Tap chi KHOA HOC PHSP TP.HCM Lé Anh Vi, Dudng Quang Hoa

BUC TRANH HINH HQC CAC K-QUI PAO CUA CAC
MD5-NHOM LIEN THONG PON LIEN MA CAC MD5-PAI SO
TUONG UNG CO IDEAL DAN XUAT GIAO HOAN BON CHIEU

Lé Anh Vii *, Dwong Quang Hoa '
1. Mé diu
1.1 K-qui dao 1a gi? Tai sao cin m0 ti cac K-qui dao ?

Li thuyér biéu dién 1a mot linh vuc rong 16n trong Toan hoc va lién quan téi
rat nhiéu linh vire khic nhau cua Toan hoc hién dai. Trong Ii thuyét biéu dién,
mdt nhanh nghién ciru dong vai trd hét sirc quan trong 12 |i thuyét biéu dién nhém
Lie (va dai so Lie). Nhdm Lie 1a mot khai niém tong hoa tir hai khai niém co ban
la nhom (trong Pai s6 hoc) va da tap vi phdn (trong Hinh hoc — T6 pd). Ca nhom
Idn da tap vi phan déu c6 ngudn gdc vat li, co hoc va tim thay rat nhidu mo hinh
trong vat li, co hoc. Do do, li thuyét biéu dién nhom Lie nhan duoc rat nhiéu ung
dung trong vit li, co hoc dong thoi chinh cac img dung d6 d4 kich thich sy phat
trién caa i thuyét biéu dién nhom Lie.

Pbi voi mdi nhom Lie, bai todn co ban va quan trong nhét caa I thuyét biéu
dién 1a md ta cac 16p tuong dwong cua tdt ca cdc biéu dién bat kha qui, unitar
ctia nhom do.

Nam 1962, Kirillov [2] d& phat minh ra phwong phap qui dao. Nho phuong
phap nay, ta cd thé dung duogc cac biéu dién bat kha qui unitar cia mdi nhom Lie
tir cac qui dao trong biéu dién doi phu hop (con goi 1a K-qui dao) ciia nhom do.
Néu nhom Lie la compact lién théng hay don lién giai dugc, phuong phap qui
dao cho phép thu duoc tit ca cac bicu dién bat kha qui unitar. Con déi véi cac
nhom Lie don lién tuy ¥ (khdng nhét thiét giai duoc), phuong phap qui dao cho
phép nhan dugc hau hét cac biéu dién bat kha qui unitar, tic 12 tip cac biéu dién
bat kha qui unitar con lai c6 do do Planserrell triét tiéu (xem [3]). Nhu vay,
phuong phap qui dao chinh 12 phuong phép co ban va quan trong nhat trong li
thuyét biéu dién nhém Lie.
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Trong phuong phap qui dao Kirillov, cac K-qui dao (nguyén) dong vai tro
then chot dé tir @6 dung nén céc biéu dién bat kha qui unitar. Boi thé, doi véi
mdi nhoém Lie, dé nghién ciru biéu dién ciia no, trude hét can phai xét K-biéu
din, cy thé 1a can md td cdc K-qui dao cia nd. B6 1a mét viée [am can thiét va
c6 y nghia.

1.2 Céc két qua truwée day lién quan trye tiép dén bai béo

— Phan logi cdc MD5-dai s6 véi ideal dan xudt giao hodn chiéu khéng
qué 3, md td Ainh hoc K-biéu dién ciia cdc MD5-nhém lién thdng badt
kha phdn twong vng va xét cdc MD5-phdn ld tuwong vng voi cac MDS5-
nhom da xét (xem cac cong trinh [5], [6], [7], [8]).

— Phan logi cdc MD5-dai sé véi ideal dan xudt giao hodn 4 chiéu (xem
bai [9] cua tac gia thir nhat duoc dang trong clng sé bao nay).

