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ABSTRACT

In this paper, we present the experimental results in verifying the research hypothesis
represented in the article “An epistemological analysis of the concept of quotient group” (Nguyen
Ai Quoc, 2018) about the existence of three difficulties to students in first approaching the concept
of quotient group. And these difficulties are derived from three epistemological obstacles: intrinsic,
abstraction, and structuralisation.

Keywords: epistemological obstacles, difficulties, quotient groups.
TOM TAT
Mgt nghién cizu thuc nghiém vé cdc khé khén
lién quan dén viéc hoc khai niém nhém thwong
Trong bai bdo ndy, chiing téi trinh bay két qua thirc nghiém kiém chimg gia thuyét nghién
cieu néu trong bdi bdo “Mot phan tich tri thirc luan vé nhém thuong” (Nguyén Ai Quoc, 2018) vé sir
ton tai ciia ba khé khan d@oi véi sinh vién khi lan ddu tién tiép cdn khdi niém nhém thiong va cac
khé khén nay c6 nguén goc tir ba chuéng ngai tri thirc ludn ciia khdi niém nhém thwong: néi tai,

trieu twong hoa, va cau truc hoa.

Tir khéa: chudng ngai tri thire ludn, kho khan, nhom thuong.

1. Introduction
1.1. Some preparable knowledge

The group concept is one of the abstract concepts of group theory. The definition of
quotient group we refer to in this paper is the modern “standard definition” used in current
curriculums. In the following, we present a brief description of the concept of quotient
group and the concepts needed to build this concept, based on the syllabus "General
Algebra" by Hoang Xuan Sinh, Tran Phuong Dung (2003).
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e Concept of coset

The concept of cosets was introduced in the syllabus by Hoang Xuan Sinh, Tran
Phuong Dung (2003) after the definition of equivalence relation in a group. The concept of
left class and of right class must be defined as follows: “The components xA are called the
left classes of the subgroup A (or the left cosets mod A) in X. Similarly, the right classes Ax
of A (or the right cosets mod A) in X are the components whose elements have the form ax
with a € A” (p. 29)

e Concept of subgroup

After reviewing the group structure and stability of the group, Hoang Xuan Sinh,
Tran Phuong Dung (2003) defines the concept of subgroup as follows: “A stable part A
of a group X is called the subgroup of X if A with the induced operation makes a

group.” (p. 22)
e Concept of normal group

To bring about the concept of normal subgroups, Hoang Xuan Sinh, Tran Phuong Dung
(2003, p. 31) addresses some of the constraints related to normalized subgroups such as:

- Equivalence relation on a subset;
- Concepts of left cosets and of right coset.
The concept of a normal subgroup is defined as follows:

“A subgroup A of a group X is called normal subgroup if and only if x'ax < A for
everya e Aand x € X.” (p. 31)

In addition, the concept of normal subgroup is equivalent to the following
(characteristic) theorem of normal subgroup: "Suppose A is a subgroup of a group X, the
following conditions are equivalent:

a) A s normal subgroup;
b) XA = Ax pour tout x eX.” (p. 32)

e Concept of quotient group

After introducing the concept of normal subgroups, Hoang Xuan Sinh, Tran Phuong
Dung (2003, p. 32) defines quotient groups by the following theorem:

“If A'is a normal subgroup of a group X, then:

(i) The rule for correspondence pair (XA, yA), the left class XyA is a mapping from X/A
x XIA to X/A;
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(if) X/A with binary operations (xA, yA) — xyA makes a group, called the quotient
group of Xon A.” (p. 32)

1.2.  Some remarks and hypothesis

Presenting the concept of a quotient group through the concept of normal subgroups
and the structuralization of the quotient group into classes by equivalence relation (section
1.1) can lead to difficulties faced by students (SV) when approaching the concept of
quotient group. Indeed, in July 2016, Nguyen Ai Quoc (2018) conducted an initial
interview among 8 students majored in Pedagogy of Mathematics in Saigon University and
Dong Nai University on the concept of quotient group. The survey results have shown the
three main difficulties during the interviews: the distinction between the elements of the
quotient group and those of the original group, the comprehension of nature of the
elements and that of the operations of quotient group, and the realization of fundamental
factors in the constructing of a quotient group.

On the other hand, in the analysis of historical epistemology, Nguyen Ai Quoc
(2018) identifies three important characteristics, appearing continuously and throughout
the process of constructing the concept of quotient group:

- Intrinsic characteristic: the quotient group is derived from the elements of the
original group;
- Abstract characteristic: associated with the construction of general quotient group;

- Structural characteristic: the quotient groups include equivalence relation, quotient
set, cosets, equivalence classes, normal subgroup, homomorphism, isomorphism.

