Tap chi KHOA HOC DHSP TP.HCM Tran Minh Thuyét, Lé Khanh Ludn

Tran Van Lang, V6 Giang Giai

MOQT PHUONG TRINH SONG TUYEN TINH LIEN KET
VOI PIEU KIEN BIEN PHI TUYEN : SU TON TAI VA KHAI TRIEN
TIEM CAN CUA NGHIEM THEO BON THAM SO BE

Tran Minh Thuyét ", L& Khanh Luan '
Tréin Vin Ling ¥, V6 Giang Giai ®

1. Mé dau

Trong bai nay, chling tdi xét bai toan gia tri bién-ban dau cho phuong trinh
song tuyén tinh

u, — x(t)u,, + Ku+Au, = F(x,t), 0<x<L,0<t<T, @
#(1)u, (0.8) = KO “u(0,t) + Ao u, 0" “u, 0.0+ 9(®),  (2)

— p(®U, 1) = Ku@ O™ “u@ ) + 24 ju @O u @), 3)

U(%,0) =y (x), U, (x,0) = Uy (x), 4)

trong do6 trong do p,, 9y, Py, & =2, K, Ky, K., 420, A, 4, >0 1a cac hang sé cho
trudc Va u,, u,, i, F, g 1a cac ham cho trudc thoa mot so diéu kién s& duoc chi rd
sau do.

Bai toan (1)-(4) 1a mot mo hinh todn hoc mo ta dao dong doc ciia mot thanh
dan hoi nhét tuyén tinh véi rang bude dan hdi nhét phi tuyén o bién. Gan day, bai
toan (1)-(4) ciing duoc nhiéu nhiédu tac gia quan tdm nghién ciu ¢ nhiéu chu dé
nhu su t6n tai, duy nhét va tinh tron, céc tinh chat dinh tinh va dinh luong cia
nghiém, xap xi tuyén tinh nghiém, khai trién tiém can nghiém,...[1-3, 5-15].

Bai bdao gom ba phan chinh. Trong phan 1, duéi cac dicu kién
Upl) e HE X L2, (F,g,u) € 2(Q)x L% (0,T)x HY(O,T), u(t)>p, >0, u'(t) <0,

" TS, Truong PH Kinh té Tp. HCM

" ThS, Truong PH Kinh té Tp.HCM

* PGS.TS, Phan vién Cong ngh¢ Thong tin Tp.HCM

8 ThS, Cong tac vién khoa Toan — Tin, Trudng DH Kinh t& Tp.HCM.
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Pos Go» Pu =2, Qo =0o(d-1)" (K, A, Ky, Ky) el x[J i ching toi chung
minh mot dinh |i t6n tai toan cuc va duy nhét nghiém yéu u cia bai toan (1)-(4).
Chutng minh nho vao phuong phap xap xi Galerkin két hop voi mot sb danh gia
tién nghiém va cac Ii luan quen thudc vé su hoi tu yéu, toan tir don diéu va tinh
compact. Trong phan 2, ching téi ching minh rang nghiém yéu u e L*(0,T;H?),
V6i U, € L°(0,T;HY), u,eL”(0,T;L?), u(0,), u-)e H?(0,T), néu ta gia st
(U u) e H2xHY, g,=0,=2, p,, p,=2, VA Mot s6 dicu kién khac. Cudi cung,
trong phan 3, ching t6i thu dugc mot khai trién tiém can cia nghiém u cua bai
toan (1)-(4) dén cap N +1 theo bon tham s6 K, 4, K,, K,. Céc két qua thu dugc &
day d4 tong quat hod twong dbi cac két qua trong [1-3, 5-15].

2. Pinh li ton tai va duy nhat nghiém

bat Q=(01), Q; =Qx(0,T), T >0. Chung ta bo qua cac dinh nghia cua cac
khéng gian théng dung nhu C™(Q), L (L), W™P(Q). Ta ki higu W™ =W ™P(Q),
LP =WP(Q), H™ =W™(Q), 1< p<oo, m=0L1,.

