Tap chi KHOA HOC PHSP TP.HCM Sé 12 nam 2007

MOQT CHU THICH VE NGHIEM DUONG
CUA MOT BAI TOAN BA PIEM BIEN

L& Thi Phuwong Ngoc -

1.  Giéithiéu
Trong bai bao nay, chiing ti xét bai toan gia tri bién ba diém sau :
X" (t) = f(t,x(t)), 0<t<1, (1.2)
x'(0) =0, x(1) = ax(n), (1.2)
trong d6 a,n € (0,1) vaham sé f cho trude thoa mot sé diéu kién thich hop.

Tinh giai duoc va cac tinh chat ciia nghiém cho cac bai toan gia tri bién ba
diém d4 duoc nhiéu tac gia quan tdm nghién ctru, xem [1 - 4] va cac tai liéu tham
khao trong do.

Trong trudng hop a =1, bai todn gié tri bién ba diém (1.1) - (1.2) da duoc
X. Han [2] nghién ctru. Dya trén phuong phap va cac ky thuat dugc st dung
trong [2], chdng t6i d& néu dugc cac diéu kién dé bai toan (1.1) - (1.2) ton tai mot
nghiém hodc hai nghiém duong. Hon nira, tinh compact cta tap nghiém duong
ciing dugc nghién cuu.

Xét khong gian Banach C[01] v&i chuan ||x||=trg[%|x(t)| va khong gian
Banach C?[01] v&i chuan || x|, = max{|| x| x|, %" }
Chung t6i thanh lap céc gia thiét sau day :
(Hy) a.ne(0l), Be (o,%) sa0 cho a cos B —cos B > 0.
(Hy) f:[0,4]%[0,+w0) — 0 laham lién tuc va thoa diéu kién :
g(t,x) =  (t,X) + B2x > 0,¥(t, ) €[0,1]x[0,+0).

Khi do, bai toan (1.1) - (1.2) twong duong Véi bai toan :

" ThS. Trudng Cao déng Su pham Nha Trang
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X" (t) + B2x(t) = g(t, x(t)), 0<t<1, (1.3)
x'(0) =0, x(1) = ax(n). (1.4)
Pinh nghia toan t& tuyén tinh L:D(L)c C2[0,1] — C[0,1] boi
Lx = x" + B2X, V6i x e D(L), trongd6 D(L) = {x e C?[0]: X' (0) = 0,x(1) = ax(n) }

Diéu kién (H;) bao dam toan tir L kha nghich, vi vay bai toan (1.3) - (1.4)
duogc viét lai thanh mot phuong trinh tich phan twong dwong. Khi d6, ta cd thé
ching minh (1.1) - (1.2) ton tai nghiém duong, bang céach &p dung dinh i diém
bat dong trén mot ndn sau day caa Guo - Krasnoselskii

Pinh i 1.1. (Xem [2]) Cho X la khéng gian Banach va K < X la mgz non. Gia
sir ©Q,, Q, la hai tdgp con mg, bj chan ciia X véi 0eQ,, O cQ, va gia si
A:K N (Q2\0Q;) — K la toan tir hoan toan lién tuc thod man mér trong hai diéu
kién sau :

(i) [Auf<|u], YueKnaQ,, va |Au|=|u|, YueK noQ,,
hogc

(i) |Au|=|u|, YueKnaoQ,, va|Au|<|u|, YueKnaQ,.
Khi d6 toan tir A c6 diém bdt déng thuge K n (Q2 \ ).

Bai b4ao gom 4 muc. Trong muc 2, chding tdi trinh bay cac bd dé can thiét
cho chtng minh céc dinh Ii chinh & muc 3. Trong muc 4, chdng toi xét tinh
compact cia tap cac nghiém duong.