From there, Nguyen Ai Quoc (2018) identified three obstacles for students when first
approaching the concept of quotient group:

- Intrinsic obstacle: associated with the construction of the quotient group from
elements of the original group;

- Abstract obstacle: This obstacle generates the difficulties that students face when
they transfer from research on sets of specific numbers (represented objects) to research on
symbol systems (representative objects);

- Structural obstacle: associated with the structuralization of the quotient group into
classes by equivalence relation.

These empirical and epistemological analysis allow Nguyen Ai Quoc (2018) to refer
to the hypothesis H on the existence of three difficulties (DF) in most students when first
approaching the concept of quotient group:
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DF1: the distinction between the elements of the quotient group and those of the
original group;

DF2: the comprehension of the nature of the elements and that of the operations of
quotient group;

DF3: the mastery of fundamental factors in the buiding of a quotient group.

This hypothesis will be verified by an experimentation that we will present in
this paper.

2.  Experimentation

The experimentation were conducted among 143 students of three universities: Ho
Chi Minh City Pedagogic University - training high school teachers, Sai Gon University -
multidisciplinary university training secondary and high school teachers, and Dong Nai
University - multidisciplinary and applied university. These students have completed the
course in General Algebra, which includes knowledge of the quotient group. The students
on whom we conducted the survey in July 2016 (section 1.2) will not participate in this
experimentation.

The experimentation included a written questionnaire, which was conducted in June
2017, for a period of 45 minutes.

2.1. Experimental content

The questionnaire was designed to validate the hypothesis H on the three
epistemological obstacles of the quotient group: intrinsic obstacle, abstract obstacle, and
structural obstacle. These obstacles will be identified by determining three types of
difficulties for students when approaching the concept of quotient group presented in
section 1.2: distinguish between the elements of the quotient group and those of the
original group; comprehend the nature of the elements and of the operations of quotient
group; realize the fundamental factors in the buiding of a quotient group. Therefore, the
questionnaire was designed to include the following types of tasks:

T1: Describe elements of a quotient group;

T2: Describe the relationship between the quotient group G/H and the original group G;
T3: Describe the normal subset H of group G;

T4: Describe the nature of the elements and of the operation in G/H;

T5: Describe the conditions for constructing a quotient group G/H from the original
group G using the normal subgroup H of G.
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The questionnaire consists of 6 questions as follows:

Question 1. Please tell each of the following statements True (S) or False (S)?
Given H as a subgroup of group G. H is normal subgroup of G if and only if ...
(a) Vh € H,Vx € G,3y € H: hx = xy
(b) Vh € H,Vx € G,hx = xh
(c)Vx € H,Vh € H,xh = hx
(d)Vh € H,Vx € G,3y € G: hx = xy.

Question 1 is of task type T3: Describe the normal subset H of group G.

The purpose of question 1 is to examine whether the students recognize a definition
of the normal subgroup in the proposition (a), which differentiates the definition of normal
subgroup from the definition of group's center in the proposition (b), and from the
definition of commutative subgroup in the proposition (c), or from the statement applied to
any subgroup in the proposition (d).

Question 2. To construct a quotient group G/H, is H necessarily a normal subgroup
of G? Please explain your answer.

Question 2 is of task type T5: Describe the conditions for constructing a quotient
group G/H from the original group G using the normal subgroup H of G.

The purpose of question 2 is to determine if the students know that H must be a
normal subgroup to construct the quotient group G/H and see if they can explain it.

The correct answer is “yes” because the quotient group is constructed by the group G
and the normal subgroup H. To be more exact, the normal condition of H is necessary to be
able to construct a binary operation on the quotient set G/H to make it a quotient group.

Question 3. Is the quotient group G/H always a subgroup of the group G? Please
explain your answer.

Question 3 is of task type T2: Describe the relationship between the quotient group
G/H and the original group G.

The purpose of question 3 is to find out if there is any idea that G/H is (or could be) a
subgroup of G, and if so, to learn why students answer “yes” to this question.

The correct answer is “no” because G/H is not a subset of G and therefore it can not
be a subgroup of G, although if G is cyclic, then G/H is isomorphic to a subgroup of G.

Question 4. Can the elements of the quotient group G/H be elements of G? Please
explain your answer.
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Question 4 is of task type T1: Describe elements of a quotient group.