Chuan L? dugc ki hiéu bai || Ta cting ki hiéu bai () chi tich vd huéng
trong L2 hay cap tich d6i ngau caa phiém ham tuyén tinh lién tuc véi mot phan
tir cia mot khong gian ham. Ta ki hiéu boi ||, la chuan cua mot khong gian
Banach Xva bsi X' 1a khong gian d6i ngiu cia X. Ta ki hi¢u boi
L"(0,T;X), 1< p<ow cho khéng gian Banach cac ham u:(0,T) » X do duoc,
sao cho

T 1/p
||u||L,,(0‘T;X) = U"u(t)"i dtj <o VGi 1< p < oo,
0

va

Ju

ooy = ESSSUPUQ)], <0 V6i p = <o

Ki hiéu u(t),u’(t) =u,(t),u” (t) = u,(t),u, (t),u

XX

(t) dé chi u(xt), Z—T(x,t),

o%u ou o%u 3
—(x,1), —(X,1), —(x,1), lan luot.
atz( ) ax( ) axz( ) :
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Trén H* ta s& ding c4c chuan twong duong

12 12
W = (7 + ) = b2 + o) (5)
Ta thanh lap cac gia thiét sau :

(H)  (Upu) e H x L2,

(H,) Fel’@Q),

(Hy)  weH'OT), ult)= >0, ' (t) <O,
(H)  gel®©T), 65=0(d -1,

(H) (K A Ky, K el xo?,

(He)  Po» Qo PG 22,

(H,) Aoy A4, > 0.

Khoéng 1am mat tinh tong quat ta co thé gia sir rang A, =4, =1. Khi d6 ta c6
dinh |i sau.

Pinh li 1. Cho T > 0. Gid sir (H,)— (H,) diing. Khi dé, ton tai duy nhar mét
nghiém yéu u cua bai toan (1)-(4) sao cho

{ uel”(0,T;HY),u e L*(0,T;L2), ©)

u(0,-) eW*®(0,T7), ul,-) eW"%(0,T).

Hon Nita, Néu Py, py € {2} U[3,+0) thinghiém co duwoc la duy nhdt.

Chu thich 1. Dinh Ii 1 chua khang dinh vé tinh duy nhat cua nghiém khi
2<p,<3 hodc 2<p,<3. Tuy nhién, viéc xay dung mot bo cac gia thiét
(H,)—(H;) voi p,, p, trong (H,) thoa 2 < p, <3 hoac 2 < p, <3 sao cho bai toan
(1)-(4) c6 it nhat hai nghiém thoa (6) 12 mot bai toan mé. Trong dinh i 2, ching
t6i ting cudng C4c gia thiét (H,)— (H,) va thu dugc tinh duy nhat nghiém trong
truong Nop Py, P22, ¢, =G, =2.

Chirng minh Pinh li 1. Sy ton tai nghiém duoc ching minh nhd vao
phuong phap xap xi Galerkin [4] két hop véi mot s6 danh gia tién nghiém va cac
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li luan quen thudc vé sy hoi tu yéu va ki thuat qua gioi han sé hang phi tuyén
bang phuong phép don diéu. Tinh duy nhat nghiém duoc dwa vao bo dé
Gronwall. (|

Phan sau day, dé thu duoc nghiém t6t hon, ta ting cuong thém céc gia thiét
nhur sau

(H)  (ug,u) e H*xHY,

(H)) F, F el*Q),

(Hy)  weW(0,T), u(t) > 1, >0,
(H) geH(OT),

(H)  K,xel; Ky K 20,
(H))  Pos P,22,0,=0,=2.

Khi d6 ta c6 dinh li sau.

Pinh |i 2. Cho T >0. Gia sir (H/)— (H)) diing. Khi d@s, ton tai duy nhdt
mét nghiém yéu u cua bai toan (1)-(4) sao cho

{ ueL”(0,T;H?),u e L”(0,T;HY), u, € L”(0,T;L?), @)

u(0,), u(L,-) e H?(0, T).
Chu thich 2. T (7), ta suy ra rang
uel”(0,T;H*)NC°(0,T;H")NC'(0,T; L),

u e L(0,T;HY, u, € L*(0,T; L), (8)
u(0,-), u@@,-) e HZ(O,T).