2. Cacbo aé

Xét bai toan bién ba diém :

X" (t) + B2x(t) = h(t), 0<t<1, (2.1)
x'(0) =0, x(1) = ax(n). (2.2)
Bo dé 2.1. Gia sir (Hy) diing. Khi do -

(i) Véi méi h e C[0,1], bai toan (2.1) - (2.2) c6 nghiém duy nhdt
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x(t) = }G(t,s)h(s)ds = (Th)(t), 0<t<L (2.3)
0
o day

G(ts) {%sinﬁ(t—s),OSSStsl,
S) =

0, 0<t<s<], (2_4)
cos st sin B(l-s)—asin f(n-5),0<s<n<1
+ﬁ(acosﬁn—cosﬁ) sin B(1-5s), O<np<s<l.
Mat khac :
(i) 0<G(t,s) <M, V(t,5s)e[0,1]%[0,1], (2.5)
6 ddy M =Lsin ﬁ[1+ ! J>O.
B o cos Bn —cos

(i) T : C[0,1] — C[0,1] la to&n ti tuyén tinh hoan toan lién tuc;
(iv) Vi méi heC[0,4], néu h(t) >0, vt e[0,1] thi (Th)(t)>0,vt e[0,1].
Chirng minh.
(i) Giai (2.1) bang phuong phap bién thién hang sb, két hop diéu kién bién
(2.2), tasuyra
1
X(t) = [G(t,s)h(s)ds, 0<t<1,
0
la nghiém duy nhat ciia bai toan (2.1) - (2.2).
(i) TUr (Hy), (2.4) va ch( y dén cAc bét dang thuc :
sinB(t—-s)>0, 0<s<t<],
sinf(l-s)>0, 0<s<],
O<asinB(n—s)<sinp(n—s)<sin f(1-s), 0<s<n<],

ta suy ra dugc G(t,s)>0,V(t,s) €[0,1]. Tuong tu, V(t,s)[0,1],

G(t,s)<Lsin g+ SinPU=S) gy sin M.
B B(acospn—cosp) B B(ecos fn —cos )
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(iii) RG rang T 14 toan tir tuyén tinh lién tuc.

Tiép theo, ta gia sir Q la tap con bi chian cua C[0,1].

Tt tinh chat bi chin cua ham G(t,s) trén [0,1], nhu & (ii) ta suy ra T(Q) bi
chan déu.

Mt khéc, do tinh lién tuc déu caa ham G trén [0,1]x[0,1], ta c6 T(Q) dang
lién tuc.

Ap dung dinh Ii Ascoli - Arzela, ta c6 T(Q) compact twong ddi trong
C[0]]. Suyra T latoan tir hoan toan lién tuc.

Cubi cung (iv) dugc suy ra dé dang tir tinh chat G(t,s) >0, v(t,s) e [0.1].

B6 dé 2.1 duoc chimg minh. [

Bé d 2.2. Gid st (Hy) ding va gid sir thém tgBn <—P Khi ds -
o +cosp

G(t,s) > Mg, V(t,s) [0, 1]x[0, n],

cosf

B(acospn—cosp)
Chéng minh. v(t,s) [0,1]x[0,7],

6 day Mg = (sin B(1—n) —asin Bn)>0.

cos pt . i _
G(t’s)zﬁ(acosﬁn—cosﬁ)(smﬁ(l s)—asin B(n —s))

S cosf
~ B(accos Bn —cos B)

Do (H,) va tggn <ﬂ
o +Ccosp

(sin B(L—n)—asin Bn)=M,.

, tanhan duoc

G(t,s) > Mg >0, V(t,s) €[0,1]x[0,7].
B6 dé 2.2 duoc chimg minh. [

Bo dé 2.3. Ton tai mér ham so lién tuc ®:[0,1] »[0,+x) va mér hang sé
c €(0,1) sao cho

cd(s) <G(t,s) < d(s), Vt,se<[0,1].
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Chirng minh.
bat #(s) =1-s, H(t,s) = us(s) - G(t,s).
Buéc 1. Ta chirng minh néu hang s6 x>0 duoc chon di Ion thi
H(t,5)sst =0, H(t,S)s<t =0, V(t,5) €[0,1]x[0,1].
Truong hop 1. s€]0, n].
1a) Véimoi s >t,

B cos it . i _
G(t’s)_ﬁ(acosﬁn—cosﬁ)(smﬁ(l s)—asin B(n —s))