The purpose of question 4 is to determine if there is any idea that the elements of the
quotient group G/H are (or may be) elements of G, and, if so, to learn why the students
answer “yes” to this question.

The correct answer is "no" because the element of quotient group G/H is a coset
following the normal subgroup H so it can not be an element of G.

Question 5. Can we establish one (or many) relationships between the phrase
“quotient group” and the meaning of the word “quotient” in arithmetic? Explain why?

Question 5 is of task type T4: Describe the nature of the elements and of the operation
in G/H.

The purpose of question 5 is to determine whether or not the incorrect relationship is
established between the quotient group and the arithmetic quotient by the students in
answering this question. More specifically, determine if there is any idea that each element
of the quotient group is the ratio of one element of G to one element of H.

The correct answer is “yes” because the quotient group is the generalization of the set
of congruence classes in arithmetic for an arbitrary group.

Question 6. Are the elements of a quotient group G/H the equivalence classes? If
you answer “Yes”, please tell what the relative equivalence relation is?

Question 6 is of task type T1: Describe elements of a quotient group.

The purpose of question 6 is to determine whether the students understand that the
elements of a quotient group are equivalence classes, and whether in the case of a “yes”
answer, they can describe the relative equivalence relation.

3

The correct answer is “yes” because an element of the quotient group G/H is an

equivalence class. The relative equivalence relation is that “Va,b € G,a~b & aH =
bH © 3h € H,a = bh.”

2.2. Anticipation of students’ difficulties when answering questions

Table 1 below summarizes the task types associated with the above six questions and
the ability to determinine the students’ difficulties.
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Table 1. Difficulties associated with answering each empirical question

Questions Task types Difficulties
Q1 T3: Describe the normal subset H of group G DF3
02 T5: Describe the conditions for constructing a quotient group G/H DF2. DF3
from the original group G using the normal subgroup H of G '
03 T2: D_es.cribe the relationship between the quotient group G/H and DFL, DF2
the original group G
Q4 T1: Describe elements of a quotient group DF1, DF2

Q5 T4: Describe the nature of the elements and of the operation in G/H. DF2, DF3

Q6 T1: Describe elements of a quotient group DF2, DF3

2.3. Posterior analysis

In this section, we present the results of the analysis of the students’ responses to
each empirical question

Question 1. Please tell each of the following statements True (S) or False (S)?
Given H as a subgroup of group G. H is normal subgroup of G if and only if ...
(a)Vhe H Vx € G,3y EH:hx = xy
(b) Vh € H,Vx € G,hx = xh
(c)Vx € H,Vh € H,xh = hx
(d) Vh e H,Vx € G,3y € G: hx = xy.

Among 143 students who answered the questionnaire, 78 persons (54.55%) did not
choose the proposition (a) (i.e. that the proposition (a) was wrong), that means they did not
recognize this as a statement that allows to define a normal subgroup.

Among 62 students (43.36%) who chose the proposition (a) (i.e. that the proposition
(a) was correct), 11 also chose the proposition (b) defining the group center and 6 also
chose the proposition (c) defining commutative subgroups, i.e., they think that these
propositions are equivalent to the proposition (a).

Three students did not answer question 1, which means they could not percieve the
four propositions as correct or wrong. Among 78 students who did not choose the
proposition (a), 35 persons (17.48%) chose the proposition (b) defining the group center
(including 11 persons who also chose the proposition (a) above), 27 persons (18.88%)
chose the proposition (c) defining a commutative subgroup (including the 6 persons who
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also chose the proposition (a) above) and 16 persons (11.19%) chose the proposition (d)
that is a statement applied to an arbitrary subgroup.

These results show that students have difficulty in describing normal subgroups. This
difficulty belongs to type DF3: “the realization of fundamental factors in the building of a
quotient group”.

Table 2. Response results of the question 1 of students

Questions la (True) la (False) 1b (True) 1c (True) 1d (True)
Amount 62/143 78/143 35/143 27/143 16/143
Percentage 43,36% 54,55% 17,48% 18,88% 11,19%

Question 2. To construct a quotient group G/H, is H necessarily a normal subgroup
of G? Please explain your answer

33 students (23.08%) answer “no” to question 2, which means they do not think that
subgroup H is not necessarily the normal subgroup to build a quotient group G/H.

On the other hand, among 110 respondents (76.92%) who answered “yes”, 83 did not
adequately explain their answers. For example, 41 students explained that “H is necessarily
a normal subgroup because the quotient group must be built on the subgroup of the original
group G” or "according to the definition of quotient group G/H, H must be a normal
subgroup™.

