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CHINH HOA BAI TOAN NHIET NGUQC THOI GIAN
BANG PHUONG PHAP LAP LANDWEBER

Pham Hoang Quan’, Phan Trung Hiéu
Lé Minh Triét, Nguyén Quang Huy'
1. Mé dau

Bai toan ngugc thoi gian cho phuong trinh nhiét nham xac dinh phan bd
nhiét do tai thoi diém ban dau t = 0 tir phan b nhiét do do dugc tai thoi diém sau
d6, chang han tai t = 1. Bai toan nay con cd thé coi nhu mot bai toan diéu khién:
bai toan diéu khién phan bd nhiét d6 ban dau (t = 0) dé c6 thé nhan duoc phan b
nhiét 6 nhu y mudn tai thoi diém t = 1. Pay 1a mot bai toan khong chinh theo
nghia 1a n6 khong ludn ludn ton tai nghiém va ngay ca khi nghiém cua bai toan
ton tai thi n6 lai khong phu thudc lién tuc theo dir kién. Bai toan nay duoc rat
nhiéu nha todn hoc quan tim khao sat. Chung ta c6 thé tham khao [1], trong d6
ngoai cAc tai liéu trich dan phong ph, tac gia cOn cho ta mot cai nhin tong quan
vé cac phuong phéap khao sat ciing nhu chi ra nhiing van dé con bo ngé cua bai
toan nguoc thoi gian cho phuong trinh nhiét. Cu thé, trong [2], céc tac gia dua ra
nghiém chinh héa nhu 14 t6 hop tuyén tinh mot s6 hiru han cac ham riéng cia
todn tr - A va trong [3], tac gia chinh hoa bai toan trong trudng hop tong quat
nhu 1a mot phwong trinh vi phén trong khong gian Hilbert triru twong. D¢ y rang
mién phan bd nhiét khao sat trong [2] va [3] 1a c&c mién bi chan.

Trong bai bao nay, ching toi khao sat bai toan ngugc thoi gian cho phuong
trinh nhiét trén [J . Bai toan s& dugc chuyén vé mot phuong trinh tich phan loai
tich chap va duoc chinh hoa bang phuong phap lip Landweber ciing nhu dua ra
danh gia sai s6 gitta nghiém chinh hoa va nghiém chinh xac. Cu thé, chiing toi
ching minh rang néu sai so giita dir kién chinh xac va dir kién nhan dugc do do
dac 1a & thi sai s6 giita nghiém chinh x4c va nghiém chinh hoa c6 bac 14

1 khi 6 — 0.

In (\/15

“TS, Pai Hoc Sai Gon.
"Pai hoc Khoa hoc Ty nhién Tp.HCM.

10



Tap chi KHOA HOC PHSP TP. HCM Pham Hoang Quan va cac tac gia

2. Phwong trinh tich phan va chinh héa
2.1. Baitoan thuan

Xét phuong trinh nhiét

o°u  ou .

yza ) (X,t)ED x [ (1)
véi diéu kién

ux,0)=v(x) xell. 2)

Bai toan thuan cho phuong trinh nhiét duoc khao sat 1a nham xac dinh
u(x,t) thoa hé théng (1) - (2) véi v(x) 12 ham lién tuc, bi chan cho trudc.

Ta dé dang tim duoc nghiém cua bai toan la

u(x,t) = L 2\/% exp{%}wé)dé- ©)

2.2. Bai toan ngwgc thoi gian cho phwong trinh nhiét

Xét phuong trinh nhiét

o’u  au
—_—=—, x,)el x° 4
ox> ot (B el )
Vi cac diéu kién
ux,0)=v(x) xel (5)
ux,1)=g(x) xell. (6)

Bai toan ngugc thoi gian cho phuong trinh nhiét dugc khao sat 1a nham xac
dinh an ham v sao cho hé thdng (4) - (5) - (6) c6 Mot nghiém u véi g 1a dit kién
cho trudc.

Tur (3), thay t = 1, két hop vdi (6), ta co
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| v(é)exp{—%}dé ~g(0). )

bay 1a mot phuong trinh tich phan loai tich chap theo v(£) va ciing 1a mot
bai todn khdng chinh. That vay, ta dat

K (X) =~/7 exp {—X{}. 8)

Taco, voimoi X ell

(K )00 == [VEK (- )dé zﬁIV(é)eXp{—(xf) }dé

va (7) dugc viét lai thanh
(K *v)(X) =g(x). )
Tur (8), ta co

K (o) = ﬁf K (x)e " dx = /276 " (10)

va lay bién doi Fourier hai vé cta (9), ta nhan dugc dang thirc

K (0)(o) = §(w).
Xét phuong trinh

P(V)=g
trong d6 P:L°(0)—LP0) (11)
Vv > P)=KV.

