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BONG CUA DOAN TRONG K—POSET
CAC VECTO BOOLE

TRAN HUYEN *

1. M3a dau

Poset B cac vecto Boole 1& tap hgp gom cac vecto x = x12o ... xp, k € N
va x; € {0,1}, v6i thit ty bo phan duge xac dinh nhu sau:

T=T1T2. .. T S Y1Y2. . Yp =Y

néu k < n, dong thoi ton tai day chi s6 iy < s < ... < i} sao cho 1 <
Yirs 2 < Yigy - -5 Tk < Yi -

Véi moi vecto Boole © = x1xs ... xp, ta goi hang clia vects 1a r(z) = n,
tidc 1a s6 thanh phan ctia vecto. Trong luong clia vecto x dude xac dinh 1a s6

w(x)=z1+22+ ...+ 2
Tap tat ca cic vecto cing hang n duge ki hieu 14 B(n). Ki hiéu B(n, k) danh

chi tap cac vecto cung hang n va cung trong lugng k.

Béng thit ¢ ctia vects = € B(n) la A;x € B(n — 1), ¢6 dugce tit x sau khi
bé di toa d@ thit 7. Vay néu = ...0;—1%;Tj41 - - - thi AZLL’ = ... Lj—1%4+1 - - -
Boéng cta vecto x, ki hiéu la

Az = U{Aiaz|1 <i<n}

Tap cac bong thanh phan thi ¢ cia Az con gitt nguyén trong luong ciia
x 1ap thanh béng day ctia vecto x, ki hiéu 1a

Apr = U{Aixlw(Aix) =w(x)}

Cac bong thanh phan c6 trong lugng bé hon trong lugng ctiia z, lap thanh
béng khuyét
Agr = U{Aix|w(Ai:{:) <w(x)}

*TS, khoa Toan — Tin hoc, Truosng DHSP Tp.HCM



Tap chi KHOA HOC DHSP TP.HCM S6 18 nam 2009

Hién nhien: Az = Arx U Aga.
Boéng ctia tap A C B, nhu thong lé dugce xac dinh béi biéu thiec:

AA =] Az

€A

Vao nhitng nam 1990, Daykin.D.E va Tran Ngoc Danh da trang bi cho
poset B — cac vecto Boole mot thit ty tuyén tinh <, goi 1a thit ty don nhu
sau:

T=T1T. .. < Y1Y2...Yp =Yy néu k<n

T=T1T9. . Ty < Y1Y2---Yp =y néu w(z) < w(y)
hosic w(z) = w(y) va ton tai chi s6 ¢ sao cho x; = y; khi i < ¢ dong thoi
rr=1>0=y.

Nhu vay, theo thit tu don: cac vecto c6 hang bé hon dude sap trude cac
vecto c6 hang 16n hon; con trong tap cac vectd cung hang thi cac vecto co
trong lugng bé hon lai dude xép trude; va trong cac vecto dong hang va cling
trong lugng thi vecto x dudc sap truée vectd y néu trong su khac nhau dau
tien cac thanh phan ctia 2 vecto tai chi s6 ¢ thi 2y =1 > 0 = v,.

Daykin.D.E va Tran Ngoc Danh da ching minh duge rang poset B véi
thit tur don 1a mot K — poset, noi rieng, béng ctia mot doan dau (theo thit tu
don) trong B lai 1a mot doan dau. Két qua nay goi ¥ cho ching ta § tudng
md rong n6 cho mot doan bat ky trong poset B, tim kiém cac diéu kién can
va du dé bong ciia mot doan lai 1a mot doan.

2. Cac két qua chinh
Truée hét, dé tien lgi cho cac phat biéu va ching minh cac két qua, ta
dua ra mot vai quy uéc ve mit ki hieu. V6i mdi vecto x = x129 . . . x,, ta dit:
hy = max{i:z; =1}
ho = max{i : z; = 0}
[y =min{i: x; =1}
lo = min{i : x; = 0}

va khi d6, chung ta co:
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Meénh dé 1. Vdi mdi vecto Boole x = x1%5 . .. Ty, ta co:

a.

b.

C.

d.

Do do:

max Az = Ap,x
min Ajr = Az
max Agr = Apx
min Agr = Ap,x

max Ar = Ap,x, minAz = Ay

Chiing minh.

a.

C.