< ! sin g
B(acospfn—cosp)

sin g
S(c cos fn —cos f)
sin g
B(acos fn —cosB)

H(t,8)e > ull-5) -

> pd-n)-

sin g

Néu tachon x>y, =
BQA-n)(acosfn—cosf)

1b) V&i moi s <t,

sin g
B(acos fn—cospf)
sin g
B(acos B —cosB)’

H(t,)s<t 2 u(l—S)—%Sinﬁ(t—S)—

Zu(l—n)—%sinﬁ—

£ M sin g 1 N
Néu tachon u>u,= = 1+ thi H (t,s >0.
=) 1-n ﬁ(l—ﬂ){ acosﬁn—cosﬁj (t,8)s<t

Truong hop 2. s e[n,1].
2a) Vi moi s >t,

G(t,s) = COSAt_Gin pri—s) < ! B-s),

B(acospn—cosp) B(acospn—cosp)
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nen
1-s 1
H(t,s >u(l-s)- >(1-s - .
(t.9)sor 2 (1) o Cos fn —cos B ( ){ﬂ acosﬁn—cosﬁj
Z 1 N
Neutachon pu>pug= thi H(t,s)s>t = 0.

o Cos fn —cos

2b) V&i moi s <t,

1. sin B(1-5)
H(t,s)s 2 Ml_s)‘ﬁsmﬁ(t_s)_ B(eccos B —cos B)

d-5)
o COS i —cos 8

2(1_9{#_1_ L j

o CcoS fn —cos B

> p(l-s)-(1-s)-

1
o CoS fin —cos B

Néu tachon p> py =1+ thi H(t,s)s<t = 0.

ChU Y rang u, <y, iy < u,. T d6, véi pu*>max{uy, iy} ta co :
w*¢(s) > G(t,s), V(t,s) [0,1].
Pit d(s) = u*¢(s). Thé thi
G(t,s) <D(s), ¥(t,s) € [0,1].
Budéc 2. Ta chirng minh néu hang s6 x>0 dugc chon du bé thi
H(t,s)sot <0, H(t,s)s<t <0, V(t,5) €[0,1]x[0,1].
Truong hop 1. s€][0, n].
1a) Véi moi s >t,

cos St
S (acos fn —cosf)
(I-a)cos pn
~ B(acos Bn —cosp)
(I-a)cos pn
~ B(acos pn —cos B)

G(t,s) = (sin B(L—s)—asin B(1n—s))

sin B(1-75)

sin B(1-n),
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ot SHL-58)- (I-a)cosBn sin p(l—n)
B(ercos fn —cos )
_ (1—a)cosBn sin BL-1)
Blacos pn—cosB)

Néu ta chon u < ug = (d-ajcospn sin fL=n) thi H(t,s)s>t <0.

B(acos fn —cos f)

H(t,s)

1b) V&i moi s <t,

(1-a)cos Bn
S(acos fn —cosf)
(1-a)cos By sin f(A—n)

=Ho Blacospn—cosp) o 1S

Néu ta chon u < ug thi H(t,s)s<; <O.

H(t,)sct < u(l—S)—%Sinﬁ(t—S)— sin f(1-n)

Truong hop 2. s e[n,1].
Néu s =1, hién nhién G(t,s) = 0,4(s) =0. Khi dé H(t,s) =0.
Néu se[n,1) thi:

2a) V6i moi s >t,

B cos St , B
G(t,s) = B cos fn —cosﬁ)sm B@A-5),

cosfBsin f(1—s)
B(acos fn —cos f)

<-9) u- cos sin B(1-75)
B a acospn—cosf  p-s) /)

sin B(1-5) S sin B(1—-n) do do
BQA-s) B-n)

cos 8 sin ﬁ(l—n)J

H(t,8)s> < p(l-s) -

Vi ham g(z)=w giam trén (0,z] nén
z

H(t.s)sst < (- S){“ acospn-cosf A1)
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Néu ta chon p < pg = cosp sin pL=m) thi H(t,s)s>t <0.

