.

Vi mdin eX, dit v [0, 11— H nhwsaw:
vity= u(l -1, vVt e [0, 11

Khi d6 phuong trinh (2) tuwdng dudng véi phudag trinh:
[y -+ Aavi-0=f((1-1)), 0=r=1
Loy =%

ve = AWs)= = F(v(8)), 0=exl
#(0)=x

2

dddy s=1-1

18
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Ap dung dinh 1y 3.1, ta ¢ tdp hgp cdc nghiém cha phudng tinh trén khic rdng,
compact va lién thdng. Dinh iy 3.2 dugce chitng minh.

4. Cacvidu

Két cde phudng minh sau trong khong gian mdt chitu R.

Vidu L.
(4.1) X +ax(® =P, 021 <4,
(4.2) 50y =0,
(4.3} A1) =0,

&daya e R, o> 0 chowude.

RG rang cac phiong tinh { 4.1)—(4.2) vh (4.1)-(4.3) thda cdc diéu kién clta cdc dinh 1y

3.1, 3.2 tugng Ung. Nén tdp hdp cdc nghigém chha cdc phudng frinh nay khdc rng,
compact, li¢n thing.

Giai phuong trinh (4.1), 1a ¢4 tdp hop céc nghiém cda (4.1) théa mén (4.2) 14 14p hop
cédc ham s6 xc duge xdc dinh by sau

3
o 3
Ce * +— néu —E—ln(wa{?}<z.<_:1
a

(4.4) C xd = &

0 néu ﬂszéiln(——a(ﬁ)
24

véi mBisd C thoéa min didu kien: - (Va)< C<-la

Nhung chi c6 duy nhit nghigém x =0 cBa (4.1) thda min (4.3), x(#) = 0,%vie (0, 1L

Vidu 2. (4.5 2 = - H)'", 0= £,
(4.6) Q) =
(4.7 {1} =0,

Tuong 1 vi du 1, ta ¢6 tdp hop cde nghiCm cia cdc phuong frinh (4.5)-(4.6) va (4.5}
{4.7) khdc rdng, compact, lién thdng.

Gidi (4.5), 1a ¢6 tp hop cdc nghiém cla (4.5) thda man {4.7) 14 t4p hgp cdc ham 58
xc dugdce xdc dinh nht sau

[rz, i -
(4.8) xeolf) = b’(cﬂf)} , néu << ,
0 . nfu Csrst

véimdish Csaocho 1< C <,

it
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Va chi ¢d duy nhat nghiém x = 0 cla (4.5) théa mén (4.6).

Tl d6 ta thiy tiing néu cdc phudng trinh dude xét J trén ¢6 hai nghiém khdc nhau thi
§& ¢& Mot Wy ludng continnum cdc nghiém,
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Tom tit:
hiGt ghi chid vE tinh compact, lién thong
cua tap hop nghidm cta bii tedn 1i€n bda

Bii bdo chitng minh ring (dp hop 4t cd cdc nghiém cla cic phudog trich sau 14 khédc
réng, compact va lién théng

W, +Au=f{u) 0<t<l
“Hu{0) =y
) [ut+Au:f(u) <t
@ luth =% ;

£l

3 diy:
(A1), Ak todn o¥ tuyén tinh o 1i&n hap trong khiing gian Hinbe H, khéng phy thude t.
(Az). £ H - H hoin todn Lén e, thda didu kigm:

12
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Ch cdc Sé’du’(}ng khdng déi 2. b vh o (G << Dysuocho | f(x) 3 <a+h t X |  Yyel,
Cong cu chink 13 1y thuy&: bic tdpd cla trudng veold compact va cdc tinh chit ela
todn 08 ur lién hap wong khong gian Hinbe.

Abstract:

MNote on the connectivity

and compactness of solntion set of the evolution probiem

The paper proves that for the following equations the sets of solutions are nonempty,
compact and connected |

jut +Au=1f(uy 0=<1=1i
L u(B) =

{ o) 11 = i’ o
(Q}Jut\% Au=f(n) 0t
s =y

1

where:

{A A s any sclf-adjeint eperaiaor which does not depend on t and ¢ is a given vector in &
Hiibert space H.

(A, f: H— His completely continuous and satisfies the following condition:
i .. . ‘ H s .
There are positive constanis a, b, o {0 £ o < 13 such that | {(x} i Za+h | }:| , ¥xeH,

The main tools are the topological degree theory of compact vector field and properties of the
seif-adjoint operaior,

i3