1.3 Tom tat két qua chinh cia bai béo

Bai nay s€ xét cac MD5-nhom lién thong don lién twong Gmg vdi cac MDS5-
dai s6 d4 phan loai trong bai [9]. Cu thé, chiing ta s& mo ta triét ¢é hinh hoc cac
K-qui dao ctia mdi MD5-nhém do.

Viéc khao sat cac MDS5-phan 14 tuwong Gng vdi cac MD5-nhom dé xet, phan
loai t6 pd cac phan 1a d6 dong thoi mo ta C*-dai sd ciia cac phan 1a khong c6
kiéu phan thd dang dugc chung t6i nghién ctru va s& duoc cng bd trong cac bai
tiép theo.

Trude khi phat biéu va ching minh két qua chinh, chung ta s& nhic lai mot
s6 khai niém c6 lién quan va liét ké lai cac MD5-dai sé dd dugc phan loai trong
[9] dé ban doc tién theo dBi.

2. Nhac lai vai khai niém va cac két qua cé lién quan
2.1 Céac MD5-dai sb véi ideal din xuit 4 chiéu giao hoan va cac MD5-
nhom lién thong don lién twong @ng

2.1.1. Ménh dé (xem [9])

Gid sir T 1a mgt MD5-dai s6 véi T % = [[', T] =0* (dai sé Lie giao hoan 4
chiéu).
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— Néu I'khd phdn thin6 c6 dang I'=h@U , ¢ dé h 1a mét MD4-dai s6.

— Néu I'bdt kha phdn thi ta ludn c6 thé chon diegc mét co sé thich hop
(X, X, X5, X, X.) trong I' sao cho I''=<X, X, X, X,>=0"*,
adxl cEnd(I")(=Mat, (1), va I' ding cdu véi mét va chi mét trong

cdc dai so Lie duoi day.

L Tsan(a, Ay 2)
2, 0 0 0
ad 0 & 0 0-11/11? ON{OL), 4 # A, # 4, # 4
= b ) i) e ] ] .
Xy 0 0 ﬂg 0 2 2
0 0 01
2, 0 00
0 4 00
2. Tsa2(A,,4,) " ady = 0 02 . O;Ai,/lz,eu\{o,l},xﬁt/lz.
0 0 01
(A 0 00
0400
3. 1“5,4,3(1):adx1: 0 0 1 O;/leD \{0,1}
0 0 01
(A 000
0100
4. T >ad, =  Aeld 0,1,
544(A) =g 0 1 0 et \{01
|0 0 01
1000
0100
5. I'sys: ad, = .
M0 T T 001 0
0001
2, 0 00
0 4 00
6. Tsap(Ay,4,) - ady = ? ;A A,,e0\{0,1), 4 # 4,
10 0 11
0 0 01
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A 0 00
04 00
7. T Dad, = ; Ael \{0,1.
5,4,7(1) Xy O O 1 1 < { }
0 001
A 1 00
04 00
8. T >ad, =  Aeld 0,1,
548(A) x“lo 0 1 1 € { }
10 0 01
(A 0 00
0110
9. T >ad, =  Aeld 0,1,
5,4,9(1) Xy O O 1 1 < { }
10 0 01
1100
0110
10.T Dad, = .
ST T 0 11
0 0 01
11.1“5,4,11(31,32,@ .
cosp —singp 0 O
sinp cosep 0 O
ad = g 4 o [ARsiMohA# Lee(0n).
0 0 0 A
[cosp —sing 0 O]
] sinp cosp 0 O
12.1_‘5,4,12(1,(0). adxl= 0 0 20 Ael \{O},(DG(OJZ').
| 0 0 0 2]
[cosgp —sing 0 0]
] sinp cosep 0 O
13.1—‘5’4’13(i,§0). adxl= 0 0 11 Ael \{O},¢€(O,7Z')
0 0 0 24

L
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cosp —sing 0
sinp cosp O
0 0o A
0 0 u A