Phuong trinh P(V) = § 1a khdng chinh vi khdng thoa tinh ton tai. That vay,
lay

§ =K, khi do \7:%:1¢ L2(0).
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2.3. Chinh héa bai toan nhiét ngwoc thoi gian bang phwong phap Lip
Landweber
Bay gio, goi v, la nghiém chinh xac can tim cua (9) tmg véi dir kién chinh
Xac g, o vé phai va goi g s la dit kién bi nhiéu nhan dugc do do dac, ta duge két
qua sau
Pinh li. Gid st v, e L*(0) va Hg5 - geXHZ <0 Vdi HHZ la chudn trong

L*(0)). Khi do, ton tai nghiém xdp xi 6n dinh V; cua (9) sao cho HV5 -v. | —0

6X2

khi &6 — 0. Hon nita, néu v, € Hl(D ), 6€(0,1) thi

o c
()

C=4max{LE,E,},

v - v

ex

Véi C 1a hang s6 thoa

trong @6 E,, E, 1a cac hang sé dwong sao cho |V,

11 21

Vi A(X) = |x|.
Chirng minh. Tur (11), ta co
P> °(0)— L2()
trong do
P2(9) = P(P(9)) = P(K0) = P(K #v) = KK #v = KKi = K .
Ta c0 day lap theo phuong phap lap Landweber :

vO=0 va v"=(l —iP )Am‘l+iK _(1——R W+ Kg (12)
2r 2w

Bang cach quy nap theo m, ta thay rang V" ¢6 dang nhu sau
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R AAm—l l 2 k
vm:iKg (1——R j voim=1,2,... . (13)
21 k=0 21
Tu (13), tng véi dir kién do, ta co
m =L Rg mj(l L ij Sim=1,2 (14)
Ve =— -— ,Vo6im=1,2,... ,
0 21 g5k=0 21
va ung véi dir kién chinh xé&c, ta co
=L Kg mi(l ! ij Sim=1,2 (15)
vV, =— -— ,Vo6im=1,2,... .
ex o7 gexk:0 o7
Taco
Vs — Ve 9 :HV5 — Ve 9 < Vs — Ve 9 F{[Vex — Vex 9 (16)
Trudec tién, ta chimg minh |V§' — V7 , — 0 khi 6 = 0.
Tur (14) va (15), taco
R TSN .= VO BN
vl —v" =—K(]§. - 1-—K voim=1,2,... . 17
o ex 271_ (gb gex)é( 271_ j ( )
Hon nita, chl ¥ dén (10), ta c6
2 2 2
0<L(R(w)) :i27re_2“’ = <1 voimoi well
2w 2w
suyra
2
0<1—i(R(w)) <1. (18)
2w
Tur (17) va (18), taco
el |1 N L N L A AN AU
Vo =V | =|—~27e® - 1-—K <—m|Q, —
[ ex 271_ (95 gex)é( 271_ j 272_ ‘gé gex‘
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Vay
1 14 4~ p
< - . 19
277: ‘gé gex‘ ( )
Hon nita, vi (§, —§,.) e L*(0) nén (V] —V0) e L*(0). (20)
Tur (19) va (20), ta co
1 1
<—m|g, -9,], <—ms. 21
2~ fon Hga g Hz o (21)

Bay gio, ta s& chon m(J) sao cho m(5) —o0 va m(5)6 — 0 (khi

1
N2
0 —0).

Ta chon m(d) sao cho im(5) si. Vay ta chon

Jer Js

wl
Vor

N 27 . .
trong do { } Ia s0 nguyén I6n nhat khong vuot qua .
o \Oo

(22)

Khi do

50
m(8) - o va 0<

7O _y Am(a‘)H <fm(5)5_\/_ =5 .

Vay

(23)

Taco
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mi(liszkl(lzlﬂwjm :1_(1—217TR2jm. .

o\ 27 1-a- kY L’
T 27
Tur (15) két hop véi (24), ta co
. 1—(1—21sz -
- RRE)— 22 og a2k ] )
2n 1y? 2n
27
suy ra
vgg—vex:oex(l—(l—iﬂz)mj—oex:—oex(l—iﬂz)m. (26)
27 27

Tur (26) va (18), taco

A A .
Vex —Vex| = T <|Vex
va
2m
am A PR A N2 1 52 .
Vo, =V | =(V,) LER — 0 khi m > 0.