~ (L-m)B(acos fn —cos B)

2b) V&i moi s <t,

a1 _«__CospBsin B(1-5s)
H(t,s)s<t < u(d-9) ﬁsmﬁ(t s) B(c cos Bn —cos B)

<ull—s)— cosgsin f(1-n)
T Bt n)(acos pn —cos )

<(@-s)(u—ug)

Néu ta chon u < ug thi H(t,s)s<; <O.

Tu do, voi 0< Mx < min {/15,/16} taco:
wp(s) <G(t,s) < u*g(s),v(t,s) €[0,1].

Dat c=u—’;. Thé thi 0<c <1 va ta thu duoc :
U

cd(s) < G(t,s) < D(s),V(t,s) €[0,1].
B6 dé 2.3 duoc chimg minh. (]
bat
Ko = {x eC[0,1]: x(t) >0, vt €[0,1]},
VA Vi moi x € Ky, dat Fx(t) = g(t, x(t)), vt €[0,1].
Khi @6, toan tr F: Kg — Kg hoan toan dugc xac dinh va lién tuc.

bat A=ToF. Khiddo A=ToF: Ky — K latoan ti hoan toan lién tuc. RG
rang mdi diém bat dong ciia A chinh 1a mot nghiém dwong cua bai toan (1.1) -
(1.2) va ngugc lai. bat

K ={xeC[0,1: x(t) > c| x|, ¥t [0,1]}.
Dé& dang chtmg minh rang K = Kova K 1a nén duong trén C[0,1]. Hon nita
Bo dé 2.4. A(K)=ToF(K)cK.

Chirng minh. Vé&i moi x e C[0,1], x>0, ta co :
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(AX)®) =T (F(x)() = }G(t,s)g(s, x(s))ds > c}@(s)g(s, x(s))ds, Vte[0,1],
0 0

| Ax||= max }G(t,s)g(s,x(s))dss }(D(s)g(s,x(s))ds, Vvt e[0,1].
te[0,1]g 0

Nén (AX)(t)>c || Ax |}, vt <[0,1].
B6 dé 2.4 duoc chimg minh. ]
3. Suw ton tai nghi¢ém dwong

Trong muc nay, ta sé xét A=ToF:K — K. Tir cac b6 dé trén, su ton tai
mot nghiém duong, hai nghiém duong d& nghién ctru trong [2] ciing ding trong
truong hgp ma rong nay. Ching minh cac két qua sau day duogc thuc hién twong
tu nhu trong [2].

Gia s
f, = IimsupmaxM, f, = liminf min M
woor 01 X 2 x>0" t01] X
f_ =limsupmax ) f_ = liminf min Tt
Xx>too  t€[0,1] X — x—+o  te[0,1] X
. . S, , s sin 8 S .
Pinh li 3.1. Gid su (Hy), (Hy) dung va tgpn <————. Gia str m¢gt trong hai
o +cosp

truong hop sau Xay ra :
(i) fo=-p*, £, =o0, hoge
(ii) f,=o0, f, =-p"
Khi d6 bai toan (1. 1) - (1.2) ¢6 it nhar mét nghiém duwong. [

B sung céc gia thiét sau day :

(Hg) f,=o0, f, =oo, Vatdn tai @ >0 sao cho

max  f(t,x) <(e- 8w,
0<t<l,co<x<w

¢ day £ >0 duogc chon sao cho Mg <1.
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(Hy) f,=-pB2%, f, =-pB?vatontai w>0sao0 cho

min f(t,x) >(u—-cB?)o,

0<t<l,co<x<w
¢ day u >0 dugc chon sao cho Mgu >1.
sin

Pinh Ii 3.2. Gid sit (Hy), (H,) ding Va tgfn <—"P . Gid s them (H)hodc
o +Ccosp

(H,) dung.
Khi @6 bai toan (1. 1) - (1.2) c6 it nhar hai nghiém dwong. [

4.  Tinh compact cia tap hgp cac nghiém dwong

Binh 1§ 4.1. Gid sit (Hy), (H,) ding va tgBn <—L_ Gid sit them :
a+cospf

fo=oo, f,=-p%

0

Khi d6 tdp hgp cac nghiém dirong cua bai toan (1. 1) - (1.2) khac réng va
compact.