Dé chiing minh max Az = Ay, z, ta dat
s = min{i : 7; = 0 ma khong ton tai t € [i; ho] dé x; = 1}

Khi do, v6i Ajz € Ayx, c6 cac kha nang sau:
e Hoiic s < i < hg, hién nhien A,z = Apyx.
e Hodc i < s (khi d6 c¢6 quyéen gid st z;.1 = 1), thi Ajz < Ap,x
vi cdc thanh phan ctia A;x va Ap,x 1a nhu nhau v6i cac chi s6
j < i, trong lac d6 thanh phan tht ¢ cia Ap,z 1a 2; = 0 con
thanh phan tht ¢ cia Az 1a 2,41 = 1.
Vay: max Arr = Ap .

v =max{i : z; = 0 va khong c6 t € [lp; 1] ma x; = 1}

Véi Ajz € Az, c6 cac kha nang xay ra:
e Hoiic lp < i < v. Hién nhién, Az = Ay, 2.
e Hoiic i > v+ 1 (vi 16 rang x,,1 = 1). Khi d6, dé thay la:
A;x > Az vi cac thanh phan c6 chi s6 bé hon v clia ching la
nhu nhau, trong khi d6, thanh phan chi s6 v ctia Az 1a 2, = 0,
con thanh phan chi s6 v clia Ajyx lai la z,1 = 1.
Vay, min Az = Ay .
Dat

r =max{i:x; =1 va khong c6 t € [l1;i] ma z; = 0}

Véi bat ki A;z € Agr, x4y ra cac kha nang sau:
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e Hoic I; < i < r: Hién nhién A,z = Ay x.
e Hoaci > r+1 (virdrang x,+1 = 0 thi A;z < Ay, x, vi cac thanh
phan c6 chi s6 bé hon r ctia ching 13 nhu nhau, con thanh phan
chi s6 r ctia Aj,x 14 2,41 = 0 trong lic d6 thanh phan thi r
cua Az la z, = 1.
Vay, max Agx = Ay, x.
d. Dat

p=min{i : x; = 1 va khong ¢6 t € [i; hy] ma z; = 0}

V6i Az € Agx, ¢6 cac kha nang xay ra:

e Hoiic p < i < hy. Hién nhien Ajz = Ay, .

e Hoic i < p (va ¢6 quyen gia st x;11 = 0). Khi d6, Az > Ay,
bdi cac thanh phan c6 chi s6 trude ¢ cia A;z va Ay, 1a nhu
nhau, trong khi d6 thanh phan thi ¢ cia A;z 14 2,41 = 0, con
thanh phan tht i ctia Ay, z 14 z; = 1.

Vay, min Agx = Ap, .

Meénh dé 2. Trong poset B vdi thi tu don, cho x < y. Khi dé
a. min Ar < min Ay.
b. max Ax < max Ay.

Chatng minh. Ta chi can ching minh cho truong hop x,y € B(n,k) (cac
truong hop con lai, két qua 1a hién nhien!). That vay, néux = x1...24... 2, <
Yi... Y. Yo =y, thi ton tai chi s6 t md z; = y; khii <t, conz; =1>0=
Yt-

a. (Co hai kha nang xay ra sau cho min Az:

e Hodc min Az = min Agx = Az, tic t = hy(x). Vi cac thanh
phan ctia vecto x véi chi s6 16n hon ¢ ctia y bang 1. Vi vay:
min Ay = A;x = min Azx.

e Hoac min Ax = Ap,z v6i hi(x) > t, thi ro6 rang min Agr <
min Agy vi hai vecto nay cé cac thanh phan véi chi s6 bé hon
t 13 nhu nhau, con tai chi s6 ¢ thi z; = 1 > 0 = ;. Vay, trong
moi trudng hagp:

min Az < min Ay.
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b. Co6 hai kha nang sau xay ra cho max Ay:
e Hoac max Ay = max Ary = Ay, tidc t = ho(y). Do cac thanh
phan clia vecto y véi chi 6 16n hon ¢ déu bang 1 va w(z) = w(y)
nén chi ding mot thanh phan véi chi s6 16n hon t clia o bang
0. Vi vay:

max Az = max Arr = Ayy = max Ay.

e Hodc max Ay = Ay, y v6i hi(y) > t. Do w(z) = w(y) va su
khac nhau dau tién cac thanh phan ciia  va y x4y ra tai chi s6
tvéiz; =1 >0 =y, at ton tai chi s6 ¢ >t ma x; = 0. Do vay,
max Agx = Agx v6i ¢ > t. Vi cd hy(y) va ¢ déu 16n hon ¢ nén
Apy va Ayx gitt nguyén cac thanh phan clia y va x véi cac chi
s6 khong vuot qua t. Do d6, max Ay = Apy > Ajr = max A,.

[]

Tu ménh deé 2, tiic khic suy ra két qué:

Hé qua 1. Trong poset B cdc vecto Boole theo thit tw don, néu v < y thi
Alz,y] C [min Az; max Ay].

