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HE BAT BIEN CUA MQT LOP CON
CAC PAI SO LIE GIAI PUQC 4, 5 CHIEU

L& Anh Vii', TrAn Minh Hai', Lé Thj Thu Trang’

1. Mé dau

Trong cac nam 1990-1992, tac gia thir nhat d& nghién ctru 16p MD4 (xem
[6], [7]). Vai nim gan day, tac gia thir nhat cling cac cong sy Nguyén Cong Tri,
Duong Minh Thanh, Duong Quang Hoa tiép tuc nghién ciru 16p MD5 trong céac
cong trinh [8], [9], [10], [11], [12], [13]. Ly do va y nghia cua viéc nghién I6p
MD d& duoc giai thich rd trong cac cong trinh do6.

Gan day, nam 2006, cac nha Toan hoc V. Boyko, J. Patera va R. Popovych
([20]) gisi thiéu mot phuwong phéap hiéu qua dé tinh cac bat bién cila dai s6 Lie sd
chiéu thap. Khac véi phuong phép trudc day, phuong phap nay thay viéc giai
mot hé phuong trinh vi phan phirc tap bang cac phép tinh thuan tay dai sb. Tur
day, mot cach ty nhién nay sinh ra bai toan: tinh hé bdr bién ciia cic MD-dai so
d4 biét bang phuong phép cua Boyko, Patera va Popovych.

Trong bai bao nay, ching téi sé dung phuong phap cua V. Boyko, J. Patera
va R. Popovych dé tinh toan tudng minh hé bat bién cta toan bo cac MD4-dai s6
bat kha phan va cac MD5-dai s6 bat kha phan véi ideal dan xuat giao hoan (muc
3). Vi khéi lugng tinh toan nhiéu va c6 st dung phan mém chuyén dung Matlab
nén sau khi gigi thiéu tom tit phuong phap cia V. Boyko, J. Patera va R.
Popovych , ching t6i chi liét k& hé bat bién cia cac MD-dai sd dugc xét ma
khong trinh bay chi tiét cac tinh toan cuy thé.

2. M@t s6 khai niém va tinh chit co ban
2.1. Biéu dién phu hop va K-biéu dién

2.1.1. K-biéu dién ciia mdt nhém Lie

" PGS.TS. - Truong DHSP Tp. HCM.
" ThS. - Truong THPT Phan Boi Chéu, Binh Thugn.
* ThS. — Truong THPT Nguyén Hug, Tay Ninh.
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Gia st G 1a mot nhom Lie ty y, G 1a dai s6 Lie ctia no. Xét tic dong Ad: G
— GL(G) cua G Ién G dugc dinh nghia nhu sau:

Ad(g) = (Lg.Rg_l) .G — G, VgeG,

trong d6 L, (twong tmg Rg_l) la phép tinh tién trai (twong (mg, phai) ciia G theo

phan tir g € G (twong tmg, g - G ). Tac dong Ad con goi 1 biéu dién phu hop
cua G trong G.

Ky hiéu G” la khong gian dbi ngiu cua dai s6 Lie G. Khi d6 biéu dién Ad
cam sinh ra tac dong K=Ad: G — GL(G") cua G 1&én G nhu sau:

(K(@@)f,X)=(f,Ad(g " )X),VX e G,Vf € G", Vg eG,

& day ky hiéu (f,X) chi gia tri ciia dang tuyén tinh f e G tai trudng vecto
(bat bién trai) X e G . Tac dong K dugc goi 1 biéu dién déi phu hop hay K-biéu
dién cia G trong G™. Mdi quy dao tng véi K—biéu dién dwoc goi 14 K-quy dao
hay quy dao Kirillov cia G (trong G').

Mdi K—quy dao ctia G ludn 1a mot G—da tap vi phan thuan nhat voi s chiéu
chan va trén d6 c6 thé dua vao mot céu triic symplectic ty nhién twong thich véi
tac dong cua G.

Ky hiéu O(G) 1a tap hop cac K-quy dao cua G va trang bi trén do6 topo
thuong ciia topd tu nhién trong G™. N6i chung thi tdpd thu dugc kha “x4u”, né co
thé khong tach, tham chi khong nira tach.