Mat khac, tir (7) ta ciing nhan thay rang u,u, u, u,, u,, u, € L*(0,T;L?)
c 2(Q,), va do d6 ueH?(Q,). Tir d6 néu (u,u,) e H*(Q)xH(Q) thi nghiém
yéu u s& thuoc vao khong gian ham H?(Q,) ~ L*(0,T;H?2). Va nghiém nhu thé
mot phan nao khé giéng véi nghiém c6 dién thude C2(Q;), Vi dir kién dau (u,,u,)

khong can thiét thudc vé C2(Q) xCH(Q).
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Chirng minh. Phan chimg minh cua dinh Ii 2 gém 4 buéc. Chimg minh dya
vao phuong phap Galerkin lién h¢ véi cac danh gié tién nghiém, tir do rut ra duoc
cac day con hoi tu yéu vé nghiém trong cac khong gian ham thich hop nho mot
sb cac phép nhung compact.

Chu thich 3. Trong truong hop p,, p,>2 va K, <0 hodc K, <0, sy ton tai
nghiém cua bai toan (1)-(4) van la cdu hoi mé.

3. Khai trién tiém can theo 4 tham sb

Trong phan nay, ta ki hiéu u,,u, boi 0,0, lan luot. Gia su
Uo=0 =2 Py P,=2N+1L N>2, 1, =4 =1 va (0, 0, F, & g) thoa man cac gia
thidt (H,)—(H,). Véi (K, &, Kq, K.) e x02, theo Dinh Ii 1, bai toan (1)-(4)
6 duy nhat mot nghiém yéu u phu thudc (K, 4, K,, K,): u=u(K, 1, K,, K,).

Xét bai toan nhidu sau, trong d6 K, A, K, K, 1a cac tham sé bé,
0<K<K,, 0<A<A,, 0<K,<K,, 0<K, <K, :

Au=u, —u(t)u,, =—Ku—-Au, + F(x,t), 0<x<1, 0<t<T,
5 u (0,t) = KoH, (u(0,t)) +u,(0,t) + g(t),
(Peron) —u, (@0 t) =KH, ut)+u @),
u(x,0) = Uy(x), u, (x,0) = &, (x),

trong dé H,(2)=[7" "z, pe{p, p}-
V6i mdi  da chi s ¥ =¥V va)€ZS VA vecto

K = (KA Kg, Ky ) el x03, tadat

V=r+72+ 73+ 74 V= nnlyslya,
[K][= VK> + 2+ KG +K?, KR = KKK,

a,fpell, fa= B <a,Vi=12, 34,
ch - al
© o= p)
Trude tién, ta c6 bo dé sau va chi tiét chang minh c6 thé xem trong [11]
hoic [13].
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B6 dé 1. Cho m,Nell va v, e, aeZ}, 1<|o|<N. Khids,

[ zva»z“j _ ST, R, ©)

1<|a|<N m<|a|mN

trong d@6 hé s6 T™[v],, m<|a|<mN phu thuge vao v=(v,), @ eZ,1<|a|< N

thoa man cbng thizc qui nap sau

TP, =v,,1<]o <N,
TMv], = ZVa_ﬂT (m‘l)[v]ﬂ,m <la|<mN, m>2, (10)
pel{m
1M = {Bez’:B<a,1<|a—p/<N,m-1<|g|<(m-1N}
Goi Uy =Uy,,, |2 Nghiém yéu duy nhét caa bai toan (P,,,,) nhu trong Dinh
li 1, twong tng voi (K, A,K,,K,)=(0,0,0,0), i.e.,

Au, =F,,, =F(xt), 0<x<1,0<t<T,
(Boood) Lk@J)={MQU+gﬂ% —U§L0=UKLU
o Uo (x,0) = Tg(X),  Ug(x,0) = Ty (x),
u, € L*(0,T;HY), ul e L”(0,T;L?), u,(0,-), u,(L,-) e H*(O, T).
Ta xét day hitu han cac nghiém yéu u,,y € Z?,1<[y| <N, Xac dinh boi cac
bai toan sau
Auy =Fy, O<x<l1, O<t<T,
u,(0,t)="P (t)+u’(0,1),
(P) { ~u,,@H)=Q,®+u @y,
u, (x,0)=u’(x,0) =0,
u, eL”(0,T;HY), u; e L*(0,T;L?), u,(0,-), u,(L-) e H(O,T),