The results show that the majority of students (76.92%) know that to build a quotient
group G/H, subgroup H must be a normal subgroup, but most (75.45%) of this group can
not explain why. Thus, the majority of students met the difficulty of type DF2: “the
comprehension of nature of the elements and that of the operations of quotient group”, and
DF3: “the realization of fundamental factors in the building of a quotient group”.

Question 3. Is the quotient group G/H always a subgroup of the group G? Please
explain your answer

121 students answered “yes” to question 3, which means they considered the quotient
group G/H a subgroup of group G. Among them, 24 students explained that because the
quotient group is constructed from the normal subgroup H of G, the quotient group G/H is
a subgroup of G; 87 students explained that the elements of the quotient group G/H are
elements of the original group G; there are 10 students who explained that if H = <e> then
G/H s G.

Analytical results show that students met the difficulty of type DF1: “the distinction
between the elements of the quotient group and those of the original group”, and of type
DF2: “the comprehension of the nature of the elements and that of the operations of
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quotient group”. These difficulties are related to the conception that the quotient group is
made up of the normal subgroup H and from the elements of the original group G.

Question 4. Can the elements of the quotient group G/H be elements of G? Please
explain your answer

Similar to the result of question 3, in question 4, there are 121 “yes” answers,
which means that the elements of G/H can be elements of G. Among these answers, there
are many similar answers as: “The element of G/H is the product of an element of H and
an element of G, because H is a subgroup of G, that element should belong to G”, or
“Because elements of G/H are equivalence classes consisting of many elements of G,
they should belong to G”, or “Because the quotient group G/H is constructed by elements
of G, the elements of G/H should belong to G, or “Because the quotient group G/H is a
set of the equivalence classes of G with normal subgroup H, if x belongs to G/H, then x
should belong to an equivalence class of G with a normal subgroup of G, thus x should
belong to G”.

Among 22 correct answers to question 4, most explain that because an element of the
quotient group G/H is an equivalence class, it can not be an element of G.

Thus, when answering question 4, students have difficulty of type DFI1: “the
distinction between the elements of the quotient group and those of the original group”,
and of type DF2: “the comprehension of the nature of the elements and that of the
operations of quotient group”. These difficulties are related to the conception that the
quotient group G/H is made up of the elements of the original group G.

Question 5. Can we establish one (or many) relationships between the phrase
“quotient group” and the meaning of the word “quotient” in arithmetic? Explain why?

For Question 5, 89 students answered “no”, which means that they could not
establish the relationship between the phrase “quotient group” and the meaning of word
“quotient” in arithmetic, but most did not adequately explain the answer. For example,
there are such explanations as: “The quotient group is the phrase associated with the
symbol G/H of the quotient group, unlike the quotient of two numbers in the arithmetic”,
or “The quotient group can not be compared to the set of numbers”.

However, 37 students answered “yes” and explained that “there is a similarity in
partitioning of a group into cosets to create the quotient group and partitioning of a set of
numbers into subsets by congruence relations”, or “the division in quotient groups is
similar to the division in arithmetic”. The remaining 17 students answered “do not know”.
In particular, none of the students mentioned the division of each element of G by each
element of H as found in the original survey experiment.
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Thus, the answers of the students showed that they met difficulties of type DF2: “the
comprehension of nature of the elements and that of the operations of quotient group”, or
of type DF3: “the realization of fundamental factors in the building of a quotient group”.

Question 6. Do the elements of a quotient group G/H have to be the equivalence
classes? If you answer “Yes”, please tell what the equivalence is?

123 students answered “yes”, which means they know that the elements of the
quotient group G/H are equivalence classes. However, only 55 students have written out
the equivalence relation, and the rest are either incorrect or incomplete.

Thus, although most students know that the elements of the quotient group are
equivalence classes, they still meet difficulties of type DF3: “The realization of
fundamental factors in the building of a quotient group”.

3. Conclusion

The experimental results show the existence of three types of difficulties the students
face when they first approach the concept of quotient groups: the distinction between the
elements of the quotient group and those of the original group (DF1), the comprehension
of the nature of the elements and that of the operations of quotient group (DF2), and the
realization of fundamental factors in the building of a quotient group (DF3).

The first type of difficulty (DF1) is evident in the students’ answers to questions 3
and 4, in which they perceive that the quotient group G/H is a subgroup of the original
group G and the elements of the quotient group are the element of the original group G.
This difficulty comes from the intrinsic obstacle associated with the construction of the
quotient group from the original group.