2.2. Cac MD-nh6m va MD-dai so

Gia st G 14 mot nhom Lie thyuc giai dugc G 1a dai s6 Lie cia G va G 1a
khong gian d6i ngu cia G.

Nhom G duoce goi 1a ¢6 tinh chdt MD hay 1a MD-nhom néu cac K—quy dao
ctia n6 hodc 1a khong chiéu hodc ¢6 sé chiéu cyc dai. Truong hop s6 chiéu cuc
dai dung bang sé chiéu cua nhém thi nhém G duge goi 13 ¢6 tinh chat MD hay
con goi 1a MD-nhém. Pai s6 Lie thyc giai duge G ng véi MD-nhém (twong
mg, MD-nhém) dugc goi 18 MD—dai s6 (tuong (mg, MD —dai s).
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2.3. Khai niém vé cac bat bién ctia mot dai sé Lie

Xét dai s6 Lie G ¢6 s6 chiéu dimG = n <oo trén truong [ hodc [ , nhom
Lie lién thong tuong tng G va khong gian dbi ngiu G™ cua khong gian vecto G.

Bat ky co so (c6 dinh) ey, €y, ..., €, cia G ciing déu théa man céac hé thirc
[e;, &;1= cil;ek , trong do CE (i, j,k =1,n) 1a cac thanh phin tensor cua céc hing sb
C4u triic cia G trong co sd d& chon.

Anh Adg caa G bai tac dong phu hop Ad 1a nhdém ty dang cau trong Int(G)
cta dai s6 Lie G. Anh cta G boi tac dong d6i phu hop K = Ad” 1a nhém con cua
GL(G") va dugc ky hiéu boi Adg hay K(G). Mot ham F eC*(G”) duogc goi la
bdt bién caa Adg néu

F(Ad;‘f)zF(f), vgeG, feG .

Dit X = (X, Xo, ..., Xn) 12 toa do cia x trong G trong co sé ddi nglu cia co

SG €1, €, ..., €. BAt bién bt ky F(x;, Xz, ..., X;) ciia Adg la nghiém cua hé
phuong trinh dao ham riéng cap mot (xem [2] va [3])

XiF = 0, nghia Ia c{xF, =0, 1)

trong do xi=c5xkax_ la phan tir sinh hiru han cia nhém 1- tham s
]

{Ad:; (exp eei)} trong tmg vai €. Mdi anh xa e;— X; cho ta mot biéu dién ciia dai
s6 Lie G.
S6 duong 16n nhét Ng cua cac ham bét bién doc 1ap F'(xy, Xo, ..., Xa), | = 1,
..., Ng, 12 s6 nghiém doc 1ap ctia hé (1) (xem [3] va [17]) va n6 chinh I s6 phan
tir co s& cua cac ham bét bién cua Ad; . S6 nay duogc cho boi hiéu
Ng = dimG - rankG, (2)
o day
n
rankG = sup rank(cil}xk )
j

(X oo %) hj=1
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Cho bat bién bat ky F(xy, Xy, .., X,) Ciia Adg, ching ta tim bét bién twong
ung cua dai s6 Lie G béng cach dbi xung hoa, SymF(e, ey, ..., €,), cua F. NO
thudng duoc goi 1a toan tir Casimir tong quat cia G. Néu F 1a da thic, SymF(ey,
€, ..., &) goi 1a toan tir Casimir thong thuong. Chinh xac hon, toan tir d6i xing
hoa Sym chi tac dong trén cac don thuc dang e 8 .6 gom cé4c phan tir khong

giao hoantrong sb e, , e, , ..., e , va dugc dinh nghia béi cong thire
1 2 r

1
Symi(e, ..e )== > & .& |,
[ ] nr r!cesr lop "oy
trong do iy, iy, ..., Iy Iéy cac gia tri tur 1 dénn, red, S, 1a sb cac hoan vi cua

nhom gom r phan t.

Tap cac bat bién ciia Adg va G lan lugt duoc ky higu boi Inv(Ady) va
Int(G). Mot tap cac ham bét bién doc 1ap F'(Xy, Xa, ..., Xa), 1 =1, ..., Ng, tao thanh
Mot co s ham (bat bién co ban) cua Inv( Ady ). Vi vay, tap cac SymF'(ey, &, ...,
en), =1, ..., Ng, duoc goi la co sd cia Inv(G).