trongdé F,, P, Q,,[y]<N, dugc x4c dinh bai cong thirc qui nap sau
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F, /=0,
0, 71:72:O’1§|7|5N,
Fy = _u}’1v}’z—lv}’3v}’4’ n= O’ 72 21,1< |}/| <N, (11)
_uyl—l,yz,y3,y4’ }/121’ 72 :O’1§|}/|S N,
B u}’l_lv}’zv}’S'}’A B u}’1~}’z Ly N1 21, V22 12< |}/| <N,
g(t), v|=0,
0, }/3=O,1§|}/|SN,
BO=1 H, [L,0) relh=1 (12)
ly|-1 1
—H OO PO, 1,0 7521 227 <N,
m=1 "1l
, 7,=0,1<[y|<N,
[ H @) 7a=L =1
QM= (13)

ly|-1 1
ZWH’()rln)(u()(l’t))-r(m)[u(l’t)]}’lv}’zv}’3v}’4—1’ Vs 21’ 2 S|}/|S N’
m=1 1=

& day, ta ki hidu u=(u,), [y]<N. Goi u=u(K, 4, K, K,) 1a nghiém yéu duy nhét
ctia bai toan (B, ). Khidé, v=u— > u K’ thoa bai toan

=
Av=—Kv-AV + EN‘K (x,1), 0<x<1,0<t<T,
v,(0,t) = R(t), —v, (Lt)=S(t),
v(x,0) =V'(x,0) =0,
R() = K,[H, [(v+h)O,0)]-H, [hO.)]+V (0,0 +E,,  ®),
S@t) =K [H, [v+n@n]-H, hey]l+v Ly +E, , ®),
veL”(0,T;H"Y, Vv e L”(0,T;L?), v(0,), v(,-) e H'(0,T),

(14)

trong do
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h=>uK’,
MSN

EN'K(x,t) =" (Ku, + Au})K?,

|7]=N

E,, () =KH, [hH]- TP K,

1<[y|<N

E, «®=KH, [han]- Y Q mK".

1<[y|<N

(15)

Khi d6 ta co bd dé sau.

Bo dé 2. Gid sir p,, p,=N+1, N>2 g, =0, =2, 4 =4 =1, V& (H,)—(H,) diing.
Khi d6

<Cy|K

N+1

E
‘ N Kl 0,7;12)

N+1

, (16)

<G [K

E. .
‘ ON.Kl[L2(0,)

<Cy[K

E, .
‘ INK]I20,T)

véi moi K =(K, 1Ko, Ky) el x03, voi 0<K<K,, 0<A <k, 0<Ky <Ky,
0<K,<K,, trong dé C,, C,,,Cy, 1a cac hang sé chi tily thugc vao cac hang sé
K*lj’*l KO*I Kl*1 ||u }/|S N

I
u
L*(0,T;HY’ H 4

14

L= (,7;L%)’ |

Ching minh bé dé 2. Dung khai trién Taylor ciaham H_, H, tai u, dén cip
N, sau mot s6 budc danh gid, ta thu dugc (16). m|
Két qua sau day cho mot khai trién tiém can cia nghiém u cua bai toan (1)-
(4) dén cap N +1 theo bdn tham sé bé K, A, K,, K.
Dinh i 3. Gid siz p,, p,>N+1 N22, g, =0, =2, 4 =4 =1 V& (H,)—(H,)
ding. Khi do, véi méi K =(K,A,Kq,K;)ell x03, véi 0<K<K,, 0<A<A,,
0<K,<K,, 0<K <K, baitoan (P, ) co duy nhdt més nghigm yéu

u=u(K, 4, K,, K,) thoa mgt danh gié tiém can dén cdp N +1 nhw sau
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J’_

L”(0,T;HY)

u’(0,-) = > u/(0,)K”

lr|<N

MSN Lw(O,T;LZ) MSN

L2(0,T) (17)
—IN+1
K

+Hu'@) - >ul@)K? <Dj

<N

L2(0,T)

véi moi K =(K,A,Kq,K)el x03, véi 0<K<K,, 0<A<h,, 0<K,<K,,
0<K,<K,, va D la hang sé6 chi tuy thugc vao K., A., K, K, cac ham

01

u,,veZ, 1<|y]< N langhiém yéu cia cac bai toan (B) yez [yl <N

Cha thich 4. Trong [8], nhu la mét truong hop dac biét cua bai toan (1)-(4),
Long, Pinh, va Diém d4 thu duoc két qua vé khai trién tiém can cua nghiém theo
hai tham s6 (K,A) dén cip N +1.