Chirng minh.
bat
¥ ={xeKp:x=Ax}

Nhu vay, = chinh Ia tap cac nghiém duong cua bai toan (1.1) - (1.2). Ap
dung dinh 1i 3.1, tacd = khac rong. Ta s& ching minh = 1a tap compact.

Buéc 1. = 1a tap hop bi chan déu.
Chon m >0 sao cho p*m <1. Tir gia thiét ta suy ra
JR>0:Vy>R= f(t,y)<(-B>+m)y,Vte[0,1].
Vé6i moi x 2, véi mdi s €[0,1] tuyy, ¢ hai truong hop xay ra :
X(s) > R hoac x(s) <R.

Néu x(s) >R thi
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f(5,X(5)) < (-B% + m)x(s),
suy ra
g(s, x(s)) < mx(s).
Néu x(s) <R thi
g(s,x(s)) <7,

& day y la gia tri I6n nhat cia g trén [0,1]x[0, R].

Suy ra vai moi x e 2, ta ludn cé

g(s, x(s)) <mx(s)+y, Vs €[0,1].

Théthi wxe X, Vte[0,1], chly rang d(s) = u*(1—s) < u*, Vse[0,1] ta thu

duoc

1 1

X(t) = [G(t,5)g(s, x(s))ds < [ (s)(mx(s) + ¥ )ds < w*(m || x || +7),

0 0

Vi vay
[ X[ p*mi| x|l +u*y, VXxeZ,
do do
*
x|l 27 vxes,
1-u*m

Nghia 1a = 14 tap hop bi chan déu.
Buéc 2. ¥ la tap compact twong doi.

Vi A=ToF:Ky— Kq la toan tir hoan toan lién tuc, = < K, bi chan déu
nén A(z)la tap compact twong dbi. Ta lai c6 = A(Z) nén T la tap compact
tuong d6i.

Buwérc 3. T la tap dong.

Gia st {x,} =X va x — X, khi n > .

Khi dé
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[Q%I X, (t) = X(t) |- 0.

Suyra Vvt e[0,1],

1 1
| X(t) - [G(t,8)g (s, X(s))ds | < X(t) — Xn (1) |+ Xn (1) = [G(t,5)9(S, Xn (5))ds |

0

0

1 1
+1[G(t,5)g(s, Xn (5))ds — [ G(t,5)g (s, X(s))ds |
0 0

1
<X = Xa (1) +(I)| G(t,)g(s, Xn (5)) = G(t,5)g(s, X(s)) | ds,

bai tinh lién tuc cuag,

40

| X(t) - }G(t, $)g(s, X(s))ds | — 0, khi n — o,
0

Tu do

X(t) = }G(t, s)g(s, X(s))ds|, vt e[0,1].
0

Nghia la ¥ la tap dong. Dinh li 4.1 dugc chirng minh. [J
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Tom tit
M@t chu thich vé nghiém dwong ciia mt bai toan ba diém bién

Bai bao st dung dinh i diém bat dong Guo - Krasnoselskii trén mot
non dé chirng minh sy ton tai nghiém dwong cta bai toan gi4 tri bién ba
diém sau :

x"(t) = f(t,x(t), 0<t<l,
x'(0)=0, x(1) =a x(n),

trong 46 o, € (0,1) va f thoa mot s6 diéu kién thich hop. Ngodi ra, sy ton
tai hai nghiém duong phéan biét va tinh compact cua tdp nghiém duong cta
bai todn cling dugc nghién cau.

Abstract

Note on the positive solutions for a three-point boundary value problem

In this paper, we consider the three-point boundary value problem

x"(t) = f(t,x(t), O0<t<l,
x'(0)=0, x(1) =ax(n),

where «a,n € (0,1) and f € C([0,1]x[0,), IR) is given. Under some suitable
assumptions on the function f,we prove the existence and multiplicity of

positive solutions of the problem. Furthermore, the paper shows that the
positive solutions set of the problem is compact. The main tool is the Guo -
Krasnoselskii's fixed point theorem in cones.
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