3. Tinh hé bat bién cia cic MD4 va MD5- dai s6 bang phwong phap
Boyko - Patera — Popovych
3.1. Thuit toan tinh cac bat bién

Phuong phap co ban cua viéc xdy dung cic toan tir Casimir tong quat 1a
phép lay tich phan cia hé phwong trinh vi phan tuyén tinh (1), nhung viéc tinh
toan theo phuong phap nay kha phtrc tap. Phuong phéap dai s6 hoa sir dung trong
qua trinh tinh toan hé bét bién cta cac dai s6 Lie ciia Boyko — Patera — Popovych
(xem [20]) ma chlng toi tom tat dudi day don gian hon nhiéu.

Buwoc 1: Xdy dung ma tran B(G) Cua Ad;

Ma tran B(Q) dugc tinh toan tir cac hang s6 cau triic ciia dai s6 Lie bang

r 5
anh xa mil voi B(@) = HEXP(—Qinen_M ) Ma tran la ma tran ctua phép tu dang
i-1

ciu trong cua dai s6 Lie G trong co s¢ dacho ey, ..., e,, 0= (0

,....6,) 1a nhom

cac tham s6 (toa d6) cua Int(G), Z(G) la thm cia G va
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r = dim Adg = dim Int(G)= n—dimZ(G). O day e, .., e, duoc xem nhu la
mot co so cia Z(G); ad, la biéu dién phu hop ciia ue G trong GL(G):
ad,w=[u,w], vwe G, con ma tran ctia ad, ddi véi co s¢ e, .., e, dugc ki hidu
n
12 ddy. Picbigt, dde, =(cf) .
j k=1
Khi n = dimG 1a mét s6 nguyén nho thi viéc tinh toan hoan toan khdng
phirc tap. Thoi gian tinh toan vé co ban phu thudc vao viéc lua chon co sd cua
dai s6 Lie G.
Buwéc 2: Xdy dung cdc phép bién doi hivu han

Cac phép bién doi tir Ad c6 thé dugc trinh bay theo dang toa do nhu sau:

(%o %) = (X0 %, ) -B(6,..6,), 3)
hodc ngin gon X = X.B(Q). Vé phai X.B(Q) cua dang thie (3) 1a dang chi tiét cua
bat bién nang co ban I cia Ad:; véi hé toa d6 da chon (0, x) trong Adg xG .

Buwéc 3: Khir cdc tham so trong hé (3)

Hé phuong trinh hé qua ciia (3) c6 dang Ng phuong trinh dai sb doc 1ap @i
v6i tham s6 cua @ (xem [Fe-Olvi1] va [Fe-Olv2]). Ching c6 thé duoc viét dudi
dang:

F' (%% ) = F' (X0 X )s 1 =2, Ng.

Buwéc 4: Poi xieng héa
Cac ham F' (%.,....X,) Ma tao thanh co s& cla Inv(AdZ;) duoc dbi xtmg héa

thanh SymFI (el,...,en), chinh 1a co s& cua InV(G).

3.2. Hé bt bién ciia cic MD4-dai s6 bat kha phan va cac MD5-dai s6 véi
ideal din xuat giao hoan
Ap dung phuong phap néu trén, tinh toan truc tiép véi sy hd trg ctia phan
mém chuyén dung Matlab ching t6i nhan duoc hé bat bién cua toan bo cac cac
MD4-dai sb bat kha phan va cdc MD5-dai s6 bat kha phan vé6i ideal dan xuat
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giao hoan. Do ¢ kha nhiéu cac MD4 va MD5-dai sb, hon nita khuon kho bai bao
lai han ché, ching t6i s& khong liét ké lai cadc MD-dai s6 ndy ma dé nghi ban doc
tham khao trong cac tai liéu [7], [13] cia tac gia thir nht.