Chirng minh dinh li 3. Bang cach nhan hai vé cua (14); véi v/, sau d6 tich phan
timg phan theo t va st dung bo dé 2, ta thu duoc

2(t) <2(5C3, +5C2, +TCA JIK[™ ™ + 2(1+ 2K j Z(s)ds

“ds (18)

2
ds,

trong do

t
z@) =V O+ O +22] V' ()] ds
t ’ (19)
+ ZIOV’ (0, s)‘2 + ‘v’ @, s)rjds.
0
Sau mot s6 budc danh gia va sir dung bo dé Gronwall, ta suy ra tir (18),
(19), rang

+v

v

+Hv(0 )

L”(0,T;L?) L”(0,T;HY) 12(0,T)
N+1 (20)

-..*

+|v'@)

LZ(OT
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véi moi K =(K,A, Ko, Ky)el x0°3

+

Voi 0<K<K,, 0<A<A,, 0<K,<K,.,
0<K,<K,, va D; la hang s6 doc lap voi K. Tir (20), ta suy ra danh gia tiém

can (17) va binh li 3 dugc chimg minh. (|

e

Cha thich 5. Trong truong hop wu(t)=1, (u,u)eH’xH', p=q,=0,=2
P, > N +1, ching t6i ciing d& thu duoc mot két qua khai trién tiém can cua
nghiém yéu u cua bai toan (1)-(4) theo ba tham sé K, 4,K, [11].
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Mét phwong trinh song tuyén tinh lién két véi diéu kién bién phi tuyén :

Swr ton tai va khai trién tiém cin ciia nghiém theo bon tham s6 bé

Bai bao dé cap dén bai toan gia tri bién-ban dau cho phuong trinh

s6ng phi tuyén

*)

U, —utu, +Ku+au, =F(xt), 0<x<10<t<T,

(U, (0,8) = Kolu(0,)]™ “u(0,t) +Ju, (0,)™ u,(0,t) + g (1),
— 1)U L) = K u@ )™ “u@t) + o, @ )* Cu @),

u(x,0) =u,(x), u,(x,0)=u,(x),

trong d6 p,, 0y, Pur G =2, K, Ky, K, >0 1a cac hing s cho trudc va

Uy, Uy, 1, F, g 1a cic ham cho trudc. Bai b4o gom ba phan. Trong phan 1,

ching tdi chirng minh mot dinh Ii t6n tai duy nhat nghiém yéu u cho bai
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toan (*). Trong phan 2, chang t6i ching minh ring nghiém yéu
uel”(0,T;H?), véi u, € L”(0,T;H"), u,eL”(0,T;L?), u(0,) u(l)e
H2(0,T), néu ta gia st (uUp,u,) € H?x H*, va mot s dicu kién khac. Cudi
cling, trong phan 3, ching t6i thu duoc mot khai trién tiém can ciia nghiém
u cia bai toan (*) dén cap N +1 theo bén tham sé K, 4, K,, K.

Abstract

A linear wave equation associated with nonlinear boundary conditions :
Existence and asymptotic expansion of solutions in four small parameters

The paper deals with the initial-boundary value problem for the linear
wave equation

U, —utu, +Ku+2au, =F(xt), 0<x<10<t<T,
(U, (0,8) = Kolu(0,)]™ “u(0,t) +Ju, (0,)™ u,(0,t) + g (1),

— 1)U L) = K u@ )™ “u@t) + o, @ )* Cu @),
U(%,0) = Up(x), U, (x,0) =u,(x),

*)

where  p,, Gy, P, 0,22, K, Ky, K;, A1 >0 are given constants and
Uy, Uy, i, F, g are given functions. The paper consists of three parts. In Part
1, we prove a theorem of existence and uniqueness of a weak solution u of
problem (*). In Part 2, we prove that the weak solution ue L*(0,T;H?),
with u, € L(0,T;H"), u e L (0,T;L%), u(0,), u(l)e H?(O,T), if we
assume (u,,u,) € H?x H*, and some others. Finally, in Part 3 we obtain an

asymptotic expansion of the solution u of the problem (*) up to order N +1
via four small parameters K, 1, K,, K,.
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