14.1_‘5,4,14(1,#,(0) . a.dx1 = ;/l,/lGD ,/J>O,(D€(O,7Z').j

2.2 Céac ho MD5-nhom lién thong don lién twong wng

Nhic lai rang, mdi dai s6 Lie thuc T' xac dinh duy nhat mot nhom Lie lién
thong don lién G sao cho Lie(G) = I'. Do d6, tir ménh dé 2.3.1, ta nhan duoc 14
ho MD5-nhém lién thong don lién tuong tng véi cac MD5-dai s6 d& duoc liét ké
va phan loai nhu trén. Dé tién, ta van dung lai cac chi s6 d& ding dé phan loai cac
MD5-dai s6 cho chinh MD5-nhém lién thong don lién tuong ung. Chang han,
G =Gs41(A,4,,A,) 1a MD5-nhom lién thong don lién twong img véi MD5-dai s6
T =Ts41 (4,4, 4,)- C&c ho MD5-nhom nay déu bat kha phan. Nhu viy, ta c6
dugc 14 ho MDS5-nhém lién thong don lién sau diy: G, G

G G G G

Mitaidg) T T5,4.2(A ) !

GS,4,3(1) ! 5,4,4(1) 1 54,5 5,4,6(%,4,) ! 5,4,7(2) ! G5,4,8(A) | GS,4,9(1) | G5,4,10 |

Ay Ay Ay Ay €l \{O’l}; Gs,4,11(11,/12,<p)’ Gs,4,12(/1,<p)' Gs,4,13(/1,<p)1 Ay Mgy Ay €l \{O}'
9 e(0;7); Ggarappgyr i€l u>0 pe(0;x). Két qua chinh cua bai nay la phép
mo ta hinh hoc cac K-qui dao cua tirng nhom thudc 14 ho do.
3. Birc tranh hinh hgc cac k-qui dao ciia cac MD5-nhém lién thong don
lién da xet
3.1 Cac ki hiéu

Gid su G la mot trong cac nhom Lie G;, G Gsus0)) G

Mt g) 1 T5,4.2(M, )
corys Gosnnr Guasnr Goams v A Ay A€l V{0
, 65‘4‘13(1‘4)), A A, A, ell \{O}, goe(O;n); Gs 41402101
Apel,u>0 ¢e(0;z). KihiguT la dai sd Lie ctia nhom G. Ta ludn chon mot

5,4,4(1) 1

G G G

5,451 5,4,6(4,4;) !

G .G

5,4,11() 40 5,4,12(1,0)

co so thich hop (X, X,,X,,X,,X;) trong I". Luc do, véi tu cach la mot khong
gian vecto 5 chiéu, I'=0°. Khong gian d6i ngdu cua T' dugc ki hi¢u 1a T*. Ta
cling c¢6 ddng nhat thie T* =0° voi co s ddi ngau (Xf,X;, X:,X:,X:) cua co

G (X, X, X5 X, X))
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Xét phan tir tUy ¥ F (e, 8,7,8,0) e'=0°. Nhu thong thuong ta ki hiéu Q.
la K-qui dao chira F ctia G trong T =00 °.
3.2 Vaibo aé
Phép ching minh cic két qua chinh cin ding vai bo dé da duoc chimng
minh trong [4].
3.2.1. Bo @& (xem [4])

Ta lubn c6 bao ham thic
QF 2 Qf (F) = {Fxlx Er},
6 dé6, v6i moi X €T, Fy 1a phan tir trong T* xdc dinh béi
<Fx, U> =<F, exp(ady)U >, VU eT.

Hon nita néu nh Xa mii expg la toan anh thi dang thirc xdy ra. [

3.2.2. Bo @& (xem [4])

Gia sit G lién théng. Néu ho cic Qg(T), Fe T*, ldp thanh mét phdn hoach
ciia T* va ho cic Qp (), F’ € QF, hodc ciing déng hodc cung mé (twong doi)

trong Qf, Fel'™. Khi do
QF:QF(F),V Fel.[O

3.3 Céc két qua chinh

3.3.1. DPinh Ii (Hinh hec cac K-qui dao cia nhém G =G;,,, , ;)

K-qui dao Q. chita F cua nhom G =G, chi hodc khéng chiéu hodc

)
hai chiéu va diroc mé ta nhw duwdi day.