Van dé quan tam ctia chiing ta & day 14, v6i nhitng diéu kién nao cho z, v,
sé c6 duge bao ham thic ngude trong hé qua 1. Trude hét, ta hiy xem xét
truong hop 1i tha nhat ciia bai toan trén, khi cac vecto x,y € B(n, k). Bdi
Alz;y] = Agle;y] U Az y] voi Agla;y] € B(n— 1,k — 1) con Ayfz;y] C
B(n — 1,k) nén mudén Alz;y] 1a doan trong B(n — 1) thi buoc Aglz;y] phai
chtta phan t1t 16n nhat cia B(n — 1,k — 1), con Af[z;y| phai chita phan ti
bé nhat ctia B(n — 1, k). Nhitng doi héi nay, buoc doan [z;y] phai c6 chita
cac vectd a = v.z va b = m.u trong do

v e B(k+1,k); 2z € B(n—k—1,0); m € B(n—k+1,1) vau € B(k—1,k—1).
Sy phan tich nay dan dén ching ta c6 két qua quan trong sau:

Dinh 1li 1. Trong B(n,k) cho x < y. Bong Alx;y] la doan trong B(n—1) khi
va chi khix = v.z vay = m.u, trong dov € B(k+1,k) vam € B(n—k+1,1).
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Chatng minh. Theo sy phan tich trén, diéu kién cho x,y néi trong dinh i
hién nhién 13 can.

Do hé qua clia ménh dé 2, dé két thic ching minh dinh li, ta chi can

chiing minh béng khuyét Ayfz,y] va bong day Ay[x,y] déu la cac doan.

e D¢ chiing minh Ay[z,y] 1a doan, ta chi can ching t6 véi bat ki z =
2122 ... 2p—1 > min Agz, luon ton tai vecto a € [x,y] sao cho z € Aya.
So sanh cac chi s6 cia thanh phan 0 dau tién clia z va min Agz, ¢6 hai
kha nang sau xay ra:

— Hodc lp(z) = lp(min Agz) > lp(y). Khi d6, z = ulc véi u la vecto
v6i cac thanh phan déu 14 1. Chon a = u0lc thi dé& dang kiém tra
r<a<yvaz=ulcée€ Aa.

— Hodc lp(2) < lp(min Agz). Khi d6, chon a = 1z thi hién nhién
a < y. Dong thoi ly(a) = lo(2) + 1 < lp(x) va do cau tric thanh
phan cia z ma z < a.

Vay, trong moi kha nang: z € Ay[z, yl.

e Dé chitng minh A [z, y] 1a doan, ta chiraring véi bat ki z = z129... 2,1 <
max Ay, ludn ton tai a € [z, y] ma z € Aga.

So sanh cac chi s6 ctia thanh phan 1 dau tién cta z va max Ay, c6
hai kha ning xay ra sau:

— Hodc l1(z) = li(max Ayy) = t. Goi chi sd ctia thanh phan 0 dau
tien clia x 1alp(z) = j. Néuj > t,chona =a;...a;_1aja;41 ... ay
VOl a; = z; khii < j, a; =0, a; = z_1 khi ¢ > j. Néu j < ¢,
chon a =ay...aiar 10419 ...a, Vi a; = z;, khit < t; a1 =0 va
a; = zj—1 khi i >t + 1. Dya vao cau tric thanh phan cia z,y, ¢
thé kiém tra dé& dang trong ca hai truong hgp trén z < a < y va
hién nhien z € Aa.

— Hoiic l1(2) < li(max Ayy). Dat [ =11(z) vachona = a; ... a1
a1 ...0n vOi a; = z; khii <, a; =0 va a; = z;_1 khi i > [. Dé
dang kiém tra dé thay ring x < a <y va 2z € Aa.

Vay, trong moi kha nang: z € A¢fz;yl.
[]

Nhan xét: Trong chitng minh dinh Ii trén, chiing ta da khong xét dén
truong hop dic biet khi = 14 phan t& bé nhat, hay y 1a phan ti 16n nhat
trong B(n, k). Diéu d6 dugc khac phuc béi cac két qua manh hon sau day:
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Ménh dé 3. Trong B(n,k) cho a la phan tii bé nhat va b la phan tit 6n
nhat. Khi dé, vdi bat ki x € B(n, k), ta luon co:

a. Agla;x] la doan trong B(n — 1,k).

b. Aglx,b] la dogn trong B(n — 1,k — 1).

Chiing toi danh cho doc gid tu chiing minh cac két qua nay va st dung
ching cho vién chitng minh dinh i sau:

Dinh 1li 2. Trong poset B cdc vecto Boole theo thit tu don, cho v < y. Khi
dé, bong Alxz,y] la mot doan néu xdy ra cac truong hop sau:

a. r(x) <r(y).
b. r(x) =r(y) vaw(y) —w(x) < 2.
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Tém tit

Trong bai bao nay, ching toi xem xét vé boéng clia mot doan trong
poset B céac vectd Boole theo theo thit tir don va dua ra mot vai dieu kien

can va di dé bong ctia mot doan trong poset B lai 1a mot doan.
Abstract

The shadow of a segment in poset B of 0,1 vectors

In this paper, we look for shadow of a segment in poset B of 0,1
vectors, in which were defined squashed order, and prove some necessary

and sufficient conditions for that the shadow of a segment is a segment.