Béng 1: liét ké cac bit bién ciia cac MD4 — dai s6 bat kha phan

MD4- Céc hoan tir khac 0 Cac bat bién
dai so
G'=(X;)=0
G,y [X4:X1]=Xs X2, X3
Gy [X4:X5]= X3 X1, X,
G =(X,,Xg)=07?
[X4.X;]=0,ady eMat, (U ),ady, eGL, (1)
G [X4,X2]=2X23[ X4, X5]= X4 Xy
(%) X105
X3
GA‘Z‘Z [X4,X2]:X2;[X4,X3]:X2+X3 1exp[X3J
»
X2 X2
G,,; [X4, X3]= X;.C080 — Xg.sing 1 X
2 2
(o) [X4,X3]:X2.Sin(p+x3.COS(p X1, 5 I exp —Zcosga.arctanx—
(X2 +X3 ) 3
Gy [X1,X2]==Xai[ X0, X5] = X23[ X4, X2 ] = X, Khéng co
[X4.X3]= X3
Gl =(Xy,X;,X4) =07,
adx4 EGL3(D)
Guaian) [Xa: X1]=X53[ X4, X5 ]= 2 X 53 [ X4 X5] = X3 (%) ()" (%)" _(%)"
X1 % Xz
Guyaz) [ X4, X1]=AX0[ X4 X5 ] = X +AX, exp["z],lexp[lxzj
[X4,X3]=X3 X3 X1 ) Xy X1
Gy [X4:X1]= Xpi[Xq. X ]= Xy + Xy Lexp[&] &7£[X2]
[X4 X5]= X5+ Xg Xy Xy ) Xy 2 X
G4‘3‘4(/1‘¢) [X4,X;]= X c080— X, sing
[X4,X,]= X;sing + X, cose 1Smexp[/1arctan&}
[Xq,X3]= 2%, (Xs) %1
Gl =(Xy, X5, X;) = né(Pai s6 Lie Heisenberg 3 chiéu)
[X1,X5] = X3,[X, X3]=[ X5, X5] = 0,ady € Maty (1)
Gy [X4. X ]==X5:[ X4, X2 ] = X,
X3, X2+ X2 = (XgX 4+ X4 Xs5)
G2 [Xa Xy]==Xpi[ X4 X2 ]= X,

‘s (xlx2 +x2x1j_(x3x4+x4x3j
2 2
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Béng 2: liét ké h¢ bat bién ciia cac MD5 — dai s6

MD5-dai sb | Cac bt bién
Gl=(Xg)=1.
Gsi | [X1 Xol = Xs; [Xa, Xal = Xs | X
G!'=(X,, Xg) =02
Gs21 [X1, Xa] = X4; [X2, X3] = X5 X, Xe, x1x5+x5x1+2x3x4+x4x3

[X1, X2] = [X3, Xa] = Xs;

G X
S22 [Xa, X3l = A Xa (el \{O}). 5
Gl=(Xg X, X5y =03,
ady eEnd(G')=Maty(1), i =1, 2; [X;, X;]=Xa.
4 00
ady =0;ady. =|0 4, O Xh xh
Gs53101.4) ! 2 0 0 1 xiiz' xis X+ X,
3 3
Ay e \{l}, 4 #2, 20
1 00
ady =0;ady_=|/0 1 O Xy Xg
Gs3.2(2) ! 2 00 4 X—g F,X1+X3
3
Ael \{0,1}.
A
400 220:35 X6y ax
G adxlzo; adx2= 0 : 4 3
5,3,3(1)
00 A=0:X,, 5,X4exp())((lj
Ael\{g. 4 3
1 00
G . X5 X4
534 adX1=0, adxzz 01 0] —, — )(3+X1
001 N
X} 1 X
200 A#0: "4 Xy +AX, ——exp| —>
x, 3T P
G adxlzo; ad><2: 01 1§ 3 4 4
5,3,5(1)
001 A=0:X3, X exp % , §+ﬁ
Ael\{1}. X3 ) X4 X3
110
adxl :0, adxz = 0 1 0 , ﬁ: X1+x3’ iexp &
Caast 00 2 X3 Xs (%
Ael \{0,1}.
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2
110 TR
G5,3,7 adXI:O; adxz =0 1 1 X3+X1, x—?’exp 73 , 73_5 73
0 01

. X3exp[cotgo.arctanx4],
cosp  —sihg 0 cos[arctan X“] X3
adx1 =0; adx2 =|sing cosep O] X3
65,3,8(/1,40) 0 0 2

X, + X5c080 - X, sing.
A€l \{0}, ¢ €(0,7).