Vi V_ e L’(0) nén theo Dinh Ii hgi tu b chin, ta co

(93 -9, )e *(0) (27)
va
Ver = Ve[, = 0 khi m — o0, (28)
T (16), (23), (28), ta dugc
Vs — Ve, >0 khi 6 —0.
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biat vy =v§ . Nhu vy, ta d& chimg minh dugc

ex

v - v

,—0 khi § 0.
Bay gio, véi gia thiét v, e H'(J) va A(x) =|x|, taco
V., € L*(0),
suy ra
g;x el’(0).
Hon nira, ta co
V. (0) =il (o),

suy ra

Vo @) =il (@) =|ol, ()] =[4@),@)

Vay
N, el’(0).
Tur (27) va (26), ta co

= [l (@) (1—%@(@))2]%(1@: |

0 0

Am A
Ve — Vey

ex

@[ (1-e*) do

= [Jia @) (1-e*) "do+ |

D 0\D

@ (1-e*) do (29)

trong do

D:{a):a)2 Sr;} v6imoi I; >0, r; sé duoc chon sau .

- . 7 —_ 2 —_, 2 ~
Véimoi e D, tacd o’ <r},suyral—e? <1-e™>%, chonén

17



Tap chi KHOA HOC DHSP TP. HCM S6 18 nam 2009

[[o.@f (1-e*) " do< |

D D

0, @) (1-27) " do.

Hon nira, ta c6

2

Vi (CO)‘2 do < (1_ o 2% )2”‘ .

[0 @)f (L& )”" do=(1-e )”" | AR
D D
Vay
9., (@) (1-e )2m do<(1-e? )2m A (30)
D
Mat khac, ttr (10) va (18), ta co
0< (1— g2 )2m <1,
(31)
suy ra
[ fat@)f (1-e* )”" do< [ [0, () do. (32)

0\D U\D

o R 1 1 N
Hon nita, voi moi @ ¢ D thi 1°(w) =w’ > 1}, suyra — <—, cho nén
@ s

~ ~ 1 ~ 1y,~ 2
[ [ou@) do< [ 2@, do<= [[4e), @ do=5]13, . @)
0\D r5 0\D r(S ] r5
Tu (32) va (33), ta dugc
2\2m R
[ @) (1-e7) " dor < 2|9, . (34)
0\D r5 2
Tir 29), (30), (34), ta duge
2\2m ~
vl -V, ‘< (l—e‘zrﬁ ) v, ’ +i2 YA ’
2 2 r5

suy ra
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~ ~ 2\M 1o 1,4
Vo —V,, s(l—e‘zrﬁ) V., +—Mvex (35)
2 2 ré 2
Tu (16), (21), (35), ta duoc
1 —2r2 ma 1 ~
Vg =V, | < ms +(1—e r”) V|l +—|AV,,
J 2 27 2 I‘é‘ 2
1 1
s—m5+(1—e-2fﬁ) E+—E
/—272_ 1 ) 2
1 1
<C —m5+(1 e-f“?) L= (36)
1{\/271 s
v6i Cy 1a hang sb thoa
C,=max{LE,E,}.
Hon nira, ta c¢6
m —2r? m
( L zj:1+e | vmen. (37)
1_ e—2r5 1_ e—2l’5
Theo bat dang thirc Bernoulli, ta c6
—2r? m —2r?
S5 m S5
lv— | >1+™  ymen. (38)
1-e™" 1-e"
Tir (37) va (38), ta dugc
(1—e—2f3) <1 < L - Vmell . (39)
me<® 1+me™“"
I+ =7
1-e°
Tir (36) va (39), ta dugc
1 1 1
Ve —v || <C,q—ms +———+—¢. (40)
° 2 1{\/271 1+me™" rg}
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V&i cach chon m(&) nhu (22) thi m(6) > va L m(6)o — 0 (khi
N2
0 —0), tas€ chon r; sao cho r; — oo va — 0 (khi 6 —0).

1+m(s)e "

2 In(m(S
Ta chon I, sao cho &% :;, suyra r; = In(ym(5)) , khi dé
Jm(s) 2
50 . 1 1 60
I, — 0 va

- = 0.
1+m(S)e™  1+./m(5) —

Nhu vy, tir (40), voi céch chon m(8) = {%} . = [n/m©) \/2”‘(5)) 1

duoc
1 [ 2
2 Cl{£+ 1+./m(5) " In(\/m(é))} 4

v6i Cy 12 hang sb thoa

Vi) —y

ex

C,=max{LE,E,}.

mes) . C
2 1

5 ex In lj
Js

Bay gio, ta ching minh véi 6 € (0,1) thi

\ Vv

véi C =4max{L,E,E,}.