The second type of difficulty (DF2) is shown by the students’ answers to questions 2,
3, 4, 5 and 6, in which they do not have a clear conception of the shape of the elements of
the quotient group and how the operation is performed. This type of difficulty comes from
the abstract obstacle as students transfer from research on specific sets of numbers
(represented objects) to research on symbol systems (representative objects) and from the
obstacle associated with the structuralization of the quotient group from the original group
into equivalence classes.

The third type of difficulty (DF3) is shown by the students’ answers to questions 1
and 2, in which they neither recognize the structure of a normal subgroup nor explain why
the subgroup H must be group normal subgroup.

The experimental results allow us to validate the hypothesis H of the existence of
three types of difficulties that are derived from three obstacles: intrinsic, abstract, and
structural.

41



TAP CHi KHOA HQC - Truong DHSP TPHCM Tap 15, S8 7 (2018): 32-43

. Conflict of Interest: Author have no conflict of interest to declare.

REFERENCES

Artigue, M. (1991). Epistémologie et Didactique. Recherche en Didactique des Mathematiques,
vol.10, no.3, 241-286.

Bessot, A., Comiti, C., Le, T. H. C. & Le, V. T. (2009). Fundamenal elements of Didactic of
Mathematics. Ho Chi Minh City: National University.

Brousseau, G. (1983). Les obstacles épistémologiques et les problémes en mathématiques.
Recherches en didactique des mathématiques, 4(2), 165-198.

Chevallard, Y. (1991). La transposition didactique du savoir savant au savoir enseigné. Grenoble:
La pensée Sauvage.

Dong Nai University. (2013). Tertiary Education Curriculum and Training Program: Mathematics
Pedagogy.

Duval, R. (1993). Registre de représentation sémiotiques et fonctionnement cognitif de la pensee.
Annales de Didactique et de Sciences Cognitives, vol.5, 37-65, IREM de Strasbourg.

Duval, R. (1995). Semiosis et pensée humaine: Registres sémiotique et apprentissages intellectuels.
Berne: Peter Lang.

Ho Chi Minh City Pedagogical University. (2016). Tertiary Education Curriculum, Faculty:
Mathematics Pedagogy.

Hoang, X. S. & Tran, P. D. (2003). General Algebra. Ha Noi: Pedagogical University.

Lajoie, C., Mura R. (2004). Difficultés liées a I’apprentissage des concepts de sous-groupe normal
et de groupe quotient. Recherches en didactique des mathématiques, vol.24, n°1, p.45-80.

Lajoie, C. (2009). Un groupe en quéte de théorie: un probléme pour les étudiants en maths!.
Montréal: Editions Bande didactique.

Le, T. H. C. (2017). The necessity of epistemological analysis for research on teaching activities
and teacher training. 6th International Seminar on Didactic Mathematics, Ho Chi Minh City
Pedagogical University.

Lewis, J. (2013). An Analyse of Students’ Difficulties in Learning Group Theory. Thesis in The
Department of Mathematics and Statistics, Concordia University, Montreal, Quebec,
Canada.

Mili, R. 1. (2016). Identification d’obstacles et de difficultés inherents a [’apprentissage de
[’algebre abstraite. Mémoire présente a la Faculté des études supérieures en vue de
I’obtention du grade de maitrise ¢s arts en sciences de I’éducation, option didactique,
Université de Montréal.

42



TAP CHi KHOA HOC - Truong DHSP TPHCM Nguyen Ai Quoc

Nguyen, A. Q. & Nguyen, T. V. K. (2017). An epistemological analysis in teaching advanced
algebra: the case of group. 6th International Seminar on Didactic Mathematics, Ho Chi
Minh City Pedagogical University.

Nguyen, A. Q., Nguyen, T. T. T. (2017). The contributions of epistemological analysis for teaching
linear algebra: the case of vector space. 6th International Seminar on Didactic Mathematics,
Ho Chi Minh City Pedagogical University.

Nguyen, A. Q. (2018). An epistemological analysis of the concept of quotient group. Journal of
Science of Ho Chi Minh City University of Education, vol. 15, no. 5b, 139 — 152,

Nicholson, J. (1993). The development and understanding of the concept of quotient group,
Historia Mathematica, 20, 68 — 88.

SaiGon University. (2016). Tertiary Education Curriculum, Faculty: Mathematics Pedagogy.

43