X
X exp[_/l.arctan 4
sing X3

Gl:<X27 X3, X4, X5>ED 4;

ady e End(G') = Mat,(0).

%, 0 0 0
o 4 0 0
Gsascnizia| 70 0 2, of X X X
00 01 v ng, X,
Iydg hg €0 OB, 2y % A % Jg # A,
J 0 00
0 4 00
ady = 2 ;
Gsa,20,2) “lo0 1o XX X
e l I
0 001 X2 X, %,
M, 2 €0N0L}, Ay # 4y,
A 0 0O
042 00
G ady = el \{0,1}. X, XP Xt
5,4,3(2) 1 o0 10 XZ, XZ' .
0 0 01
2000
0100
G ady = c el \{0,1}. X X oxt
5,4,4(1) 1 0010 X7, X7, Xi
0 0 0 1 2 2 2
1 00O
0100
Gs45 ady, ﬁ ﬁ, Xg
" 0010 X, %, X,
00 01
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A4 0 00
0 4, 00
ad, = ;
6 %“lo 011 XX 1 (X
5,4,6(%4,72) ) ) p
0 001 X2 Xy X X,
A €0 N0, A = 4,.
A 000
0 4 0 0 X p) X
Coatr | * 70 0 1 g 1TIED el
0001 2 2 4 4
A 100
0 200 A
G ady, = Al {01 X Ll Xa| %5 _%s
54,8(2) 10 0 11 , exp , .
2 Xy Xp) Xe %
0 001
A 00O
0110 2
G ady, = ; 2el \{0.13. ! X, ) Xs 1(X,
5.49(2) 10 0 11 —, —exp| = |, 2—-=| =
X, Xg Xy ) Xy 20 X4
0 001
2
1100 1 X,) X, 1%,
0110 X*eXP X Talx ]
G ady = 2 2 2 2
54,10 110 011 3
0001 Xs XaXstXeXy 11%
X, 2X; 3 X,
cosp -sing 0 O X P X
. 75’)( 1 arct 73’
ad, = sinp cosp 0 O : ij 4eXp[sin¢am an ij
G L]0 0 4 0
5411044 .9) X, X,
0 0 0 4 7Xexp cotgo.arctanx— .
Ay # 2, €0 \{0}, p e(0,7). cos[arctan3] 2
2
cosp -sing 0 O X 1 X,
i —2 X, exp| ——arctan—= |,
ad, = sinp cosp 0 O ; x, Xp[Sin(p Xz]
1
Gs,4.12(1.0) 0 0 A0 X, X,
0 0 0 2 7Xexp cotq;.arctanx— .
el \{0}, p<(0,7). cos[arctanz] 2
. 1 5
cosp -sing 0 O X—exp ,lx— ,
sinp cosep 0 O ! !
adx = ) X, X3
G 1 0 0 A1 ———~2 —_exp| cotp.arctan—= |,
5,4,13(1,0) 0 o 0 4 cos[arctan Xy ] X,
2
A’ED \{O}, ‘PE(OJT)- XS 1 X3
—2 4+ ——arctan—=.
X, sing X,
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X
— "4 _exp| Zarctan—2 |,
Xs H X,
. cos| arctan —=
cosp -sing 0 O X,
sinp cosp 0 O
ady, = ; X, X,
G ! 0 0 A —u ———~——exp| cotg.arctan—= |,
S ML i0) cos arctanﬁ %2
0 0 u A X,
A, el \{0}, u>0, pe(0,7).
L arctan s ,iarctan %,
u X, sing X,
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Hé bat bién ciia mot 16)p con cac dai sé Lie giai dwoc 4, 5 chiéu
Bai béo nay cho mot tinh toan tuong minh hé bat bién ctua cac MD4-dai s6
bat kha phan va cac MD5-dai s bat kha phan voi ideal din xuat giao hoan bang
phuong phap Boyko — Patera — Popovych.
Abstract

The system of invariants of a subclass of solvable Lie algebras of
dimension 4 or 5 abstract

The paper give the system of invariants of indecomposable MD4-algebras
and indecomposable MD5-algebras having commutative derived ideals by the
method of Boyko — Patera — Popovych.
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