(i()Néu p=y=6=0=0 thi Q. ={F(«,0,0,0,0)} (khdng chiéu).

Cac truong hop tiép theo sau diy qui dao déu A cac nira mdt phang 2
chiéu.

(ii)Néu p=y=6=0,0 %0 thi Q. ={F(x,0,00,s): 5.5 > 0}.

(iliy Néu B=y=0,6 0,0 =0 thi Q, ={F(x,0,0,1,0): 6t > 0}.
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(iv)Néu p=0,y 0,6 = =0 thi Q. ={F(x,0,2,00):7.z>0}.
(V) Néu B+0,y=6=0=0 thi Q. ={F(x,y,0,0,0): .y > 0}.
Cdc trieong hop con lai dwedi day qui dao déu 1a cac mat tru 2 chiéu.

(vi)Néu B=y=0,6 20,0 =0 thi

Q. ={F(x,0,0,t,s):t =5.[3Jls;o—.s > O}.

(o2

(vii) Néu =0,y #0,6 =0,0 =0 thi

Q. = {F(X,O,Z,O,S)Z 7= y.(ijiz;a.s > 0}.

o

(viii) Néu =0,y =0,6 =0,0 %0 thi
S Z
Q. = F(x,y,0,0,s):y:ﬁ.[—J 5.5>00.
O
(ix) Néu =0,y #0,8 0,0 =0 thi
Q, = F(x,o,z,t,o):z:y{%]’“;é.wo :
(X) Néu B =0,y =0,6 20,6 =0 thi
Q. = F(x,y,o,t,O):y=ﬂ-[§j’la;6.t>0 :

(xi) Néu B+0,y 20,6 =0,0 =0 thi
N
Q. = F(x,y,z,0,0):yzﬁ{ij}“;y.z>0 .
14

(xii) Néu =0,y #0,6 #0,0 =0 thi

o\ Vs
Q. = F(x,O,z,t,s):z:;/(_j ;t=5{_j ‘5s>0L.
o o
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(xiii) Néu =0,y =0,6 0,0 #0 thi

VA VA
Q. = F(x,y,O,t,s):y:ﬁ[;} ;t:5{;} :0.5>0%.

(xiv) Néu =0,y #0,6 =0,0 =0 thi

VA VAo
Q. = F(x,y,z,O,s):y:ﬂ(;j ;z:y.(;j o.5>0%.

(xv) Néu B#0,y 0,8 #0,0 =0 thi

s As
Qp = F(x,y,z,t,O):y=ﬁ[é]’la;z=y.[é]’lﬁ;5,t>o )

(xvi) Néu B#0,y 20,6 0,0 =0 thi

VS Vo G\
QF = F(X:yyzyt:5)3y=ﬂ[gj ;t:5[;j ,Z=7/(gj 0.5>0¢.

Chirng minh.

L4y phan tir bat ki X = (a; b; ¢; d; f)E€T. Tinh toén tryc tiép ta dugc

0 0 0 0 0
bi ai, O 0 0
ady =|-c4, 0 a4, 0 O0f;
da, 0 0 ai O
-f 0 0 0 a
i 1 0 0 0 0]
al
bl —e*) e 0 0 0
a A
ci-e 0 e* 0 0
exp (ad, )= a
db-e) o 5 ew o
a
ﬂ]i) O O O ea
L a ]

Do d¢, toa dd Fx&I™ nhu sau
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o b.(l—eakl)B+ c.(l—e‘“z)er d.(l—e“f“)SJr f.(l—ea)c
Do a a a a
z=e2y

t=e33

s=e'c

Ap dung cic bo dé 3.2.1 va 3.2.2, ta duoc két luan cua dinh Ii. [J

Hoan toan twong ty, di véi cac MD5-nhom con lai, chiing ta ¢6 cac dinh I
dudi day. Dé cho gon, cac nhém c6 bire tranh cac K-qui dao tuong ty nhau chiing
ta s& mo ta trong cing mot dinh li. Hon nita, vi da rd cac tham s ctia cac nhom
thudc tap hop ndo, ching ta s& chi liét ké mién xac dinh cta chung mot 1an trong
mdi dinh Ii.