Vi 8 €(0,1) nén 0<+/5 <1, suyra i>1. Ta dé dang co

NG

%%j < %, (42)

suy ra
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5In[%j< o <1,

Vi vay, ta duoc
\/§<; véi 8 €(0,1). (43)
1
In| —
(JE
27 27 N
Vi 0<+/8 <~+/27 =1 nén > . Tada dang c6
s T \2m -1 J

1 JE\/E{F} (s).
J5 2zds s Js

Tir (42) va (44), taco

(44)

In(%)< m(s).

suy ra

1
|n($j <m(8) </m(5) +1,

Vi vay, ta dugc

1

)
o

T (44), tacod

voi 6 € (0,1) vavéi m(o) = {

J2r
%]

1
In(m(5)) > In[ﬁj,

suy ra
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In(Ym(3)) >%In[%j,
Vi vay, ta dugc

[ 2 2 g | Nex
In(\/m(5)) < \/In(lj v6i 6 €(0,1) va m(5)—{ 75 } (46)

J5

T (41), (43), (45), (46), ta dugc

<C, 1 N 1 N 2 _ C 1

() V() Ve(5)] ()

C=4C,=4max{LE,E,}.

Vi) —y

e><2

co"“

trong do

% wise(0a).

Nhu vay, ta da chung minh dugc HV5 -V

e><2

7~/ N\
-
~—

Dinh li d& duoc ching minh.

2.4. Vi du minh hoa
Ta xét mot vi du cu thé minh hoa cho céc tinh toan Iy thuyét & muc 3.
Xét phuong trinh nhiét

2
%:Z_ltj , (x,t)el xO°

Vo1 cac dicu kién

ux,0)=v(x) xel
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ux,1)=g(x) xell.

Xét dir kién chinh xac

thi

va nghiém chinh xac tuong tmg la
2
v, (X)=e",

suy ra

xze—ixde: 1 eT.

A 1 ¢
Vex(w)ZE__[oe NG

Xét dit kién binhiéu g, (x) =1+ Q/E&gex(x) ,taco
T

10 10 10, |«

Khi d6, nghiém chinh hoa la
v, (%) ZLT@ (@) do.
N2 2,

19, = 9., =

2

trong do

1— (1_ e—sz)m

\/27re_“’2 1

0(0) = () =5 R @5, 1-5-(K@) | =4,

Vi1
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K (@) = 27 m= {

§; (@) = Jl— [ 9, (0e " dx = (1+ 4

2=
o]

Ta tinh dugc sai s0 va danh gia sai so cho bdi bang sau

C
51 m q, .n(lj Vs = V],
J5
-1 ~ 6 k
05 7 Lgg,>[1-Lk 41735 0.008484
21 k=0 27
-2 .24 k
07 25 | Lgg,>[1-1K 2.9511 0.007992
21 k=0 21
10° Lo S, 12
79 | —K§,Y|1-—K 2.4096 0.007623
21 k=0 27
4 249 k
1071 250 | Lgg,S[1-1K 2.0867 0.007356
21 k=0 27
5 79 k
107 792 | Lgg,S[1-1K 1.8664 0.007172
21 k=0 21
1 . 250661 1 52\
-10
107 250662 | 5, K9 2 (1‘7R j 13198 0.006813
104 250662 1 R“ 2.506628.10" -1 . 1
81050 | 27 b L Tor 0.2410 0.006729
trong do
Hvé ~Veu :H\75 =Vl C= 22427
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0.8 T T T T T T T T T
Cha thich
1:v, .
0.7+
2:5=10" m=7.
3:6=10". m=25.
0.61 4:5=107. m=79.
5:65=10", m=250.
0.5 6:5=10", m=792.
7:85 =107, m=250662_
0.4- 8:5=10", m=2.506628.10" ||

0.3

0.2

0.1

Hinh vé bién doi Fourier ciia nghiém chinh xdc va bién déi Fourier ciia
nghiém chinh hoa.
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Tom tit

Chung toi khao sat mgt bai toan ngugc thoi gian cho phuong trinh nhiét.
Bai toan dugc quy vé viéc khao sat mot phwong trinh tich phan loai tich chap va
dugc chinh hoa bang phuong phép 1ap Landweber véi cac danh gié sai sb.
Abstract

Regularization of an inverse time problem for the heat equation with
Landweber method

We consider an inverse time problem for the heat equation. The problem is
formulated as an integral equation of the convolution type and is regularized via
the Landweber method with error estimates.
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