3.3.2. Pinh i
Gia s G la mot trong cac nhom lie G;,,,, . Gsazuys Gsaunyr Gsass
65,3,6(&1,12) ! 65,3,7(1)7 GS,4,8(}.) ! GS,4,9(}.) ! GS,4,10 ’ ﬂ'l’ 2’2’ A‘S’ )L/ € D \{O’l} ) Khl dé ta Cé
(()Néu B=y=5=0=0thi Q. ={F}, (Qui dao 0_chiéu).

(i) Néu B2 +y*+8%+02 =0 thi qui dao cé chiéu 2 va dwoc cho boi
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X, B, ye 56 0" )ixael{ khiG=G,,,, ,
4.2(4. %)
{(x,ﬁ.e‘“,;/.e“,S.ea,o.ea);x,aeD} khiG=G,,,.,)
{(x,ﬁ.e‘“,y.ea,6.ea,o.ea);x,aeD} khiG=G,,,.
{(x,ﬁ.ea,;/.ea,S.ea,o.ea); x,aell } khi G = G, ,;
X, B, ye" 58 5ae* +oe*);x,ael{ khiG=G,, ., ,
A4,6(4.%7)
X, fe*,ye* 56 5.ae* +oe*);x,acl ! khiG=G
54,7(2)"
X, e, pae” +ye* 56, 5.ae* +0.e*); x,acll | khiG = I
(2)
X, e, y.e’ y.ae* +5.e°,

202 cx,ael » khiG =Gy,
+6.ae" +o.e°

V.

2.2
+y.ae®+45.e%,
yX,ael » khiG=Gg,, [

a
X, 5.e% B.ae® +y.e® B.
3,a 2,a
a‘e a‘e
B. 5 +y. 5 +0.ae" +o.e°

3.3.3. Pinh li

Gld s G |é. mét trOng cac nhom Lie 65’4’11(21’22@)’ 65,4,12(1,(;))’ 65,4,13(1,(;))7
Ay Ay, leD*,goe(O;n). Bcfng cach déng nhdt dai sé6 Lie ciia chung Voi
0 x0x02%, xemF = (a,B+iy,8,0), A4, Ay, Ael”; 9 e(0;7), ta duoc

(i) Néu p+iy=8=0=0 thi Q. ={F} (quidao 0 chiéu).

(ii) Néu B + i}/|2 +82+0% %0 thi qui dao ¢6 chiéu 2 va dwoc cho béi

{(x,(ﬂ viy)e® ) 5o g et ); X,aell } Khi G = Gy iy
{(x,(ﬂ +i;/).e(a'eiw),5.e“,a.e“); x,aell } khi G =Gy,

O

X, (B +iy .e(a'eiiw),&e“,5.ae*M +oe*|ix,aell lkhiG=G
54,13(2,0)
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3.3.4. Pinh li

Cho G la nhom Lie G 5.4.14(2 i) A,uel™ u>0; ¢ € (0;7'[ ) Bang
cach déng nhat dai s6 Lie ctia né v&i 1 <[ x[1 , xem F la diém (a,ﬂ+iy,5+i0'),
ta duoc

(i) Néu p+iy=5+ioc =0 thi Q. ={F} (qui dao 0 chiéu).

(i) Néu | g +iy|" +|6 +io| =0 thi
Q. = {(x,(ﬁ+iy).e(a'e_w),(5+i‘7)-ea“_i”))' x,aell } (qui dao 2 chiéu). [

3.4 Nhan xét
Trong [4], tac gia tha nhat ¢4 chimg minh dwgc rang, d6i véi mdi MD4-
nhom lién thong, don lién, bat kha phan, ho cac K-qui dao chiéu cuc dai ludén tao
thanh maot phan 14 do dugc. Trong [5], [6], [7], [8], khang dinh twong tu ciing
dugc chimg minh cho cac MD5-nhom lién thong don lién vé6i ideal dan xuét giao
hoan khong qua 3 chiéu . Bang phuong phap ching minh tuong tu, ta ciing co

két luan dudi day.

3.4.1. Mé¢nh dé

Gida sit G l1a mét MD5-nhém lién théng don lién bdt ky trong cdc nhém
65,4,1(11,12,13) ! 65,4,2(&112)7 G5,4,3(1.) ' GS,4,4(}.) ' 65,4,57 65,3,6(11,12) ' GS,3,7(}.)’ G5,4,8(}.) 1 G5,4,9(}.) !
G5,4,101 GS,4,11(A,1,AQ,¢)7 GS,4,12(L<p)7 GS,4,13(L<p)7 GS,4,14(A,,4,¢) ; @ la ho cac K-qui dao chiéu
cuc dai cua né vaVg: = U{Q 1 Q € ®g}. Khi do (Vg, @) ldp thanh mét phan la
do dwoc. Ching ta sé goi phan ld nay 1a MD5-phan 14 lién két véi G. [

3.5 Vai bai toan mé can tiép tuc nghién ciru
3.5.1. Pbi véi tat ca cac MD5-dai s6 va MD5-nhom lién thong don lién d&
Xét, can phan loai t6 po cac MD5-phén 14 twong g va mo ta C*-dai
s cua cac kiéu MD5-phan 14 khdng phai phan thé bang phuong
phap KK-ham tur.
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3.5.2. Xay dung luong tir hoa bién dang trén cac MD5-nhom d4 phan loai.

3.5.3. Phan loai cac MD5-dai s6 v6i ideal dan xuat thir nhat khong giao

hoan dé hoan thanh viéc phan loai triét dé toan bo 16p MD5-dai sd.

3.5.4. Giai quyét cac van dé twong ty nhu da 1am cho cac MD5-dai s6 va

MD5-nhém da xét cho cac MD5-dai s va MD5-nhém con lai.

3.5.5. Tiép tuc xét 16p MDn v6i n > 6 dong thoi xét truong hop n téng

quat.

Loi cam on : Cac két qua chinh ciia bai nay da duoc tic gia thir nhéat béo

C40 tai Hoi thao qudc té 1an thir hai vé Pai s6 va To hop (ICAC-07) & Tay An,

Trung Quéc tir 12-15 thang 7 nam 2007. C4c tac gia han hanh dugc cam on Ban

t6 chirc Hoi thao, dac biét 1a gido su K.P. Shum dA tai trg cho tac gia thir nhat

tham du va doc bao cao tai Hoi thao.
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Toém tit

Birc tranh hinh hoc cac k-qui dao ciia cac MD5-nhom lién thong don lién
ma cac MD5-dai sb twong vng co ideal din xuit giao hoan bén chiéu

Bai bao nay xét mot 16p con cac MD5-nhdm, tuc 1& cdc nhdm Lie thyuc
giai dugc 5 chidu ma chi ¢ cac K-qui dao khong chiéu hodc chiéu cuc dai.
Lép cac MD5-dai s6 Lie twong ing da duoc tac gia thr nhat phan loai va
cong bd trude do. Két qua co ban ma bai bao dwa ra 14 mé ta tudng minh
birc tranh hinh hoc ctia méi MD5-nhom lién thong don lién da xét.

Abstract

The geometrical picture of k-orbits of connected and simply connected
MD5-groups such that their MD5-algebras have 4-dimensional
commutative derived ideals

The paper presents a subclass of the class of MD5—groups, i.e., five
dimensional solvable Lie groups such that their K—orbit are orbit of zero or
maximal dimension. The main result of the paper is the description of the
geometrical picture of K-orbits of connected and simply connected MD5-
groups so that their MD5-algebras have 4-dimensional commutative derived
ideals.
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